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1. Introduction
Let H denote the class of analytic functions in the open unit disk U = {z € C: |z| < 1}.For n a positive
integer and a € C, let H[a, n] be the subclass of H consisting of functions of the form:
f(2)=a+az"+ ap 2"+ (a€0). (1.1)
Also, let A be the subclass of H consisting of functions of the form:
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f(a)=z+ z (1.2)

n=2

Let f, g € H, the function f is said to be subordinate to g, or g is said to be superordinate to f, if there exists
a Schwarz function w analytic in U with w(0) = 0 and |w(z)| < 1 (z € U) such that f(z) = g(w(z)). In such a case
we write f < gor f(z) < g(z) (z € U). Ifgis univalent in U, then f < gif and only if f(0) = g(0)and f(U) c
g).
Letp,h € H and ¢(7,s,t;2):C3 X U - C. Ifp and ¢ (p(2),2p’(2),z%*p" (2); z) are univalent functions in U
and if p satisfies the second-order superordination
h(z) < ¢(p(2),2p'(2),2%p" (2); 2), (1.3)
then p is called a solution of the differential superordination (1.3). (If f is subordinate to g, then g is superordinate
to f). An analytic function q is called a subordinant of (1.3), if g < p for all the function p satisfying (1.3). An
univalent subordinant § that satisfies ¢ < ¢ for all the subordinants g of (1.3) is called the best subordinant.
Recently Miller and Mocanu [9] obtained conditions on the functions h, q and ¢ for which the following implication
holds:
h(z) < o(p(2),2p'(2),2%p" (2);2) = q(2) < P(Z)
For the functions f € A given by (1.2) and g € A defined by g(z) = z+ Y, bp2z™
we define the convolution (or Hadamard product) of f and g by(f * g)(z) =z + Zn 2a,b,z™ = (g * ) (2).
Form e Ny =NU{0},8 =0, € Rwitha + 8 > 0and f € A. The generalized operatorl (see [14]) is

defined by

Iygf(2) =z + Z (aa-:_nﬁﬁ) a,z™. (1.4)
It follows from (1.4) that i
Bz(ITsf (@) = (a + BT f(@) — alfsf (@), B> 0. (15)

Note that the generalized operator Ia,ﬁ unifies many operators of A.

In particular:
() IMfl2) = Imf(z) a > —1 (see Cho and Srivastava [8] and Cho and Kim [7]).
(2) Il_ﬁ‘ﬁf(z) = Dg'f(2), B =0 (see Al-Oboudi [1]).
(3) Its1-ppf(2) = Ic’flﬁf(z), ¢ > —1,B8 = 0 (see Catas [6]).

Using the results of Miller and Mocanu [9], Bulboaci [4] considered certain classes of first order differential
superordinations as well as superordination-preserving integral operators (see[5]). Further, using the results of
Miller and Mocanu [9] and Bulboaci [4] many researchers [3,11] have obtained sufficient conditions on normalized
analytic functions f by means of differential subordination and superordinations.

Recently, Wanas and Joudah [15] obtained sufficient condition for normalized analytic functions f to satisfy

Iyt (f = @) (2)
q,(2) < m < q2(2),

where q; and g, are given univalent functions in U with g, (0) = ¢,(0) = 1.
The main object of the present paper is to find sufficient condition for certain normalized analytic functions
f to satisfy

) < ( Iggt(f * ®)(@) + ylgp(f * LV)(Z)>
o (m+y)z

s f @\’ *
ql(z)<< ‘ﬁZf Z) < m+ff( )) <q2(z),

where g;and g, are given univalent functions in U with ¢;(0) = ¢,(0) =1and ®(2) = z+ Yy, t, 2", ¥Y(2) =z +
Y ,0,2" are analytic functions in U with t, = 0, g, = 0and t,, = o,,.

< q2(2),

and

2. Preliminaries
In order to prove our main results, we need the following definition and lemmas.
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Definition 2.1 [10]: Denote by Q the set of all functions f that are analytic and injective on U\ E(f), where

E(f) = {z € 0U:lim f(2) = oo} and are such that £(Q) # 0 for € AU\E(D.

Lemma 2.1 [10]: Let g be univalent in the unit disk U and let & and ¢ be analytic in a domain D containing q(U)
with ¢(w) = 0 whenw € q(U).Set Q(2) = Zq’(z)d)(q(z)) and h(z) = H(q(z)) + Q(z). Suppose that

zh'!(2)
Q@)

(1) Q(2) is starlike univalentin U (2) Re{ } >0, forz € U.

If p is analytic in U, with p(0) = q(0),p(U) < D and

8(p() + 20" (Dd(p(2)) < 6(q(2)) + 2q' (D) ¢p(q(2), 2.1
then p < g and q is the best dominant of (2.1).

Lemma 2.2 [4]: Let g be convex univalent in the unit disk U and let 8 and ¢ be analytic in a domain D containing
q(U). Suppose that

6'(a(@)

¢(q(z))} >0forzeU, (2)Q(2)=1zq (2)¢(q(2))is starlike univalentin U.

(D Re{
Ifp € H[q(0),1] n Q, with p(U) c D, 8(p(2)) + zp'(2)p(p(2)) is univalent in U and
0(a(2)) +2q'(2)¢(a(2) < 6(p(2)) + 20" (D) (p(2)), (2.2)
then q < p and q is the best subordinant of (2.2).

3. Subordination Results
Theorem 3.1: Let ®,¥ € A,v,&,n,u,7,6,k € Csuch thatn,§ # 0and u + y # 0 ,let g be convex univalent in U with

q(0) =1, q(z) # 0 (z € U). Suppose that z(q(z))k_lq’(z) is starlike univalent in U and q satisfies

vk f(k 1) zq'(z)  zq"(2)
Re{l TI " —q(2) + (k- )q( + (z)}>0 (3.1)
If f € A satisfies
0, ®,%,0,6,m,1,8,k,a.8,m;2) < (v+§4(2) (a)" +12(a()* ¢ ), (3.2)
where
Q(f,0,¥,v,&n,uy, 6,k a,B,m;z)
_ (ﬂ ITL(F + ) (2) + Y1 (f * %(z)) e (u ITEN(F * 9)(2) + V1T (f * W) (2 ))‘“"“)
- (n+7¥)z (u+1)z
on(a+ B) (# I (f + @) (@) + yI7(f * ‘*’)(Z))
_I_
B (u+vy)z
o (H g (f * @)(2) = Igg ' (f * D)@ + y[Igp ' (f * W) (2) — Iy (f * W)(Z)]) (33)
pIZFH(f * @) (2) + I (f * W) (2) ' '
then
(M IZg(f * @) (@) +yIgp(f + lp)(Z)) @
e K
and q is the best dominant of (3.2).
Proof: Let the function p be defined by
(RGN @) (@) + g (f x W) (2)
p(z) = ( RSP ) , z€eU. (3.4)
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Then the function p is analytic in U and p(0) = 1, differentiating (3.4) logarithmically with respect to z and using the
identity (1.5) , we get

zp'(2) _ 8(a+p) (m ( g (f * P)(@) — Lgg " (f = D)@ + vl " (f * ¥)(2) — 17 (f + W)(z)]) (3.5)
p(2) B RITFH(f * @) (2) + vIT(f * W) (2) ’ '
Therefore, by making use of (3.5), we obtain
(v +&p@) @) +nz(p(2) P (2) = U (f, 0,9, v,Em,17, 8,k a, B,m; 2), (3.6)

where O, (f, D, ¥, v,&,n,u,y,0, k, a, B, m; z) is given by (3.3). From (3.2) and (3.6), we have
(v+ @) (p@)" +n12(p() P’ @ < (v +£4(D)(a@)" +12(¢() ¢ @.
By setting #(w) = (v + éw)w* and p(w) = nw*~1,
we see that (w) and ¢(w)are analytic in C/{0}and ¢p(w) # 0, w € C/{0}.
Also, we get

Q) = 2q' (D) $(q(2)) = 12(q(2)* '¢'(2)

and

h(z) = 0(q(2)) + Q@) = (v +q(2) (92)" + nz(¢(2) ¢ (2).

Itis clear that Q(2) is starlike univalentin U,

zh'(2) vk §k+1) zq'(z) Zq”(Z)
R{Q()} Re{1+n Py q'(z>}>°
Thus, by applying Lemma (2.1) our proof of Theorem (3.1) is completed.

By takinga = 1 — f and § > 0 in Theorem (3.1), we obtain the following corollary:
Corollary 3.1. Let ®,W € A,v,&,n,1,7,6,k € Csuch thatn,§ # 0andu+y # 0and g be convex univalent in U

with q(0) =1, q(z) # 0 (z € U). Suppose that z(q(z))k_lq’(z) is starlike univalent in U and (3.1) holds true. If
f € A satisfies

Q0 (f, @, %, 0,610,176,k Bmz) < (v+ &) (9@)" +nz(¢() ¢ (2), 3.7)
where

m+lcr mee, Sk
0,(f, ®,%,0,&,1,,y,6,k, f,m; 2) = v (“ Y q’gg ;)VZDB i (Z)>
v (u DFA(f * ®)(2) + YD (f * W)(z)>‘“’”” Lo (u DFHI(f * ®)(2) + y D (f * wxz))
(u+y)z B (u+y)z
) (u [DF*2(f * ®)(2) — DF(f * DY (@] + y[DF(f * W) (2) — DR(f * wz)])
WD+ ©)(2) + YD (f * V) (2) '

(3.8)

then

uDFHH(f + @)(2) + yDF (f * W)(Z))
( (u+y)z <)

and q is the best dominant of (3.7).

By fixing ®(z) = ¥ (z) = é in Theorem (3.1), we obtain the following corollary:

Corollary 3.2. Let v,&,n,u,y,8,k € Csuch thatn,§ #0 and g +y # 0 and q be convex univalent in U with
q(0) =1, q(2) # 0 (z € U). Suppose that z(q(z))k_lq’(z) is starlike univalent in U and (3.1) holds true. If f € A
satisfies

Q(f, v, 6wy, 8,k a,B,mz) < (v+¢q(2)(4@)" +12(q() ¢ (2), (3.9)
where
S(k+1)

I3 f(2) +vIs f(Z)> s f( 177 f(2) +vIgsf (2 ))

QG(f,v.énuy 6, ka B mz) = ( (w+7)z (m+v)z
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m+1 m+2 m+1 m+1 _
1@+ p) (,u f@2) +yITy f(Z)> ( plIFF%f(2) = 173 @) + v f(2) Iﬁf(z)]) (3.10)

B (1 +7y)z " IZC"Elf(Z) +vlg, f(Z)

then

m+1 +I
( f@)+y f(Z)> <4

(u+y)z
and q is the best dominant of (3.9).

Theorem 3.2. Let ®,¥ € A,u,v,&,1,8,1 € Csuch thatn # 0, let g be convex univalent with q(0) = 1, q(z) # 0 and

% is starlike in U, and assume that
Re{1+2q(2) +% [P —;’(—())+:—(()’} > 0. (3.11)
If f € A satisfies
, 2q(2)
Q. (f, o, Y, u,v,&En,6, 4 a,8,mz)<u+vq(z)+E&q2)]°+n D (3.12)
where
Q. (f, ®,¥,u,v,&,n,6,A,a, B,m;z)
_ g (f * ®)@) z N AR TONS 2 2
‘””( z ) <1m+1(f*‘1’)(2)> ”( z ) (1;7,;10*%@))
S(a+ P [log (f * ®)(2) Ma + ) A+ W)(2)
TR [I;W*@(z) _1]+ B [1 1’”“(f*‘1’)(2)] (3.13)
then

(1;7ﬁ(f*d>>(z)>5< z ): -
z T vE) 0

and q is the best dominant of (3.12).

4. Superordination Results
Theorem 4.1: Let®,W € A,v,¢,n,u,7,6,k € Csuch thatn,§d # 0and u +y # 0 and g be convex univalent in U

with q(0) = 1, q(z) # 0 (z € U). Suppose that z(q(z))k_lq’(z) is starlike univalent in U and q satisfies
vk Ek+1)
e Tq (2) +Tq(z) q'(z); > 0. (4.1)

wIg gt (F @)@ +yige(f+¥)(2)
Let f € A, ( zp ) € #[q(0),1] n
et f i)z [q(0),1]nQ

and O, (f,®,¥,v,&,n,u,7,8,k,a B, m; z) be univalent in U,
where Q,(f,®,¥,v,¢é,n,u,7,6,k, a, B, m; z) is given by (3.3).
If
k k-1,
(U + fCI(Z))(q(Z)) + UZ(CI(Z)) q (Z) < Ql(fl q)’vl f'n'ﬂ; Y, 61 kla’ﬁ’m; Z)! (42)
then

(4.3)

@ < <u IZEH(f * ®)(@) + vy (f * lP)(z))
1 (L+vy)z

and q is the best subordinant of (4.2).
Proof. Let the function p be defined by
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_(RIZFS x 9) (@) + yIgs(f x W) (2)
p(2) = ( )z ) ,(z € U). (4.4)
By setting 8(w) = (v + éw)w” and ¢p(w) = nw*™%, it can be easily observed that 8(w) and ¢(w) are analytic in
C\{0} and ¢(w) # 0, w € C\{0}. Also, we get
Q) = 29'@ $(a(D) = 12(a@)" "¢’ @),

we find that Q(2) is starlike univalentin U and that

0'(q(2)) _ vk Ek+1) ,
Re {—ci)(q(z))} = Re {Tq (z) + —77 q(z) q (z)} > 0.
By a straightforward computation, we obtain
L0, EnY,6,k e Bm2) = (v+ @) @) +12(p) P (@), (4.5)

where Q,(f,®,¥,v,é,n,u,v,6,k, a,B, m; z) is given by (3.3).
By using (4.5) in (4.2), we have

(v+¢3@) (@) +12(a() ¢ @) < (v + @) )" + nz(p(2))* P (2).

The assertion (4.3) follows by an application of Lemma (2.2).

Whena =1 — f and 8 > 0in Theorem (4.1), we derive the following corollary:
Corollary 4.1: Let®, WY € A,v,&n,1,v,6,k € Csuch thatn,§ # 0andpu +y # 0and g be convex univalent inU

with q(0) =1, q(z) #0 (z € V). Suppose that z(q(z))k_lq’(z) is starlike univalent in U and (4.1) holds true.

DI (F10) @)y D W)(2)
Letfeﬂ,(uﬁ v ;y)yz I Z) € #[q(0),1]n Q

and Q, (f, ®, ¥, v,&,1,u,7,8, k, B,m; z) be univalentin U,
where Q,(f,®,¥,v,&,n, 1,7, 6,k, B, m; z) is given by (3.8).
If

(v+£9(2)(a@)* +n2(¢(2) ¢’ (@) < %, D, %, v,&7, 17,8,k B,m; 2), (4.6)
then

o) < (u DFA(f * D) (2) + YD (f * w>(z)>5

(u+y)z
and q is the best subordinant of (4.6).

By fixing ®(2) = ¥(2) = i in Theorem (4.1), we obtain the following corollary:
Corollary 4.2: Letv,&,n,u,v,6,k € Csuch thatn,6d #0 and p+y # 0 and g be convex univalent in U with
q(0) =1, q(z) # 0 (z€ U). Suppose that Z(q(z))k_lq’(z) is starlike univalent in U and (4.1) holds true.

m+1
Let f €A, ( #la, ﬁlz:;zl fm) EH[q(0),1]nQ and Q;(f,v,&n,u,y,6,k,a, B, m;z) be univalent in U, where
Q3(f,v,€,m,1,7,8,k, a, B, m; z) is given by (3.10).
If
k k-1,
(v+¢9(2))(a@) +12(a(@)" 4'@ < %, v,&nmy. 8,k a,,m; 2), (4.7)
then

m+1
(D) < ( f@+vl, ,;f(Z)>

(u+y)z
and q is the best subordinant of (4.7).

Theorem 4.2. Let ®,¥ € A,,u,v,§,1,8,1 € C,n # 0, let q be convex univalent with g(0) = 1,

q(z) # 0 and 212 ) is starlike in U, and assume that

0, (4.8)

Re {(v+2€ @ ))Q(Z)q (Z)}
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M@\ . \A
Iffeﬂ,( : ) ( ) € H[q(0),1]1 n Q. Let Q,(f, ®,¥,u,v,¢,8,4, a, B,m; z) be univalentin U and

z I ()

zq'(2)
q(2)

where Q,(f, ®,¥,u,v,¢,6,4, a, B, m; z) is given by (3.13), then

I (f * @) (2))° z A
q(Z) < < 2 ) (Ig,l[;-l(f* lp))

and q(z) is the best subordinant of (4.9).

u+vq(2) +&[q(2)]*+1n <Q(f,®,%,u,v,§ 6, a,mz), (4.9)

5. Sandwich Results
By combining Theorem (3.1) with Theorem (4.1), we obtain the following sandwich theorem:
Theorem 5.1: Let ¢; and g, be two convex univalent functions in U with ¢;(0) = 1,g;(z) # 0 and

z(qi(z))k_lqi'(z) (i = 1,2) is starlike in U, letv,&,n,u,v,6, k € Csuch thatn,§ # 0 and/x + v # 0. Suppose ¢,

173 (D)@ +yIg g (f+P)(2)
satisfies (3.1) and g, satisfies (4.1). For f,®, W € A, let (” ) (:Jr:;; S ) € H[1,1]n Q and

Q(f, 0¥, v,é,n,1Y,06,k, a, B, m; z) be univalentin U, where Q, (f,®, ¥, v,&,n, 1,7, 6, k, a, B, m; 2) is given by (3.3).
If

v+ @) (@@)* +12(a() @' (@) < U, O, 9, v, 1,1,7,8,k a,B,m; 2)
<(v+¢:@) (@) +12(:@) ¢, (@),

then

IPFNf * @) (2) +yIgp(f + ¥
0 (2) < ( (f * @) (2) + vlgp(f )(Z)> <0

(w+y)z
and g; and g, are, respectively, the best subordinant and the best dominant.

Theorem 5.2. Let g; and g, be two convex univalent functions in U such that ¢;(0) = 1, ¢;(z) # 0 and 2 ((z) (i=
1,2) is starlike in U, letu, v, E 1,0,4 € Csuch that n # 0. Further assume that g, satisfies (3.11) and ¢q; satlsfles (4.8).

For f, ®, ¥ € A, let( 2 ﬂz)) (

zZ

Z

173 f (2

) € H[1,1] N Q and Q,(f, ®, ¥, u, v, £,1, 6, A, @, B, m; ) defined by (3.13) be

univalent in U satisfying

zq,' (2)
q.(2)

2 q;'(2)

<Q(f, 2, %, u,v,&En, 6,4 a,f,m;z) < u+vq,(2) +&[q,(2)]? +1 )
2

u+vq,(2) +€lq,(2)]* +1n

then

[&n 5 A
ql(z) < ( 'ﬁZf(Z)> ( m+ff( )) < qZ(Z)

and q,, q, are respectively the best subordinant and the best dominant.

Remark 5.1.
1) Putting k=v=y=1, u=&=0, n =% (6>0,2€ C\{0}) and P(2) =Y¥(z) = é in Corollaries
(3.1),(4.1), we get the results obtained by Raducanu and Nechita [12 Theorem 3.1, Theorem 3. 6]
2) By setting k=¢f=p=a=m=0v=y=0=5§=1,q(2) = (b e C\{0} andn = —1n Corollary
(3.2), we get the result obtained by Srivastava and Lashin [13, Theorem 3].
abcosp(a becg, |p| < ) 6=a and q(2) =

(1—z)2ab cospe™ i Corollary (3.2), we obtain the result of Aouf et al. [2, Theorem 1].

)Zb

3) Selecting k=¢é=pu=a=m=0, v=y==1, n=
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4) Fork=v=y=8=1 andu=¢=a=m=0andn = % (6 > 0,1 € C\{0}) in Corollary (3.2), we have
the result obtained by Murugusundaramoorthy and Magesh [11, Corollary 3.3].
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