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1. Introduction

The concept of supra spaces was introduced at the first time by Mashhour in 1983[3] where he defined it as (Let
X be a set, the sub collection u of P(X) is called a supra topology on X if X € u, and it is closed under the arbitrary
union. The pair (X, p) is called a supra space. Any set W € u is called supra open set and its complement is supra
closed). Also he submitted the definition of supra closure and supra interior for a subset of a supra space. After that
many researchers dealt with this space and submitted new concepts in it, in [5] the researcher provided the supra
regular spaces and the supra T;-spaces. And we provided in this research new supra sets which are supra @-open

and supra fj-open sets, also we introduced supra @-regular space, supra @*-regular space, supra &**-regular space,

supra fj-regular space, supra fj*-regular space and supra fj**-regular space, also we illustrate the relationships

between these types.
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2- Types of supra @-regular and supra fj-regular spaces.

In this part we will provide the definitions of supra @-open and supra fj-open sets, and the definition of the new
types of supra regular spaces by using these sets and give the relation between them. Through this paper we will
use the abbreviation "su." to express the "supra.”

Definition (2.1): 1- A subset W of a su. space (X, u) is called su. @-open (resp. su. fj-open) set, if for any point x in
W thereis G € uwith x € G and G - W is countable (resp. finite). The complement of W is called su. @-closed (resp.
su. fj-closed) set.

2- The su. @-closure for a subset W of a su. space (X, u) is the intersection of all su. @-closed subsets of X which
contain W, and we denote it by clg (W). While the su. @-interior for W is the union of all su. @-open subsets of X
which contained in W, and we denote it by Ints (W).

3- The su. fj-closure for a subset W of a su. space (X, i) is the intersection of all su. fj-closed subsets of X which
contain W, and we denote it by clg (W). While the su. fj-interior for W is the union of all su. fj-open subsets of X
which contained in W, and we denote it by Inty (W).

Definition (2.2): A space (X, u) is called-:

1- Su. regular space if for each point x € X and each su. closed subset M of X such that x & M, there are two disjoint
sets W,, W, € uinwhichx € W, and M € W, [5].

2- Su. @-regular (resp. su. fj-regular) space if for each point x € X and each su. closed subset M of X such that x &
M, there are two disjoint su. @-open (resp. su. fj-open) sets W;, W, in X in which x € W,and M’ € W,.

3- Su. @*-regular (resp. su. fj*-regular) space if for each point x € X and each su. @-closed (resp. su. fj-closed) subset
M of X such that x € M, there are two disjoint sets W,, W, € u in which x € W; and M € W,.

4- Su. ®**-regular (resp. su. j**-regular) space if for each point x € X and each su. &-closed (resp. su. fj-closed)
subset M of X such that x € M there are two disjoint su. @-open (resp. su. j-open) sets W;, W, in which x € W,
and M € W,.

5- Su. T; -space if for any two distinct points x, y in X there are su. open subsets W, B of X in whichx € W,y ¢ W
andy € B,x € B [3].

6- A su. T,-space if for each non-equal points x, y in X, there are disjoint su. open subsets W,, W, of X in which

x €W, andy € W, [3].

7- A su. &T,-space if for each non-equal elements x, y in X, there are disjoint su. @-open subsets W;, W, of X of
which x € W, andy € W,.

8- A su. fjT,-space if for each non-equal elements x,y in X, there are disjoint su. fj-open subsets W;, W, of X in
which x € W, andy € W,.

Example (2.3): 1- Let X={1, 2, 3}, ux={0, X, {1}, {2}, {1, 2}, {1, 3}, {2, 3}}, so (X, iy ) is su. regular, su. ®"*-regular,
su. §j**-regular, su. fj-regular, su. ®-regular, su. T,-space, su. T; -space, su. ®T,-space and su. fjT,-space, but neither su.
®" -regular nor su. fj*-regular space.

2- (R, up) is su. @*-regular and su. fj*-regular space.

Remark (2.4): 1- Every su. &*-regular space is su. §j*-regular.

2- There is no relation between su. @**-regular space and su. §j**-regular.

3- Every su. fj-regular space is su. @-regular.

4- If M is su. closed set in a su. space X, then it is su. @-closed (resp. su. fj-closed) set.

5- If W is su. open set in a su. space X, then it is su. @-open (resp. su. fj-open) set.

6- Every topology is su. topology[1].

The converse of each of the above statement is not true.

The next diagram is useful.
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Su. regular space —  Su. @-regular (resp. su. fj-regular) space

A
N

Su. &"-regular (resp.su. fj*-regular space) »  Su. &*"-regular (resp. su. §j**-regular) space

& /
. 7
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Example (2.5): 1- (R, u, ) is su. j*-regular and fj**-regular space but neither su. &*-regular, nor &"*-regular space.

2- Suppose X={1, 2,3} and u = {@, X, {1}, {2}, {1, 2}}, so (X, u) is su. @-regular, su. fj-regular, su. j**-regular and su.
@™ -regular but not su. regular, not su. fj*-regular and not su. @*-regular.

3- (Z, Uing) is su. @™ -regular, su. fj-regular, su. @-regular and su. regular space, while it is not su. §j**-regular, not su.
§*-regular, and not su. @*-regular space.

4- (R, Uing) is su. regular, su. ®-regular and su. fj-regular space but not su. @**-regular and not su. fj**-regular space.
5- (Z, ,uwf) is su. @-regular, su. @**-regular space while it is not su. ®*-regular, not su. regular and not su. fj-regular.

Theorem (2.6): The space (X, ) is su. @*-regular (resp. su. fj*-regular) space iff for any element x in X and any su.
&-neighborhood (resp. su. j-neighborhood) X to x, there is a su. neighborhood W in X for x with cl*(W) € XK.
Proof: Let x € X and X be a su. @-neighborhood (resp. su. j-neighborhood) to x. So, there exists a su. @-open (resp.
su. j-open) set E in X with x € E € K, set M = E€, hence M is su. @-closed (resp. su. fj-closed) setin X and x ¢ M.
But X is su. @*-regular (resp. su. j*-regular) space, thus there are two disjoint su. open sets W, B in X such that

x € W,M < B, then W is a su. neighborhood to x and W S B¢, where B¢ is su. closed set in X. Therefore

cl* (W)Ccl*(BC)=B° =cl* (W) € B°... (1), and since M € Bthen B € M ¢ =F € X....(2). From (1) & (2) we
have, cl*(W) € B € M° € K = cl* (W) <€ K. Conversely, suppose x € X and M is su. @-closed (resp. su. fj-
closed) setin X with x € M, so x € M€ which is a su. @-open (resp. su. fj-open) set in X, then M€ is su. @-
neighborhood (resp. su. fj-neighborhood) to x, hence there is su. neighbourhood W in X to x with cl*(W) <

M €¢(from hypothesis). Since W is su. neighborhood for x, so there is a su. open set W, in X with x € W; € W, from
cl*(W) € M°wegetM < (cl”(W))C, putB = (cl”(W))CzB is su. open set of X and M € B and since WNW°=0,
then Wlﬂ(cl"(W))c=(Z) (because W, € W and because W < cl*(W), so (cl”(W))C = B € W*). So for any point x
in X and any su. @-closed (resp. su. fj-closed) set M in X where x € M there are disjoint su. open sets

Wy, (cl# (W))C such that x € W; and M < (cl#*(W))€ Which implies X is su. @*-regular (resp. §j*-regular) space.
The following proposition can be proved by the same manner.

Proposition (2.7): 1- The su. space (X, u) is su. regular space iff for any element x in X and any su. neighborhood X
to x, there is a su. neighborhood W to x with cl*(W) € X .

2- The su. space (X, 1) is su. @-regular (resp. su. fj-regular) space iff for any element x in X and any su. neighborhood
XK to x, there is a su. @-neighborhood (resp. su. fj-neighborhood) W to x with clg (W) € XK (resp. cllf]‘ (W) € X).
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3- The su. space (X, ) is su. @**-regular (resp. su. j**-regular) space iff for any element x in X and any su. &-
neighborhood (resp. su. fj-neighborhood) X to x, there is a su. @-neighborhood (resp. su. fj-neighborhood) W to x
with cl§ (W) € X (resp. clg (W) € X).

Proposition (2.8): If W is a su. @-open set in a su. space X, and Y is a su. sub space of X, then WY is a su. @-open
setinY.

Proof: Consider x € WNY,sox € W and x € Y, hence there is a su. open set G in X with x € G and G-W is
countable set. Since [(G-W) NY] € (G-W), so (G-W) NY is also countable, but (G-W) NY= (GNY)-(WNY), hence
(GNY) - (WNY) is countable, therefore WNY is su. @-open set in the su. sub space Y.

Corollary (2.9): If W is a su. @-closed set in a su. space X, and Y is a su. sub space of X, then WNY is a su. @-closed
setinY.

Theorem (2.10): A su. space (X, ) is su. @*-regular (resp. su. fj*-regular) space, if any element x in X has a su.
closed neighborhood which is a su. @*-regular (resp. su. fj*-regular) sub space of X.

Proof: Take K as a su. @-neighborhood (resp. su. fj-neighborhood) for an element x in X, by hypothesis there is a su.
closed neighborhood H to x which is a su. &@*-regular (resp. §j*-regular) sub space of X. Suppose p; denote the
relative su. topology on H, so KX NH is a su. @-neighborhood (resp. su. fj-neighborhood) of x in H, but H is su. &®*-
regular (resp. su. §j*-regular) space, hence from theorem (2.6) there is su. closed neighborhood W to x in H with W
C KNH <€ K, also, since W is su. closed set in H, so there is a su. closed set V in X such that W = VNH.ButV, H
are su. closed sets in X, so W is su. closed neighbourhood to x in X in which W € X, therefore (X, ) is a su. &*-
regular (resp. su. fj*-regular) space.

Proposition (2.11): 1- A su. space (X, ¢) is su. regular space, if any element x in X has a su. closed neighborhood
which is a su. regular sub space of the su. space X.

2- A su. space (X, i) is su. @-regular (resp. su. fj-regular) space, if any element x in X has a su. closed neighborhood
which is a su. @-regular (resp. su. fj-regular) sub space of the su. space X.

ook

3- A su. space (X, p) is su. @**-regular (resp. su. §j**-regular) space, if any element x in X has a su. closed
neighborhood which is a su. @**-regular (resp. su. §j**-regular) sub space of the su. space X.

Remark (2.12): 1- Every su. open set is su. @-open (resp. su. j-open) set.

2- Every su. closed set is su. @-closed (resp. su. fj-closed) set.

Theorem (2.13): The property of being su. @*-regular (resp. su. fj*- regular) space is a su. hereditary property.
Proof: Let Y be a su. sub space of a su. ®*-regular (resp. su. fj*-regular) space X, take M as a su. @-closed (resp. su.
fj-closed) setin Y and g as any element in ¥ such that g € M, so there is a su. @-closed (resp. su. fj-closed) set M in
X in which M'=M"NY (corollary (2.9)), itis clear that ¢ & M", since if not, then g € M'NY = M C!,so g € M". But X
is su. @*-regular (resp. su. §j*-regular), hence there are two su. open sets W, B in X with g € W, M’ € B, and
WNB=0, thus WNY,BNY are su. open sets in Y, in which g € WNY and M'NY = M < BNY and

wny)n(dny) = WNB)NY = @6NY = @, therefore Y is su. @*-regular (resp. su. §j*-regular) space.

Proposition (2.14): 1- The property of being su. @-regular (resp. su. fj-regular) space is a su. hereditary property.
2- The property of being su. regular space is a su. hereditary property [5].

3- The property of being su. @**-regular (resp. su. §j**-regular) space is a su. hereditary property.

Definition (2.15): The function f : (X, ux) — (Y, iy) is called -:

1- Su*. continuous function if f~* (W) is su. open (resp. su. closed) set in X for each su. open (resp. su. closed) set W
inY [3].

2- Su*. @-continuous function if £~ (W) is su. @-open (resp. su. @-closed) set in X for each su. open (resp. su.
closed) set WinY

3- Su*. fj-continuous function if £~ (W) is su. fj-open (resp. su. fj-closed) set in X for each su. open (resp. su. closed)
setWinY.

4- Strongly su*. @-continuous function if f~* (W) is su. open (resp. su. closed) set in X for each su. @-open (resp. su.
w-closed) set WinY.

5- Strongly su*. fj-continuous function if f ~1(W) is su. open (resp. su. closed) set in X for each su. fj-open (resp. fj-
closed) set WinY.

6- Su*. @-irresolute function if f~1(W) is su. @-open (resp. su. @-closed) set in X for each su. @-open (resp. su. @-
closed) setY.
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7- Su*. fj-irresolute function if £~ (W) is su. fj-open (resp. su. fj-closed) set in X for each su. fj-open (resp. su. f-
closed) set WinY.

8- Su*. closed (resp. su*. open) function, if f(B) is su. closed (resp. su. open) set in Y, for any su. closed (resp. su.
open) set B in X [6].

9-Su*. @-closed (resp. su*. @-open) function, if f(B) is su. @-closed (resp. su. @W-open) set in Y, for any su. closed
(resp. su. open) set B in X.

10- Totally su*. @-closed (resp. totally su*. @-open) function, if f (B) is su. closed (resp. su. open) setin Y, for any su.
@-closed (resp. su. @-open) set B in X.

11- Strongly su*. @-closed (resp. strongly su*. @-open) function, if f(B) is su. @-closed (resp. su. @-open) setinY,
for any su. @-closed (resp. su. @-open) set B in X.

12- Su*. fj-closed (resp. su*. fj-open) function, if f(B) is su. fj-closed (resp. su. fj-open) set in Y, for any su. closed
(resp. su. open) set B in X.

13- Totally su*. fj-closed (resp. totally su*. fj-open) function, if f(B) is su. closed (resp. su. open) set in Y, for any su.
fj-closed (resp. su. fj-open) set B in X.

14- Strongly su*. fj-closed (resp. strongly su*. fj-open) function, 1ff(B) is su. fj-closed (resp. su. fj-open) setin Y, for
any su. fj-closed (resp. su. fj-open) set B in X.

Example (2.16): 1- Let X=Y={1, 2, 3}, ux=1{0, X, {1}, {3}, {1, 3}, {2, 3}, {1, 2}} and puy={0, Y, {3}, {1, 2}},so f: X — ¥
defined as f(1)=2, f(2)=1, f(3)=3 is su*. continuous, su*. @-continuous, su*. fj-continuous, su*. @-irresolute, su*. fj-
irresolute function, but not strongly su*. @-continuous and not strongly su*. fj-continuous function, since {1} is su.
@-open and su. fj-open set in Y but f~1({1}) = {2} is not su. open set in X.

2- (R, ting) — (R, up) is strongly su*. @-continuous function, where f is a constant function.

3- f: (X, up) — (Y, uy) is strongly su*. §j-continuous function.

4- A function f: (X, ux ) — (¥, uy ), where X={1, 2}, ux={0, X,{1}}, Y={1, 2, 3, 4} and uy={0, ¥, {1}, {2}, {3}, {1, 2}, {2,
34 {1,3},{1,4},{2,4}, {1, 2,3}, {1, 2,4}, {1, 3,4}, {2, 3, 4}, {3, 4}}such that f(1)=1 and f(2)=2, then f is su*. closed,
su*. open, su*. @-closed, su*. @-open, totally su*. @-closed, totally su*. @-open, strongly su*. &-closed, strongly su*.
@-open, su*. fi-closed, su*. fj-open, totally su*. fj-closed, totally su*. fj-open, strongly su*. fj-closed, strongly su*. §j-
open function.

Definition (2.17): If f: (X, ux ) — (Y, uy) is bijective and each of f and f ~'are-:

1- Su*. continuous, then f is called su*. homeomorphism function.

2- Su*. &-continuous, then f is called su*. @-homeomorphism function.
3- Su*. f)-continuous, then f is called su*. j-homeomorphism function.

4- Su*. @-irresolute, then f is called su*. @*-homeomorphism function.
5- Su*. fj-irresolute, then f is called su*. §j*-homeomorphism function.

6- Strongly su*. @-continuous, then f is called su*. @**-homeomorphism function.
7- Strongly su*. fj-continuous, then f is called su*. §j**-homeomorphism function.

Definition (2.18): If f: (X, uy) — (Y, uy) is bijective and if f is-:

1- Su*. continuous and su*. open (or su*. closed) function, then it is su*. homeomorphism function.

2- Su*. @-continuous and su*. @-open (or su*. @-closed) function, then it is su*. @-homeomorphism function [7].

3- Su*. fj-continuous and su*. fj-open (or su*. fj-closed) function, then it is su*. fi-homeomorphism function.

4- Su*. @-irresolute and strongly su*. @-open (or strongly su*. @-closed) function, then it is su*. @*-homeomorphism
function.

5- Su*. fj-irresolute and strongly su*. fj-open (or strongly su*. fj-closed) function, then it is su*. j*-homeomorphism
function.

6- Strongly su*. @-continuous and totally su*. @-open (or totally su*. @-closed) function, then it is su*. &**-
homeomorphism function.
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7- Strongly su*. fj-continuous and totally su*. fj-open (or totally su*. fj-closed) function, then it is su*. {j
homeomorphism function.

Lemma (2.19) [2]: Consider f: X — Y is a surjective function, then-:

1- The image of any finite set is finite.

2- The image of any countable set is countable.

Lemma (2.20): Suppose f: (X, ux) — (Y, uy) is su*. homeomorphism function, then the image of any su. @-open
(resp. su. fj-open) set in X is su. @-open (resp. su. fj-open) setin Y.

Proof: Let H be a su. @-open (resp. su. j-open) setin X, and y € f(H), so there is x € X such that f(x) = y (because
f is onto), since y € f(H),thenx = f~1(y) € f~1(f(H)) = H (f is one to one), hence x € H which is su. @-open
(resp. su. fj-open) set, thus there is a su. open set W in X in which x € W and W-H is countable (resp. finite), so
f(W-H) is countable set in Y (by lemma (2.19)), but f(W-H) = f(W)-f(H), and since f (W) is su. open setin Y
(because f is su*. open function), and x € W, then f(x) = y € f(W), therefore f(H) is su. @-open (resp. su. j-open)
setinY.

Theorem (2.21): The property of a su. space being su. @-regular (resp. su. fj-regular) space is a su. topological
property.

Proof: Suppose X is a su. @-regular (resp. su. fj-regular) space, and f is a su*. homeomorphism function from X into
asu. space Y, let M be a su. closed set in Y and g be any point in Y in which g € M, so there is a point p € X such
that f(p) = g. We have f~! (M) is su. closed set in X (because f is su*. continuous function) and f~*(g) = p ¢
f~Y(M), but X is su. @-regular (resp. su. fj-regular) space, so there are su. @-open (resp. su. fj-open) sets W, B in X
where p € W, M € B,and WNB=0.So f(p) = g € f(W)and f(M) € f(B) where f(W), f(B) are su. @-open
(resp. fj-open) sets in Y (by lemma (2.19)), also f(W)Nf(B) = f(WNB) = f(P) =0, hence Y is su. @-regular (resp.
su. fj-regular), therefore the property of su. space being su. @-regular (resp. su. fj-regular) space is a su. topological
property.

Theorem (2.22): Suppose f is su*. ®**-homeomorphism (resp. su*. j**-homeomorphism) function from a su. @*-
regular (resp. su. fj*-regular) space (X, uy) into a su. space (Y, uy). Hence Y is su. @*-regular (resp. su. fj*-regular)
space too.

Proof: Let M'be a su. @-closed (resp. su. fj-closed) set in the space Y and let g be any element in Y with ¢ & M, so
there is an element p € X in which f(p) = g (because f is bijective). f~1 (M) is su. closed set in X (because f is
strongly su*. &-continuous (resp. strongly su*. fj-continuous) function), and then it is su. @-closed (su. §j-closed) set
(by remark (2.4)). Since g € M, accordingly f~*(g) = p € f~! (M).But X is su. @*-regular (resp. su. fj*-regular)
space, so there are su. open sets W, B in X containing p, f~! (M) respectively and WNB=@. then f(f 1 (M)) €
f(B) and since f is onto, thus M € f(B), also f(p) = g € f(W), where f(B), f(W) are su. open sets in Y (because
f is totally su*. @-open (resp. totally su*. fj-open) function and B, W are su. &@-open (resp. su. fj-open) sets in X by
remark (2.4)), and f(W)Nf(B) = f(WNB) = f (D) =0, therefore Y is su. & -regular (resp. su. §j*-regular) space.
Proposition (2.23): 1- Suppose f is su*. homeomorphism function from a su. regular space (X, px) into a su. space
(Y, uy). HenceY is su. regular space too.

2- The property of a su. space being su. @*-regular (resp. su. §j*-regular) space is a topological property.

3- The property of a su. space being su. @**-regular (resp. su. §j**-regular) space is a topological property.

4- Suppose f is su*. @**-homeomorphism function from a su. @-regular space (X, ux ) into a su. space (Y, uy). Hence
Y is su. &-regular space too.

5- Suppose f is su*. j**-homeomorphism function from a su. fj-regular space (X, uy) into a su. space (Y, iy). Hence
Y is su. fj-regular space too.

6- Suppose f is su*. ®*-homeomorphism function from a su*. &@**-regular space (X, ttx) into a su. space (Y, uy).
Hence Y is su. @**-regular space too.

7- Suppose f is su*. fj*-homeomorphism function from a su. §j**-regular space (X, 1x) into a su. space (Y, uy). Hence
Y is su. j**-regular space too.
3- Types of Su. T;-spaces.
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In this part we will introduce su. @T;-space, su. @*T3-space, su. @**T3-space, su. §jT3-space, su. j*T;-space, and su.
§**T5-space. And we will illustrate the relationship between them.

Definition (3.1): In case a su. space (X, u) is-:

1- Su. regular space and su. T; -space, then it is su. T5-space [5].

2- Su. ®-regular space and su. T; -space, then it is su. @ T;-space.

3- Su. fj-regular space and su. T; -space, then itis su. fjT; -space.

4- Su. @-regular space and su. T; -space, then it is su. @*T;-space.

5- Su. §j*-regular space and su. T; -space, then it is su. §j*T; -space.

6- Su. @™ -regular space and su. T;-space, then it is su. @**T3-space.

7- Su. §j**-regular space and su. T, -space, then it is su. §j**T; -space.

Example (3.2): 1- (R, up) is su. @ T3 and §j*T53-space.

2-X={1,2,3}, u={0, X, {1}, {2, 3}, {2}, {1, 2}, {1, 3}} is su. T3-space, su. &@T3-space, su. fjT3-space, su. @ *T5-space, su.

§)**T5-space, su. @**-regular and su. j**-regular space.

Remark (3.3): 1- If X is a su. T3-space, then it is a su. regular.

2- If X is a su. regular space, then it is not necessary su. T,-space.

3-If X is a su. T,-space need not su. regular.

4- If X is a su. T,-space, so it is su. T; -space.

5- Every singleton subset {x} of su. T} -space is su. closed set [3].
The following scheme is helpful.

Su. T5-space < Su. &Ty (resp. su. jT3)- space

A

Su. @*T5 (resp. su. §j*T;)-space Su. @**T5 (resp. su. §**T3)-space

Example (3.4): 1- X ={a, b, c, d, e}, u= {0, X, {a}, {e}, {a, b}, {a, e}, {a,b, e}, {c, d, e}, {b,c,d, e}, {a, c,d, e}, {a, b, ¢, d}} is
su. regular, but neither su. T;-regular nor su. T,-space.

2-X={a,b,c,d}, u={0, X, {a}, {c}, {a, c}, {a, b}, {a, d}, {c, d}, {b, d}, {a, b, c}, {a, b, d}, {b, ¢, d}, {a, c, d}} is su. T,-space
and su. T;-space but neither su. regular nor su. T3-space.

3-X={a,b,c}, u={0, X, {a}, {a, b}, {a, c}, {b, c}} is su. T, -space, su. @ T3-space, su. §j*T5-space, su. ®T3-space, su. jT;-
space, su. @-regular and su. fj-regular space but not su. regular, not su. T5-regular, not su. @*T3-space, not su. §j*T5-
space, and not su. T,-space.

4- X={a, b, c}, u={0, X, {a}, {b}, {a, b}, {a, c}, {b, c}} is su. T3-space, su. §j**T3-space, @ T,-space and §jT,-space but
neither su. @*T5-space nor su. §j*T;-space.

Proposition (3.5): Each su. topology finer than su. T, is also su. T5.
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Proof: Let @ # b be two elements in a su. space X and p, u* are two su. topologies defined on X, where y* is finer
than y, and p is a su. T,-topology on X, so there are disjoint sets W;, W, € u containing a, b respectively, since
u € u*, hence W,;, W, € u* too, then p*is a su. T,-topology on X.
Proposition (3.6): 1- Each su. topology finer than su. @T, is also su. @T.
2- Each su. topology finer than su. §jT, is also su. §T5.
Proof: Asin proposition (2.25).
Proposition (3.7): Every su. T;-space is su. T,-space.
Proof: Let (X, 1) be a su. T3-space and let x, y be any distinct points in X. We have X is su. T;-space (from definition
of su. T5-space), so {x} is su. closed set (by remark (3.3)) and y&{x}, since X is su. regular space so there are su. open
sets W, B such that {x} SW, y €B and WNB=0, thus x € W, then x,y belong respectively to disjoint su. open sets
W and B, therefore X is su. T,-space.
Proposition (3.8): 1- Every su. @T;-space is su. wT,-space.
2- Every su. §jT3-space is su. jT,-space.
3- Every su. & Ts-space is su. @T,-space.
4- Every su. j*T5-space is su. §jT,-space.
5- Every su. @**Ts-space is su. @T,-space.
6- Every su. §)**T5-space is su. §jT,-space.
Proof: As in proposition (3.7).
Example (3.9): 1- X={a, b, ¢, d}, p={0, X, {a}, {c}, {a, c}, {a, b}, {a, d}, {c,d}, {b,d}, {a, b, c}, {a, b,d}, {b, c,d}, {a, c,d}},
so (X, u) is su. T,-space but not su. T;-space, not su. &@*T3-space and not su. fj*T5-space.
Lemma (3.10): If {U;}}, is a finite collection of su. @-open (resp. su. fj-open) sets, so their union is also su. @-open
(su. j-open) set.
Proof: Let x € Ui, U; =x € Uy, for some a; € [= thereis G € u, with x € G and G-U,, is countable (resp. finite),

but G-Ui., U; € G-U,=G-Ui-, U; s countable (resp. finite) = U}, U; is su. @-open (resp. su. fj-open) set

Theorem (3.11) [3]: The property of a space being su. T;-space is a su. hereditary and su. topologically property.
Theorem (3.12): 1- The property of a space being su. @T5-space (resp. jT;-space) is a su. hereditary and su.
topologically property.

2- The property of a space being su. &*T;-space (resp. §j*T3-space) is a su. hereditary and su. topologically property.
3- The property of a space being su. &**T;-space (resp. §j**T5-space) is a su. hereditary and su. topologically
property.

Proof: It is clear.

Theorem (3.14): A su. space X is a su. @-regular (resp. su. fj-regular) space, iff for any x € X and for any su. open set
U in X containing x, there is a su. @-open (resp. su. j-open) set V in X such thatx € V < clg V) cu.

Proof: Suppose X is su. @-regular (resp. su. fj-regular) space, and let U be a su. open set in X such that x € U, then
UF is su. closed set in X does not containing x. But X is su. @-regular (resp. su. fj-regular) space, so there are two su.
@-open (resp. su. fj-open) sets V, W such that x € V,U° € W and VNW=0,so V € W¥E, thus Clg (V)chg (we)=we
(resp. clg = clg(WC) = WFe..... (1) (since W€ is su. @-closed (resp. su. fj-closed)) set, and since U S W, then
W€ € U...(2), from (1) and (2) we get x € V € ¢l (V) € W€ € U (resp. x € V € cli (V) € W€ € U), which means
XEVC clg W)S U (resp.x €V C clf’;(V) C U). Conversely, let M be a su. closed setin X and x be any point in X
such that x € M, so M€ is su. open set in X does not containing x, put M'¢ = U, then there is a su. ®-open (resp. su.
fj-open) set V in X in which x € V € cli; (V) € U (resp.x € V € clf (V) € W), thus clf (V) € U, hence U = M <

(clg (V))C C X (resp. U =M C (clrf; (V))C < X (since V is su. @-open (resp. su. fj-open), so clf (V) (resp. clf (V))

is su. @-closed (resp. su. fj-closed) set), since V S clg V) (resp.V c clg (1)), which implies Vﬂ(clg (V)°=0 (resp.

VN (clrﬁ]‘ (V))C = @). Therefore, there are two su. @-open (resp. su. fj-open) sets V, (clg (V))C [resp. V,(cl%‘ ()] in
c

X suchthatx € V, M ¢ (Clg (V)) (resp. M < (Clg(V))C, and VN (clf (V) )°=0 (resp. VNclf (V) )°=@, then X is su.

@-regular (resp. su. fj-regular) space.
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Proposition (3.14): A su. space X is -:
1- A su. regular space, iff for any x € X and for any su. open set U in X containing x, there is a su. open set V in X such
thatx € V C cl(V) € U.

2- A su. @*-regular (resp. su. §j*-regular) space, iff for any x € X and for any su. @-open (resp. su. fj-open) set U in X
containing x, there is a su. open set Vin X suchthatx € V € ¢l (V) € U.

3- Asu. ®@**-regular (resp. su. §j**-regular) space, iff for any x € X and for any su. ®-open (resp. su. fj-open) set U in
X containing x, there is a su. &-open (resp. su. fj-open) set V in X such thatx € V € clg (V) S U (resp.x €V <

cl%‘ V) cUu).

Definition (3.15): A function f: X — Y is called:-

1- Perfectly su*. continuous if the inverse image of any su. open (resp. su. closed) setin Y is a su. clopen set in X [4].
2- Perfectly su*. @-continuous if the inverse image of any su. @-open (resp. su. @-closed) setin Y is a su. clopen set
in X.

3- Totally su*. @-continuous if the inverse image of any su. open (resp. su. closed) setin Y is a su. @-clopen setin X.
4- Totally su*. fj-continuous if the inverse image of any su. open (resp. su. closed) set in Y is a su. fj-clopen set in X.
5- Perfectly su*. fj-continuous if the inverse image of any su. fj-open (resp. su. fj-closed) setin Y is a su. clopen set in
X.

6- Perfectly su*. @-irresolute if the inverse image of any su. @-open (resp. su. @-closed) setin Y is a su. @-clopen set
inX.

7- Perfectly su*. fj-irresolute if the inverse image of any su. fj-open (resp. su. fj-closed) setin Y is a su. fj-clopen set
X.

Example (3.16): Let X=Y={1, 2, 3}, ux={9, X, {1}, {3}, {1, 3}, {2, 3}, {1, 2}}and py={0,Y, {3}, {1, 2}},s0 f: X — Y
defined as f(1)=2, f(2)=1, f(3)=3 is perfectly su*. continuous, perfectly su*. fj-irresolute, perfectly su*. &-irresolute,
totally su*. @-continuous, and totally su*. fj-continuous, but not perfectly su*. fj-continuous, and not perfectly su*.
&-continuous function.

Theorem (3.17): Consider f: X — Y is surjective, su*. @-open (resp. su*. fj-open) and perfectly su*. continuous
function (or su*. continuous) function, if X is su. regular space then Y is su. @-regular (resp. su. fj-regular) space.
Proof: let y € Y and M is su. closed set in Y, there exists x € X such that f(x) = y (since f is surjective) and since f
is perfectly su*. continuous, then f~! (M) is su. clopen set in X, and then it is su. closed set in X. Since y & M, so
f1(y)=x¢& f~1 (M), but X is su. regular space, hence there are su. open sets U,V in which x € U, f7}(M) ¢
Vand UNV=0, thus f(x) =y € f(U),f (f "1 (M)) =M € f(V)and fFU)NF(V) = fFUNV) = f(®) =0, but f is su*.
@-open (resp. su*. fj-open) function, hence each of f(U), f (V) is su. @-open (resp. su. fj-open) set in Y, therefore Y is
su. &-regular (resp. su. fj-regular) space.

Proposition (3.18): 1- Consider f: X — Y is surjective, su*. open and perfectly su*. continuous function, if X is su.
regular space then Y is su. regular space.

2- Consider f: X — Y is surjective, su*. open and perfectly su*. @-continuous (resp. perfectly su*. fj-continuous)
function, if X is su. regular space then Y is su. @*-regular (resp. su. fj*-regular) space.

3- Consider f: X — Y is surjective, su*. open and perfectly su*. @-continuous (resp. perfectly su*. fj-continuous)
function, if X is su. regular space then Y is su. @*-regular (resp. su. j*-regular) space.

~ A ~

4- Consider f: X — Y is surjective, su*. @-open (resp. su*. fj-open), and perfectly su*. @-continuous (resp. perfectly

A\ kk TS

su*. fj-continuous) function, if X is su. regular space then Y is su. @**-regular (resp. su. §j**-regular) space.

5- Consider f: X — Y is injective, su*. closed and totally su*. @-continuous (resp. totally su*. fj-continuous) function,
if Y is su. regular space then X is su. @-regular (resp. su. fj-regular) space.

6- Consider f: X — Y is injective, su*. closed and perfectly su*. continuous function, if Y is su. regular space then Y is
su. regular space.

7- Consider f: X — Y is injective, su*. @-closed (resp. su*. fj-closed) and perfectly su*. continuous function, if Y is su.

regular space then X is su. @*-regular (resp. su. fj*-regular) space.
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8- Consider f: X — Y is injective, su*. &-closed (resp. su*. fj-closed) and perfectly su*. @-continuous (resp. perfectly
su*. fj-continuous) function, if Y is su. regular space then X is su. @**-regular (resp. su. fj**-regular) space.c
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