Journal of Al-Qadisiyah for Computer Science and Mathematics Vol.11(4) 2019, pp Math.61-73

Available online at www.qu.edu.ig/journalcm

JOURNAL OF AL-QADISIYAH FOR COMPUTER SCIENCE AND MATHEMATICS
ISSN:2521-3504(online) ISSN:2074-0204(print)

University Of AL-Qadisiyah

Some geometric topics of Jackson's (p,q)- derivative convoluted
with a Subclass of convex function with negative coefficients

Faten Fakher Abdulnibe 2 , Kassim A.Jassim b

a Department of Mathematics ,College of Science, University of Baghdad, Baghdad -Iraq Email: fatenfakher@yahoo.com

b Department of Mathematics, College of Science, University of Baghdad, Baghdad -Iraq Email: Kasimmathphd @gmail.com

ARTICLEINFO ABSTRACT
Article history: In the present work, a new subclass g S;l,; (t,m) of convex functions with negative coefficients
Received: 06 /08/2019 by derivative operator Yfi,’fq , considered coefficient inequalities, growth and distortion
Rrevised form: 29 /08/2019 theorem, closure theorem, and some properties of sundry functions pertinence in class
Accepted : 12 /09/2019 considered. So get radii of close-to-convexity for function pertinence in to class gjg(r,n) .
Available online: 20 /12/2019 Moreover, an integrated way inequality resolve for functions pertinence in class  S%(t,n).
Keywords: MSC
Coefficient bounds, Analytic Mathematics Subject Classification: 30C45
functions; Starlike, convex ; and
Close-to-convex functions ;Integral
means.

DOI: 10.29304/jqcm.2019.11.4.643

1. Introduction and definition
Let A denote the class of functions of the form

0@ =z+ X3,z (z €Q). (1)

which are analytic in the open unit disk U ={z € C: |z| < 1}and normalized by ¢(0) =0 and ¢(0)=1.Let S
denote the class of all functions ¢ € A which are univalent in Q . Also, g-calculus plays a rule in the theory of
hypergeometric series, quantum physics and various branches of mathematics as for example, in the areas of
ordinary fractional calculus, optimal control problems. The application of g- calculus was initiated by Jackson [12].
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The quantum calculus is of the paramount tools that you use to research subclass of analytic functions. Kanas
and Raducanu [13] employ the fractional g-calculus operators in considerations of confirmed classes of functions
which is analytical in U. A universal study on applications of g-calculus in operator theory may be found in
[8,4,17].
The g-calculus it is lean on one coefficient, the circular of q-calculus is the post-quantum calculus. may be
obtained by substituting p=11in (p, q)-calculus. For details on g-calculus one can refer [8,11,12,15,19]. We let

during this paper that 0 < p <q < 1. For the means of comfort, several basic definitions and registrations of (p, q)
-calculus are aforesaid below:

With (0 < p <q < 1) the Jackson’s (p, q) - derivative for function ¢ € A, as defined , presented accordingly [12]

oz)- ¢(qz)

CEOr forz+0
Dp,q o(z) = ) (1.2)
¢ (0) forz=0
By (1.2) we get
Dy ¢ 02 =1+ X5_, [Vl q 2"t (1.3)

Where

[v]p,q = pV—l + pv—zq + p‘li—3 qZ + .+ p q‘U—Z + qv—l — pp:z : (14)
Is called (p, q) - bow or no . Basic twin observe that if p =1, the no. Basic twin is a natural circularization of the g-
number, this is
1-q¥

:=[v]q qil

W]pg =

observe so thatif p = 1, the Jackson’ s (p, q) - derivative,[12]

Its obviously to verify for ¢ (z) = z¥,wehave D, , Y(2) =D, , z'= pp:z 2" =[], 271
with ¢ € A, The Salagean (p, q) - different operator defined as it comes:
Ypa9(2) = ¢(2)
Vpa9(2) =2Dpq ¢(2),
Phao(2) = vhq (Viate(2)

=z+ Yo ,[vlEg cvz’ (k€ Np:=NuU{0};ze Q) (1.5)
note that whether p =1 and lim;, - 17, we get the familiar Salagean derivative [16]:

Yro(z) =z+ X2 ,v%c, 2z (k € Ny:z €Q) (1.6)

Now let

Yon0(2) = Yk o(2),
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Y2 0(2) = A —DYdr.0(2) + 12k, ,0(2)) (1.7)

=z+ Y5, [V§, [1+ @ - Dlc, 2%,

Yipa9(2) = (1= DYepe0(2) + 12(¥gpe0(2)
=2+ Y05, [V]5q[14 (v — D1]%c,z") (1.8)
In general, we have
Yina0(2) = (1= D2(Y,0(2)) + 12(¥ep5" (2))’
=2+ Yo [V]5g [14+ @w-D1)%,2") (t=0;kE€N,)
Clearly, we have Ygﬁq(p( z) = ¢(z) and Yll_‘g_qu(z) =z¢'(2).

We note that when p =1, we get the differential operator Yf,'(’;(p( z) knowledge and study by Frasin and
Murugusundaramoorthy [9] . As will, you note that where p = 1 also lim; — 17, we have the differential operator :

ng’fq(p(z) =z+3Y2,v [1+@w—-1Dr1 ¢,2°1° (r=0;k,6 €Ny

We note that when k = 0, we get the differentiation operator Y defined by Al — Oboudi [3], while if § = 0, we
obtain Salagean differentiation operator Y® [16].

Together with the help of the aid of the differential operator Yg;;fp we say that the a function ¢( z) belonging to A
is in the class Q";"’z‘, (z,n) ifand only if

2(Y St p(2)"

L(1—r> (2K o2+t (Y (2

-0z 25 q0(2) "+
+1, >n(K,6eNy), (1.9)

For some n(0< 7 < 1)and‘r(r = 0),ar1dforallz€ U.

Suppose T denote the subclass of A composed function given by:
po@)=z-Y7,¢c,2° (¢, =20,z €V). (1.10)

We also define the class SD',‘;’;,‘ (z,n) by

Pox(r,m) =Qok@mn T. (1.11)
The present paper prove various interesting properties for functions belonging of the class fP_g_'g (z,7m). Some of

the results and outcomes of the main results we use are also comparable to those used previously by Frasin et al.
[10], Al-Hawary et al. [1,2], Aouf and Srivastava [7] and Amourah et al. [5,6].

2. Coefficient estimates
In this section we start to obtain a necessary and sufficient condition to function ¢( z) in the class pg;g(r, n.

Theorem 2.1. Let the function ¢( z) be defined by (1.10) . Then ¢(z) € pg:g(r, n) if and only if
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Yol kv -1+ (vl - D1+ @w-D1l’c, <1-7n (21)
The result is true.

Proof. Suppose that the function ¢( z) is in the class gogjg(r,n) . Then we have

Re {“:ﬁ;ﬁy”zgg) :Z(gk%;"’(( i) + 1} =Re {Z+1} > n(K,ceN,) (22)
forsomen(0 < n <1)andt(r = 0),and forallz € U. Now
M=(1-7)(z-3p,v@—-D W,k [1+@w-D1]° ¢,2"72) +

z[-Tr,v -1+ @-1)1]° ¢, 2777
M=(-Zy,v(v - Dv]k, {1+ ([v]pq 1)t} [1+ (w—1)7]° ¢, 2z"71)

H=(1-1)[1-X5,v[v]s, [ 1+ @w-— 1)‘[]561,2”‘1)

+7(1-Xe, vt [ 1+ (v — D1]8¢, 2" )

H=1-Y7,v v,k {1+ (v],q — Dt} [1+ (v — D1l ¢, 2" . (2.4)
Consequently,
(1-Dz(Ygpq@(2)" + 203 0 (2)"
Re -0 (qu oy 7 1 (2.5)
O 0( ) +T (2t e(2)

o2, (v-1) Wlpk {1+ (W] pg—1) 7} [1+ @w-D1]® ¢ zV71
Re{ 1-32,v [v] ,q{1+( 1p.q-1)t}[1+ @-17]8 ¢, 2771 t1g>m

Lettingz — 1~ along the real axis, we can see that
1 —Z vw-D+vlk, {1+ (v —1)t}1+@-D1l’ ¢, =

n (1-32,v [k, {1+ (Wlpe— 1)t} 1+@—-D1l° ¢,) (2.6)
Therefore we have the (2.1).

Conversely, assume that (2.1) holds sharp. Then

1 -oz(Y, pq(p(z)) + 1z (Yfpkgl(p(z))”

-0 (WD) +1 (Yie()

(Xeve-D Wk, 1+ (V]pg— DT} 1+ -1 1] ¢yz"?)
1- X0, vIvl& {1+([qu—1)r} [1+ —1D1]® ¢, zv1

(2,, @Dk, {1+ (Vlpg - DI+ -D T8 ¢)

= 1-32_, v Wk {1+ ([v]pg — D} [1+ (- D710 ¢, =1-
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This indicates that the function values .

(l—r)z(Yf_'g_qqo( 2))"+ rz(Yg’;f_zltp(z))”

8.k S,k+1

2.7
(1-7) (Y2, q@ () +T (YZpg 9(2)) (2.7)

p(z) =

Located in the circle its center w = 1 and whose radius is 1 — n.Hence @( z) satisfies the condition (1.9)

At last, the function ¢( z) given by

oy 1-7 v
p(2) =z [v]’ﬁ,q v (-n) {1+ (Vlpq-1)7} [1+ w-1) 7]% ¢ 2" (v22) (2.8)

Thus we complete the proof.

Corollary 2.2. Suppose the function ¢( z) defined by (1.10), be in the class gog;g(r, n). Then

¢ < 1 (v=2) (2.9)

Wk voo-m {1+ (Vipg- Dt} [1+v-1)118 ¢y

The equality in (2.9) is achieved for the ¢( z) given by (2.8).

3. Inclusion relations

In this part we start by explaining inclusion relation.

Theorem (3.1) : Suppose 0<n1 <92<1,0<7t<10 < § <landK,6e N,.Then
P08 2 PhkEm,) . (3.1)

Proof. Let the function ¢( z) defined by (1.10), be in the class m gogjg(r,nz)

Andlet n; =1, — §. consequently, by theorem 2.1, we get

Yo [Wlpq v (0 —m2) {1+ (v - D} 1+ (v —Dr)’c, <1-m, (32)
Also

Toalvlfe VL (] - DB 1+ @ - Drl’e, < 772 <1. (33)
Then

Yo, Wk, v —n) {1+ (v]yq — D} 1+ w— D7),
=Y, Wk, v —ny) {1+ (vl — 1)7} 1+ (v — D1l’c,
+8 I3, Wk, v{1+ (vl — D1+ (w—-Drl° <1-my
Thus we complete the proof.
Theorem (3.2).Suppose0<1n<1,0<717, <7, <1,and k6 € N,.

Then

5k 5k
@p‘q(rl' TI) = S’Jp‘q(Tz'ﬂ) (34)
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Proof: Let the function ¢( z) defined by (1.10), be in the class gog:],;(r, n2)

Then, by Theorem (2.1) , we get

[oe]

Dl v @ -m+ (vl - Dr} 1+ @ - Dl

v=2
S Yavlse v =) {1+ (vl - D} [1+ (@ - Dr,)%, <1-7
Thus completes the proof.

Theorem (3.3): Let0<7n<1,0<t<1,and k6 € Ny.Then

5k Sk+1
p, (wn)2p" (vn) (3.5)
And
5k 5+1k
@p‘q(‘t,r)) 20 p,q(‘t,n) (3.6)

Proof . By Theorem 2.1, we get
Yonavlpg v —m) {1+ ([v]pq — D7} 1+ @ - D1l

< Yo, WSt vw-m {1+ (v, — D} 1+ @- D1,
<1l-7

Also

Yok, vw—-m{1+([vly, — D1} 1+ @ - D],
< YeLwlk, vw—n {1+ (v, - D} 1+ @-1D7]% 2, <1- 7
4. Growth and distortion theorems

Theorem (4.1): Suppose the function ¢( z) given by ( 1.10 ), in the class gog;g(r M)
another, for |z| =1 <1,

i,j > _ ] 1-n 2 4.1
Vepa 9| 2 ¥ 2] i 2(2=n) 1+ ([2lpg—1)7} (1 +7 )8 r (1)

And

ij < _ 1-7 2 (4.2
repaw@ | < v+ (2154 2 @) {1+ ([V]pq=1) T} (147)5E v 2

0<i<4§;0<j<kK; z€Q).
]

In (4.1) and (4, 2) realized for the function ¢(z) as follows ;

1-n ZZ (Z -
[215q2 @-m) {1+([2]p,q—1) T} (1+7)8

p(z)=z2— +71) (4.3)

Proof. Observe that the function ¢(z) € ,{og:g(r,n) if and only if
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- o
Vepa®(@) € $° 54 (Tn)

and so on
Venq®(@) =z = Be,[v]) o [1+ (v — Dric,z” (4.4)
. By Theorem ( 2.1). We get that
[25d @=m {1+ ([2]pq - D} (1+7)°7 T2, Wl A+ D',  (45)
< YeLlk, vw—-n{1+ (vl — Dt} 1+ (@ —Dryl%c, <1-7

Which suggests,

© . 1+, < : 100 4.
Ly=lVlpg (16, < (2154 2 =) (1+([2]p,q—1) T} (1+7)0~ (46)

confirmation (4.1) and (4.2) of theorem 4.1 you will now track easily from (4.4) and (4.6).

lastly, we observe that the equivalence (4.1) and (4.2) are done for the function ¢(z) defined by

Ly —z— : 1n 2 (47
Vepq® () =2 215,72 @-m) {1+ ([2]p,g—1) T} (1+7) [1+(w-D7]® z (4.7)

Which completes the proof.
Taking i=j=0in Theorem 4.1, directly we have the following corollary.
Corollary 4.2. Suppose the function ¢(z) . Defined by (1.10) be in the class gogjg(r,n)

Therefore, for [z| =r < 1

_ 1-n 2
|(p(z)| = (215,42 (2-m) {1+([2]p,q—1)1}(1+r)[1+(v—1)r]5 r (4'8)

And

1-n

<
|<P(Z)| =r+ [z]glqz 2-1) {1+([2]p.q_1) T} (141)9

r2 where, z €U (4.9)

The parity in (4.8) also (4.9) are fulfilled to the function ¢(z) define by (4.3).

putting i =1 = 1 while j=0in Theorem 4.1, and benefit from the definition (1.7) we have this corollary.
Corollary (4.3): Suppose a function ¢(z) , knowledge by (1.10), be in the class @g:g(‘t, n.

Then, for |z| =r< 1

lp'(2)] 21— o r (4.10)

[t 2 (2-m) (2)%1

! 1-
o' (2] <1+ DA (2_:77) et where, z €U (4.11)

With (4.10) also (4.11) are fulfilled to a function ¢(z) as follows:
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1_
0 = 2~ GET oyt 4 (2747) (4.12)

5. Closure theorems
We shall prove in this section that the class gogjg (t, n) isclosed beneath convex linear combinations.
Theorem ( 5.1): The class gog:]é(r,n) is convex set.
Proof. Suppose the function
0o (2) =2z— XCauz’ (Cuy 20,a=12;z €Q). (5.1)
Be in the class gogjg(t, n) . Itis sufficient to show that the function y(z) defined by
Y(@) = 11+ A —we, (2)(0<pu<1) (5.2)
and in the class gog;]é(t,n) .Because,for0 < u <1,
Y(2) = z = Eyl{uciy + (1 —p)cyp}z” (5:3)
By Theorem ( 2.1), we get

Sotalvlg v —=m {1+ (Wlpg — D} [1+ (v = Drl’{ucr, + (L—p)epp} <1—n (54)

Which suggests that (z) € gagjg(‘t,n).Therefore gag:g(r,n) is convex set.
Theorem (5.2): Let ¢,(2) =z also

ey(2)=7- ] — z¥ (v=2;k,6 € NO) (5.5)

[V]Izg,q v (w-n) {1+ ([vlpg-1) T} [1+ -1 7]

For0<n <1land0 <t < 1.Then the function ¢(z) is in the class pgjg(r,n) if and only if can be expressed in the

form:
©(2) = Xy=1 o P (2) (5.6)
wherever
Uy =0(w=1) and Yo, u, =1 (5.7)
Proof . Suppose that
©(2) = Xy=1 by P (2) (58)
=Z- Wik v@w-n) {1+([vl];z—1)r}[1 Fw-nap M 2"
Then follow it
© 0 kg v @-m) {1+ (WIpg-1)T} [1+(v-1) T8 1-7
Z 1-n ' [vlks v(v—mn) {1 + ([v]p‘q — 1)1} [1+@-1D1]8 Ko

v=2



Faten .F/ Kassim .A JQCM - Vol.11(4) 2019, pp Math.61-73 69

=Y m=1-m=1
v=2

Hence, by Theorem 2.1 ¢(z) € gogjg(r,n).

Conversely, suppose that the function ¢(z) defined by (1.10) belongs to the class gog:g(r, n). Then

1-7
< >
v = [v]’,;q v (-1 {1+([V]p,q—1) T} [1+(w-1)T |8 (vz26,K€ NO)
putting
Ly, = Vg v @-m{+(lpe=-1) 7} [1+(v_1)1]6cv where, v > 2,56,k €N
1-n 0
And

Hi= 1_21‘30:2 Uy,
for function @(z) given by (5.6).That is completes proof
6. Radii of Starlikenss, convexity and close - to- convexity ,

We must in this section, determine the radii of starlikeness, convexity and close - to- convexity,, by the functions

pertinence to the class 503:](;(‘(, n.

Theorem 6.1. Let the function ¢(z), define by (1.10), be in the class pg:g(r, n) . Then @(z) is close -to-convex of
orderp (0< p <1)in|z| < r;,where

(a-pw=? [v]’;,q v (w-n) {1+ (Wlpg-1)T} 1+ @-1)7]°
17

)1/(1’_1)

Ty = inf ( (v=2). (61)

By the extreme function ¢(z) define by (2.8). The result is true.
Proof:- We must to prove the following:
lp'(z) —1| < 1—p where |z| <1,

wherever 1 is given by (6.1). In fact, definition by (1.10) it means the following:

[oe]

o' =11 < Y veyla] v

v=2
So thus,
lp'(z2) -1l <1-1p
Whether,

Ti () 6 lzl VTS L (6.2)

however, through Theory ( 2.1), (6.2) thatis true if
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[v] ,L‘_q v w-n){1+ ( [VIpg—1)T 1+ w-1118
1-n

()l < , (6.3)

So, if

|Z| < ((1— v 1v] g'q v (v-n) {1+( [Vlp,q— 1)t}[1+@w-D7t 18 (V > 2) (64)

1/(v-1)
)

Theorem (6.1) that is easily by (6.4).
Theorem (6.2): Let the function k @(z), defined by (1,10), be in the class gog:g(‘t, n) . Then ¢(z)

is starlike of order p (0<p <1)in|z| < r,, where

ry = inf((l_p) vk v(v—n){2:_(;1;](;1;5)1)r}[1+(v— 1)1:]6)1/(”—1) v=2) (65
The effect is true, by the external function ¢(z) by (2.8).
Proof: We need to prove this is
ﬂ—l' < 1l-pfor|z|] <r,.
@ (2)
Where 1, is given by (6.5). In fact definition (1.10) it means this is
29'@) ‘ _ I (v-De e
¢(2) 1= Xz
Therefore,
o —1l<1-p,
Whether,
Tz () elzl" < 1 (6.6)
however, by Theorem 2.1,(6.6) considered true if
(g) 2|71 < wikq vw-n {1+([1}1]_p7’7q—1)‘r} [1+(@-1)7]8 6.7)
That s, if
2| < ((l—p) LA v(v—n)({;_+p()[z;1]i_z)—1)r}[1+(1;_1)T]s)1/ (v-1) W=7 (68

Theorem 6.2 follows easily from (6.8).

Corollary 6.3. Let the function ¢(z), defined by (1,10), be in the class @gjg(r, n) . Then @(z) is convex of order p
(0< p <1)in|z| < r3,where
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i (1—p)v_1[v]k_ v W-m{1+([v]pq-1) 7} [1+(w-1)7] Y-
R; = mf( rg s (1_:)‘7 ) v=2) (6.9

Proof: Itis enough to show that

zou(z) <1-p,for|z| <R;.

o 1~ ’
Therefore,

zon(z)| —ijo:z v(v—l)anzv_l < Z;O:Z l7(17—1)¢'v|z|v_1

0@ | 1-352, veyzv~1 T 1-32,veplz[v1
The last inequality must bounded by 1- p if

o -p) -
Z,,=z"1"_pp ¢,z 1 < 1. (6.10)

then, by theorem (2.1), is true if

u(v—p)lzl,,_l <1 ] £q v @-1) {1+([v] pg-1) T} [1 + w-D)7 1%
1-p Cy 1-n

which implies that

Iz| < ((l—p)v‘l[v]gq w-n){1+([v]pq—1) 7} [1+@-17]8 >1/(v—1)
- (v-p) (1-n)

Thus we get the result
7. Integral means inequality
For any two functions ¢ and 1y analytic in U, ¢ is said to be subordinate to ¢ in U,
written @(z) < Y(z), if there exists a Schwarz function w(z),analytic in U, with

w(0) = Oand| a)(z)| <1forallz €U.

Such that ©(z) =y (a) (z)) for each z € U . Moreover, if the function vy is univalent in ¢, and we get the following

equivalence [18]:
0(2) < P(2) & ¢(0) = P(0)and ¢ (V) ¥ (Q.

Orderly to proof integration means inequality of the functions pertinence to the class pg:g (t,m) we want the
subordination solution for to Littlewood [14].

Lemma(7.1): Whether the functions ¢ while 1 are analytic in U together ¢(z) < ¥ (z), another fory > 0 also
i6

Z=re'" where O<r<1

LT le@1vds < [ [w(@)Ivds. (7.1)

Implementation Theorem (2.1) by the external function also Lemma (7.1) . We realize this theory
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Theorem (7.2): Suppose { [v]%, v (v — {1+ ([v],q — 1) T}[1+ (v — D]},

be a non decreasing series . If @ € gogjg (t,n), then

I lo(re®)vde < [I" | @.(re®)¥de. (0 < r < L;y>0) (7.2)
Wherever
_ 1-7n 2
(p*(Z) =z- [215 g2 2-m) {1+([2lp,g—1) T} (147)8 z (7.3)

Proof. Let the function @(z), defined by (1,10), be in the class gog:]é(r, 1) . Then we want to show that foznll -

Y

o v—1|y 2 _ 1-n
Yp ¢, 20 HY dO < fo 1 I A PG IRTE3L z| dé (7.4)

by stratify Lemma (7.1), it enough to proof this is

__ Yo v—1 _ 1-n
1 ZV:Z z <1 [215,42 @-m{1+([2]p,q—1) T} (1+7)% Z. (7.5)

If the subordination (7.5) holds true, then there exists an analytic function w with w(0) = 0 and

| w(z)| < 1 such that

_\'o v—1 _ 1-n
1 Zu:Z Z <1 [215,42 2-1) {1+([21p,g—1) T} (147)8 w(2). (7.6)

By Theorem 2.1, we have

v-1

o 21542 @-m) {1+([2l]pg-1) T} (1+7)8
£, a2 e (@l (o)t

|o@)] =

[v]glq v (v-1) { 1+ ([vlp,g—1) 7} [1+ (v-1) 718

< lz| X3 - ¢, <zl <1

That is completes the proof of theorem .
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