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A B S T R A C T 

By the fixed point method, I have proved the generalized  stability of  the 
random derivation of the following additive–quadratic functional  equation 

𝑓(𝑥 + 2𝑦) + 𝑓(𝑥 + 𝑦) + 𝑓(𝑦 − 𝑥)

= 𝑓(2𝑥 + 𝑦) − 𝑓(𝑥) + 4𝑓(𝑦) + 𝑓(−𝑦)        
in random normed algebras.  

MSC-2010: 39B82, 39S40, 54E70. 

DOI : 10.29304/jqcm.2019.11.4.647 

1. INTRODUCTION 

In some cases  we cannot associate with the right  value as a norm of a vector and random norm is a fit  substitute in 
these issues . The meaning  of a RN- space, in which the values of the norms are probability distribution functions 
instead of  numbers, was found  by Sherstnev in (Sherstnev, 1963) and developed  by (Alsina, Schweizer, & Sklar, 
1993). 

The stability problem of functional equations which was made by  (Ulam, 1960)  in 1940. In 1941, Hyers (Hyers, 
1941) finished the partial solution of  the problem of Ulam.  A lot of stability problems for the sorts  of  functional 
equations have been found out  by huge  mathematicians, and there are lots of gorgeous discovers  associate with  
this problem [see, e.g.,  (Bae & Park, 2015) (Gavruta, 1994) ( Alshybani, SH , Mansour Vaezpour, S , & Saadati, R, 
2018)]. Also by the other way ( fixed point method), the stability problems of  the kinds of  functional equations 
have been extensively found out  by some  seekers . [(see, e.g., (Cadariul & Radu, 2009) (Radu, 2003)]. In this sheet 
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paper we introduce the generalized H-U stability of the random derivation of the next  mixed type additive-
quadratic functional equation 

 𝒇(𝒙 + 𝟐𝒚) + 𝒇(𝒙 + 𝒚) + 𝒇(𝒚 − 𝒙) = 𝒇(𝟐𝒙 + 𝒚) − 𝒇(𝒙) + 𝟒𝒇(𝒚) + 𝒇(−𝒚)       (𝟏. 𝟏) 

in RN- algebras by fixed point method... 

2. PRELIMINARIES 

"Before  giving the main result, we present some basic facts related to  random normed spaces and some 
preliminary results. We say 𝒇: ℝ → [𝟎, 𝟏] is a distribution function if and only if it is a monotone, nondecreasing, left 
continuous, 𝐢𝐧𝐟𝒙∈ℝ 𝒇(𝒙) = 𝟎  and 𝒔𝒖𝒑𝒙∈ℝ𝒇(𝒙) = 𝟏. By ∆+ we denote a collection of all distribution functions and by 
𝑫+  is a subset of ∆+ consisting of all functions 𝒇 ∈ ∆+  for which 𝓛−𝒇(+∞) = 𝟏,  where 𝓛−𝒇(𝒙) denotes the left limit 
of the function f  at the point x, that is, 𝓛−𝒇(𝒙) = 𝐥𝐢𝐦𝒕→𝒙−𝒇(𝒕). The space ∆+ is partially ordered by the usual point 
wise ordering of functions ,i,e., 𝑭 ≤ 𝑮 if and only if 𝑭(𝒕) ≤ 𝑮(𝒕) for all 𝒕 ∈ ℝ. The maximal element for ∆+ in this 
order is the distribution function 𝑯𝟎 given by 

𝑯𝟎(𝒕) ∶= {
𝟎 𝐢𝐟  𝒕 ≤ 𝟎
𝟏  𝐢𝐟  𝒕 > 𝟎

 . 

           It is obvious that 𝑯𝟎 ≥ 𝒇 𝐟𝐨𝐫 𝐚𝐥𝐥 𝒇 ∈ 𝑫+." 

 

Definition 2.1. (Cho, Rassias, & Saadati, 2013).  "A mapping 𝑇: [0,1] × [0,1] → [0,1] is a continuous triangular norm     
 (briefly a t-norm) if T satisfies the following conditions : 
 (1) 𝑇 is commutative and associative; 
 (2) 𝑇 is continuous; 
 (3) 𝑇(𝑎, 1) = 𝑎  ∀ 𝑎 ∈ [0,1]; 
 (4)  𝑇(𝑎, 𝑏) ≥ 𝑇(𝑐, 𝑑) whenewer 𝑎 ≤ 𝑐 and 𝑏 ≤ 𝑑.       

Typical examples of continuous t-norms are 𝑇𝑝(𝑎, 𝑏) = 𝑎𝑏,  𝑇𝑀(𝑎, 𝑏) = min(𝑎, 𝑏) and 𝑇𝐿(𝑎, 𝑏) = max(𝑎 + 𝑏 − 1,0) 

(the Lukasiewicz t-norm) . 

Recall [see (Hadzic & Pap, 2001)] that if T is a t-norm and 𝑥𝑛 is a given sequence of numbers in [0,1], 𝑇𝑖=1  
𝑛 𝑥𝑖   is 

defined recurrently by 𝑇𝑖=1
1 𝑥𝑖 = 𝑥1  and  𝑇𝑖=1

𝑛 𝑥𝑖 = 𝑇(𝑇𝑖=1
𝑛−1𝑥𝑖  , 𝑥𝑛) for 𝑛 ≥ 2 . 

It is known [(Hadzic & Pap, 2001)] that for the Lukasiewicz t-norm the following implication holds" : 

lim
𝑛→∞

(𝑇𝐿)𝑖=1
∞ 𝑥𝑛+𝑖 = 1 ⟺ ∑(1 − 𝑥𝑛) < ∞ .

∞

𝑛=1

 

Definition 2.2. (Sherstnev, 1963) If  X  is vector space, T  is a continuous t-norm,  𝜇: 𝑋 ⟶  𝐷+,must check the 

following: 

(1)  𝜇𝑥(𝑡) = 𝐻0(𝑡) ∀ 𝑡 > 0  iff  𝑥 = 0;  

(2)   𝜇𝛼𝑥(𝑡) = 𝜇𝑥 (
𝑡

|𝛼|
) ∀𝑥 ∈ 𝑋, 𝑡 > 0, 𝛼 ≠ 0;  

(3) 𝜇𝑥+𝑦(𝑡 + 𝑠) ≥ 𝑇 (𝜇𝑥(𝑡), 𝜇𝑦(𝑠)) ∀ 𝑥, 𝑦, 𝑧 ∈ 𝑋, 𝑡, 𝑠 ≥ 0.                                                

      Then (𝑋, 𝜇 , 𝑇) is called random  normed  space (briefly RN-space). 
  

Definition2.3. (Mihet, Saadati, & Vaezpour, 2010)" Let (𝑋, 𝜇, 𝑇) be a 𝑅𝑁 −  space.   
(1) A sequence {𝑥𝑛} in 𝑋 is said to be convergent to 𝑥 in 𝑋 if,   ∀ 𝜀 > 0 and ⋋>
 0, ∃ a positive integer 𝑁 such that 𝜇𝑥𝑛−𝑥(𝜀) > 1 −⋋ whenever 𝑛 ≥ 𝑁 . 

(2) A sequence {𝑥𝑛} in 𝑋 is called Cauchy sequence if, ∀ 𝜀 > 0 and  ⋋> 0, ∃  
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     a positive integer  𝑁 such that  𝜇𝑥𝑛−𝑥𝑚
(𝜀) > 1 −⋋ whenever  𝑛 ≥ 𝑚 ≥ 𝑁 .  

 
(3) An  RN − space (𝑋, 𝜇, 𝑇) is said to be complete if and only if every  Cauchy    

       sequence in 𝑋 is convergent to a point in 𝑋 ." 

Theorem 2.4.  (Schweizer & Sklar, 1983) If  (𝑋, 𝜇, 𝑇) is a RN-space and  {𝑥𝑛}  is a sequence such that 𝑥𝑛 → 𝑥, 
then lim𝑛→∞ 𝜇𝑥𝑛

(𝑡) = 𝜇𝑥(𝑡) a.e . 

Definition 2.5.  A RN- algebra  is a  RN-  space  with  algebraic structure  such  that 

(4) 𝜇𝑥𝑦(𝑡𝑠) ≥ 𝜇𝑥(𝑡)𝜇𝑦(𝑠) ∀  𝑥, 𝑦, 𝑧 ∈ 𝑋 and  𝑡, 𝑠 ≥ 0. 

Definition 2.7. Let (𝑋, 𝜇, 𝑇𝑀) and (𝑌, 𝜇, 𝑇𝑀) be RN −  algebras . An ℝ − linear mapping 𝑓: 𝑋 → 𝑌 is called a random 

derivation (r.d) if 

         𝑓(𝑥𝑦) = 𝑓(𝑥)𝑦 + 𝑥𝑓(𝑦)                 ∀ 𝑥, 𝑦 ∈ 𝑋. 

Definition 2.8. (Cho, Rassias, & Saadati, 2013) "  Let X  be a set. A function  𝑑: 𝑋 × 𝑋 → [0, ∞] is called a generalized 
metric on  X  if  d  satisfies  

(1)  𝑑(𝑥, 𝑦) = 0 if and only if 𝑥 = 𝑦 ; 

(2) 𝑑(𝑥, 𝑦) = 𝑑(𝑦, 𝑥) for all 𝑥, 𝑦 ∈ 𝑋; 

(3) 𝑑(𝑥, 𝑧) ≤ 𝑑(𝑥, 𝑦) + 𝑑(𝑦, 𝑧) for all 𝑥, 𝑦, 𝑧 ∈ 𝑋. 

   We recall a fundamental result in fixed point theory." 

Theorem 2.9 (Diaz & Margolis, 1968)"  Let (𝑋, 𝑑) be a  complete generalized metric spaces (c.g.m.s) and  let  

𝐽 ∶ 𝑋 → 𝑋  be a strictly contractive mapping with Lipschitz constant 𝛼 < 1.  Then for each given element 𝑥 ∈ 𝑋, 
either 

𝑑(𝑗𝑛𝑥, 𝑗𝑛+1 𝑥) = ∞ 

for all nonnegative integers n or there exists a positive integer  𝑛0 such that 

(1) 𝑑(𝐽𝑛𝑥, 𝐽𝑛+1 𝑥) < ∞, ∀𝑛 ≥ 𝑛0; 

(2) the sequence {𝐽𝑛𝑥} converges to a fixed point 𝑦∗ of 𝐽;   

(3) 𝑦∗is the unique fixed ponit 𝑜𝑓 𝐽 in the set 𝑌 = {𝑦 ∈ 𝑋 ∖ 𝑑(𝐽𝑛0𝑥, 𝑦) < ∞}; 

(4) 𝑑(𝑦, 𝑦∗) ≤
1

1−𝛼
𝑑(𝑦, 𝐽𝑦) ∀ 𝑦 ∈ 𝑌."  

 

3. GENERALIZED H-U STABILITY OF RANDOM DERIVATION  IN RN- ALGBRAS. 

We prove generalized H-U stability of the mixed type functional equation (1.1) of  random derivation  in  RN- 
algebras.  

Lemma 3.1. (Kim, 2017) " Let 𝑓 ∶ 𝑋 → 𝑌 be a mapping satisfying the functional equation (1.1). Then we have  the  

following 

1. If  f  is an odd mapping , then  f   is an additive  mapping, and 

2. If  f  is an even mapping, then  f  is an quadratic  mapping." 

Now we will mention our result 
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Theorem 3.2. Let (𝑋, 𝜇, 𝑇𝑀) be a RN- algebra and (𝑌, 𝜇, 𝑇𝑀) be a complete RN- algebra  and let 𝜑 ∶ 𝑋2 →
[0, ∞) a function s. t ∃ a constant 

 0 < 𝐿 <
1

2 
, 𝑤𝑖𝑡ℎ  𝜑(𝑥, 𝑦) ≤ 𝜑(2𝑥, 2𝑦) for all 𝑥, 𝑦 ∈ 𝑋. 

Let 𝑓 ∶ 𝑋 → 𝑌 be an odd  mapping satisfying" 

𝜇𝑓(2𝑟𝑦+𝑟𝑥)+𝑓(𝑟𝑥+𝑟𝑦)+𝑓(𝑟𝑦−𝑟𝑥)−𝑟[𝑓(2𝑥+𝑦)+𝑓(𝑥)−3𝑓(𝑦)](𝑡) ≥
𝑡

𝑡 + 𝜑(𝑥, 𝑦)
                                                                  (3.1) 

 ∀𝑥, 𝑦 ∈ 𝑋  , 𝑡 > 0. 

𝜇𝑓(𝑥𝑦)−𝑦𝑓(𝑥)−𝑥𝑓(𝑦)(𝑡) ≥
𝑡

𝑡 + 𝜑(𝑥, 𝑦)
                                                                        (3.2)    

 

∀ 𝑟 ∈ ℝ  all 𝑥, 𝑦 ∈ 𝑋, 𝑡 > 0.  Then 

𝐻(𝑥) ≔ lim
𝑛→∞

2𝑛𝑓 (
𝑥

2𝑛
) 

exist ∀ 𝑥 ∈ 𝑋 and defines a  r. d  𝐻 ∶ 𝑋 → 𝑌 s. t 

 𝜇𝑓(𝑥)−𝐻(𝑥)(𝑡) ≥  
(2 − 2𝐿)𝑡

(2 − 2𝐿)𝑡 + 𝐿𝜑(𝑥, 0)
                                                              (3.3) 

∀ 𝑥 ∈ 𝑋, ∀𝑡 > 0.  

Proof.  Assume that  y = 0 and  r = 1 in (3.1); we obtain 

𝜇2𝑓(𝑥)−𝑓(2𝑥)(𝑡) ≥
𝑡

𝑡 + 𝜑(𝑥, 0)
   , 

∀𝑥 ∈ 𝑋,  𝑡 > 0.  So 

       𝜇
𝑓(𝑥)−

𝑓(2𝑥)

2

(
𝑡

2
) ≥

𝑡

𝑡+𝜑(
𝑥

2
,0) 

  ,                                                               (3.4)          

𝜇
2𝑓(

𝑥

2
 ) −𝑓(𝑥)

(2𝑡) ≥
2𝑡

2𝑡+𝜑(
𝑥

2
,0)

≥
𝑡

𝑡+
𝐿

2
𝜑(𝑥,0)

  ,                                              (3.5) 

∀𝑥 ∈ 𝑋 and 𝑡 > 0.  Consider the set 

𝐸 ≔ {𝑔: 𝑋 → 𝑌: 𝑔(0) = 0}, 

and the mapping 𝑑𝐺  defined on 𝐸 × 𝐸 by 

𝑑𝐺(𝑔, ℎ) = 𝑖𝑛𝑓 {𝜖 > 0 ∶ 𝜇𝑔(𝑥)−ℎ(𝑥)(𝜖𝑡) ≥
𝑡

𝑡+𝜑(𝑥,0)
} , 

∀ 𝑥 ∈ 𝑋, 𝑡 > 0. Then (𝐸, 𝑑𝐺) is a c.g.m.s ( see the proof of [ (Mihet, Saadati, & Vaezpour, 2010) [ lemma 2.1] ) . Now, 
Suppose the linear mapping  𝐽 ∶ E × E defined by  

𝐽𝑔(𝑥) = 2𝑔 (
𝑥

2
) .  

∀𝑥 ∈ 𝑋.  Let  𝑔, ℎ ∈ 𝐸 be the mappings s.t  𝑑𝐺(ℎ, 𝑔) = 𝜖. Then we have 
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𝜇𝑔(𝑥)−ℎ(𝑥)(𝜖𝑡) ≥
𝑡

𝑡 + 𝜑(𝑥, 0)
, 

∀ 𝑥 ∈ 𝑋, 𝑡 > 0 and hence 

𝜇𝐽𝑔(𝑥)−𝐽ℎ(𝑥)(𝐿𝜖𝑡) = 𝜇
2𝑔(

𝑥

2
)−2ℎ(

𝑥

2
)
(𝜖𝐿𝑡) 

                                                                           = 𝜇
𝑔(

𝑥

2
)−ℎ(

𝑥

2
)

(
𝐿𝜖𝑡

2
)                                                          

                 ≥
𝐿𝑡

𝐿𝑡+2𝜑(
𝑥

2
,0)

 

                                                                     ≥
𝑡

𝑡+𝜑(𝑥,0)
 ,    

∀  𝑥 ∈ 𝑋, 𝑡 > 0,  So 

𝑑𝐺(𝑔, ℎ) = 𝜖 ⟹ 𝑑𝐺(𝐽𝑔, 𝐽ℎ) ≤ 𝐿𝜖. 

This means that 𝑑𝐺(𝐽𝑔, 𝐽ℎ) ≤ 𝐿𝑑𝐺(𝑔, ℎ) ∀  𝑔, ℎ ∈ 𝐸. It follows from (3.4) that 

𝜇
2𝑓(

𝑥

2
)−𝑓(𝑥)

(𝑡) ≥
𝑡

𝑡 +
𝐿

2
𝜑(𝑥, 0)

, 

Then 

𝜇
𝑓(𝑥)−2𝑓(

𝑥

2
)

(
𝐿

2
𝑡) ≥

𝑡

𝑡 + 𝜑(𝑥, 0)
, 

∀  𝑥 ∈ 𝑋, ∀ 𝑡 > 0.  S𝑜 𝑑𝐺(𝑓, 𝐽𝑓) ≤
𝐿

2
 , By theorem (2.9) , ∃ a mapping 

 𝐻 ∶ 𝑋 → 𝑌 satisfying the following : 

(1)  𝐻  is a fixed point of  J, i.e., 

𝐻 (
𝑥

2
) =

1

2
𝐻(𝑥)                                                                                               (3.6) 

∀ 𝑥 ∈ 𝑋.  The mapping H is a unique fixed point of  J  in the set  

𝑀 = {𝑔 ∈ 𝐸: 𝑑(𝑓, 𝑔) < ∞}. 

this leads to,  H is a unique mapping satisfying (3.6) s.t ∃ 𝜈 ∈ (0, ∞) 

satisfying  

𝜇𝑓(𝑥)−𝐻(𝑥)(𝜈𝑡) ≥
𝑡

𝑡 + 𝜑(𝑥, 0)
 

∀𝑥 ∈ 𝑋, ∀ 𝑡 > 0 . 

(2) 𝑑(𝐽𝑛𝑓, 𝐻) → 0 as 𝑛 → ∞ . this leads to the equality  

lim2𝑛𝑓 (
𝑥

2𝑛
) = 𝐻(𝑥) 

∀𝑥 ∈ 𝑋. 

(3) 𝑑(𝑓, 𝐻) ≤
1

1−𝐿
𝑑(𝑓, 𝐽𝑓),  which implies inequality 
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𝑑(𝑓, 𝐻) ≤
𝐿

2 − 2𝐿
 . 

this leads to the inequality (3.3) holds . 

Let 𝑟 = 1 in (3.1) . By (3.1) 

𝜇2𝑛𝑓
(

2𝑦+𝑥

2𝑛 )+2𝑛𝑓(
𝑥+𝑦

2𝑛 )+2𝑛𝑓(
𝑦−𝑥

2𝑛 )−2𝑛𝑓(
2𝑥+𝑦

2𝑛 )+2𝑛𝑓(
𝑥

2𝑛)−32𝑛𝑓(
𝑦

2𝑛)
(2𝑛𝑡) ≥

𝑡

𝑡 + 𝜑 (
𝑥

2𝑛 ,
𝑦

2𝑛)
 

∀𝑥, 𝑦 ∈ 𝑋 , 𝑡 > 0.  

 𝜇2𝑛𝑓
(

2𝑦+𝑥

2𝑛 )+2𝑛𝑓(
𝑥+𝑦

2𝑛 )+2𝑛𝑓(
𝑦−𝑥

2𝑛 )−2𝑛𝑓(
2𝑥+𝑦

2𝑛 )+2𝑛𝑓(
𝑥

2𝑛)−32𝑛𝑓(
𝑦

2𝑛)
(𝑡) ≥

𝑡

2𝑛

𝑡

2𝑛 
+ 

𝐿𝑛

2𝑛𝜑(𝑥,𝑦)
     

∀ 𝑥, 𝑦 ∈ 𝑋 , 𝑡 > 0,  ∀ 𝑛 ∈ 𝑁 . Since  

lim
𝑛→∞

𝑡

2𝑛

𝑡

2𝑛 +
𝐿𝑛

2𝑛 𝜑(𝑥, 𝑦)
= 1 

∀𝑥, 𝑦 ∈ 𝑋, ∀  𝑡 > 0, then   

𝜇𝐻(2𝑦+𝑥)+𝐻(𝑥+𝑦)+𝐻(𝑦−𝑥)−𝐻(2𝑥+𝑦)+𝐻(𝑥)−3𝐻(𝑥)(𝑡) = 1  

∀ 𝑥, 𝑦 ∈ 𝑋 , 𝑡 > 0. Thus the mapping 𝐻 ∶ 𝑋 → 𝑌 is additive. Let 

  𝑥 = 0  in (3.1). By (3.1) 

𝜇
2𝑛𝑓(

2𝑟𝑦

2𝑛 )+22𝑛𝑓(
𝑟𝑦

2𝑛)−4𝑟𝑛2𝑓(
𝑦

2𝑛)
(2𝑛𝑡) ≥

𝑡

𝑡 + 𝜑 (0,
𝑦

2𝑛)
 

Since 

lim
𝑛→∞

4𝑡

2𝑛

4𝑡

2𝑛 +
𝐿𝑛

2𝑛 𝜑(0, 𝑦)
= 1 

and  H  is additive, then 

𝜇𝐻(𝑟𝑦)−𝑟𝐻(𝑦)(𝑡) = 1 

∀ 𝑟 ∈ ℝ, all 𝑦 ∈ 𝑋, ∀ 𝑡 > 0. Then the additive mapping 𝐻 ∶ 𝑋 → 𝑌 is ℝ-linear . 

𝜇
4𝑛𝑓(

𝑥𝑦

2𝑛2𝑛)−2𝑛𝑓(
𝑥

2𝑛)𝑦−2𝑛𝑓(
𝑦

2𝑛)𝑥
(𝑡) ≥

𝑡

4𝑛

𝑡

4𝑛 +
𝐿𝑛

2𝑛 𝜑(0, 𝑦)
 

∀ 𝑟 ∈ ℝ, all 𝑦 ∈ 𝑋, ∀𝑡 > 0. Since 

lim
𝑛→∞

𝑡

4𝑛

𝑡

4𝑛 +
𝐿𝑛

2𝑛 𝜑(0, 𝑦)
= 1 

∀𝑥 ∈ 𝑋, ∀ 𝑡 > 0, 

𝜇𝐻(𝑥𝑦)−𝐻(𝑥)𝑦−𝐻(𝑦)𝑥(𝑡) = 1 
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∀𝑥, 𝑦 ∈ 𝑋, ∀ 𝑡 > 0, Thus the mapping  𝐻 ∶ 𝑋 → 𝑌 is multiplicative . 

Therefore,  ∃!  r.d  𝐻 ∶ 𝑋 → 𝑌 satisfying (3.3).  ∎ 
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