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1. Introduction

Graph theory is an important mathematical tool in many subjects play an important role in discrete mathematics for
two reasons .Firstly , the graph are mathematically elegant in theory. Although are simple relation graphs, they can
be used to represent topographic space , harmonic objects , and many other mathematical graphs . The second
reason many concepts will be very useful from a practical perspective when they are empirically represented by
graphs . There is a relation between topology and digraphs and therefor many authors studied this relations . In
1967,].N.Evans, etal. [4] proved very important relation which find a one to one correspondence between them .In
1968 , T.N. Bhargav and T.J.Ahlporen [7] studied and investigated some properties of topological spaces and
digraphs by showed that each digraph defines a unique topology . In 1972 , R.N. Lieberman [8]defined two
topologies on the set of vertices of every digraph called left E — topology and the right E — topology . In 2010, C.
Marijuan [2] associated each topology 7 to each digraph D by constructed a subbasis of closed sets for t such that
the set of vertices adjacent to u in D ,for all vertices u from this subbasis and he associated a digraph to a topology
by specialization relation between points in a topological space such that for any two points x, y € X, x is adjacent to
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yiffx € {y}.In 2013, A.H .Mahdiand S. N . Al-khafaji [1] constructed a topology on finite undirected graphs and a
topology on subgraph on the set of edges and discussed the connectedness of each of the graph and the topological
space , that induced that finite undirected graph . In 2015 , Khalid Al’Dzhabri in [6] found the correspondence
between the finite topology and the graph of finite reflexive transitive relation . In 2018, K.A .Abdu and A . Kilicman
in [5] fended new certain types of topological space which associated with digraphs called compatible and
incompatible edges topologies .
In our work, we introduced and studied new concepts of topological operators such as DG — closure, DG — kernel,
DG — core and DG — interior . Firstly , we introduced a relationship between topology and digraph named DG —
topological space induced by new open set called DG — open set and the topology associated with the digraph
D = (V,E) denoted by tp; and 75 = {A: Ais DG — open set }.

A subset A of V is called DG — open if for every u € A and an arc vu € E then v € A. The pair (V, p¢) is called
the DG — topological space . In addition , we investigated some properties of these concepts .

2 . Basic definitions and facts
In this section , we recalled that some definitions and facts and update another definition by using our new concepts

Definition2.1[3]: A digraph (directed graph) is a set V of vertices and a set Eof order pairs of vertices such that
E €V xV and denoted by D = (V, E) or simply by D (V) if the set Eis fixed .

Definition2.2[3]:Let V < V the digraph D = (V,E n V x V) denoted simply by D (V) ,is a subdigraph of the digraph
D = (V,E).

Definintion2.3[3]:An element of E is called an arc of the digraph D = (V, E)and it is denoted by uv ;and said to be
an arc from u to v.

Definition2.4[3]:An arc from u; to u; is called a loop at u; and denoted by u;u; € E.

Definition2.5 [3]:A directed path (dipath) of length L from u; to u; is an ordered (L + 1) —tuple of vertices of
D =(V,E) ,w;, ty,, Uk, Uy, s Uiy Uy in which L is a positive integer and {u;uy, Ug; Uz, Upo Uz, Uk-1)U;} IS @
subset of the arc set E of D = (V, E) .The vertex u; is called the initial vertex ,the vertices u;_, uy,, .., Uk is called

intermediate vertices ,and u; is called the terminal vertex of the digraph .

Definition2.6:If there exists a dipath from u; tou; in D = (V, E) ,we say that u; indegree to u; or u; outdegree from
u; and denoted by ¥ (i, j) .The ordered pair (u;, ;) is called an indegrees pair . If u; is not indegree to u;,denoted by

P -
Definition2.7:1f both ¥ (i,j) and ¥(j, i) thatis if u; is indegree to u; and u; indegree to u; we say that ; and u; are
symmetrically indegrable and denoted by ¥ *(i, j)

Remarrk2.8:Note that the relation y* is an equivalence relation on the set Vin D = (V, E).

Definition2.9[3]: A digraph D = (V, E) is called a transitive digraph if uv € E and vw € E implies that uw € E.
Now by using (i, j) in the definition 2.6 we give the following definitions.

Definition2.10:Let D = (V, E) be a digraph . Then D is called

i) Y —strongly connected, if Y*(i, j) , for every u; and u; in V.

ii) ¢ —unilaterally connected , if (i, j) or (j, i) for every u; and u; inV.
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iii)yp —weakly connected , if D = (V,E U E°) is { —strongly connected where E¢ = {vu:uv € E}.
iv) ¥ —disconnected if it is not even ¥ —weakly connected.
3.0n DG — Operators Topology Associated with Digraphs

In this section we introduced DG —topological space by define new concept called DG — open set . A topology may
be determined on a setVdefining certain subset of V to be open with respect to a digraph D(V,E), and we
introduced concepts DG — closure , DG —kernel , DG — core , DG — limit point , and DG — interior operators to
investigate the connectedness of the digraph with these concepts and some properties we will be study in this

section .

Definition3.1: Let D = (V,E) be a digraph . A subset A of V is called DG — open set if foru € Aand an arc vu € E,
then v € A.

Remark 3.2:From the definition above the topology associated with the digraph D = (V, E) is denoted by t,; where
Tpe = {A: A is DG — open set} and (V, tps) is called DG — topological space.

Example3.3: Consider the digraph D = (V, E)whereV = {vl, V,, V3, Vg, vs}

171 vz

/0175
W/
U3

Uy

And the topology  corresponding  to the above digraph 156 ={0,V,{v,} , {v, v}

'{UZ' U4},{U1, VU2, U4}, {VZ' V4 175}: {171; VU2, Vg, US} }

Theorem3.4:Let D = (V,FE) be a digraph . Then (V, ;) is a topology on the setV associated with the digraph
D = (V,E).

Proof:
[01] Notice @ and V € 1p¢

[02] Let {U,} be a collection of subsets of V in 75 ,and letu € U,Uy and uv € E . Then 3U, € {U,} withuv € E.
This implies that v € U,so U, U, € tpg .

[03] Let U; € tpg, Vi =1,2,3...,n. Now letu € N}-, U; and vu € E thenu € U, for all i and v € U; and therefore the
family Nj=, U; € tp¢ .Hence 1, is topology on V' .

Theorem 3.5: Every DG — topological space is Alexandroff space.

Proof: To prove that the arbitrary intersection of DG — open sets is DG — open set . Let U and W two DG — open
setsandu € UNW ,uv € E , to prove that v € UNW sinceu € UNW ,thenu € U,u € W, and uv € E , since each of
them U and W are DG — open sets ,then v € U and v € W, therefore v € UNW , hence UNW is DG — open set.
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Proposition 3.6:Let D = (V,E) be a digraph . A subset A of Vis DG —open set if and only if v € Aandu € A€,
implies uv ¢ E.

Proof: Let Abe a DG —open set then u € A, and uv € E and we have v € A and that is means that if u € A, then
v € Aand uv ¢ E .Now suppose thatv € Aand u € A°, thenuv € E and to prove that Ais a DG — open set since
v E€Aand u € A°, then uv ¢ E and that means if uv € E and v € A then we have u € A and hence A is a DG —open
set.

Definition3.7: The complement of DG —open set is called DG —closed set.

Remark3.8:A subset A of V is DG —closed if and only if u; € A and u; € A° implies that u;u; € E,That is a subset A of
V is called DG —closed if there dose not exists an arc from A to A°in D = (V,E).

Proposition 3.9: Let D = (V, E),and let u; and u; be fixed vertices of a set V. Then u; is indegree to u; if and only if
for each subset A < V such that u; € A,and u; € A,there exists an arc from A to AC.

Proof: If u; = u;, the proposition is obviously .Now suppose that u; is indegree to u; for u; # u; . Thus there exists a
dipath of finite length from u; to u; .Let A be a subset of V such thatu; € A and u; € A . From definition 2.5, a dipath
is an ordered tuple of finite length , let u;, ,the k th vertex in this tuple, be the first vertex of this dipath which is not
in A and other vertices belong to 4,and also u;, # u;. Thus u;_; € A and we have the required arc namely u;,_,u;
And A €V with u; € Aand u; ¢ A ,and suppose that exists an arc from A to A° .Now form the set A; = {uq: (i, d)}
.Suppose that u; & A; ,then by hypothesis , there exists an arc from 4; to A} , say u,u, such that u,. € A; and u; € A7
.But u; is indegree to u, and this means u; = u, or there exists a finite dipath from u; to u, and thus there exists a
finite dipath from u; to ug which containing the vertex u,. .Thus u; is indegree to ug, and therefore ug € A; which is a
contradiction. Hence u; € A; i.e u; indegree to u;.

Proposition3.10: Let D = (V,E) u; and u; be fixed vertices of the V.Then u; is indegree to u; if and only if each
DG — closed set W ,such thatu; € W ,implies u; € W ;or equivalently each DG —open set M ,such thatu; € M ,then
Uu; EM.

Proof :Let u; and u; be two vertices of the V and suppose that u; is indegree to u; . Let W be an DG —closed set such
thatu; € W .If u; € W€, then by Proposition 3.9 there exists an arc from W to W ,which implies that W is not DG —
closed set. Hence u; € W . Now suppose W that a DG — closed set such that u; € W implies u; € W this means there
does not exist an DG — open set W such thatu; € W° butu; € W° .Now assume that each DG — open set M such
thatu; € M, then u; € M and so each DG — open set M such thatu; € M butu; M is not DG — open set .Hence M*¢
is not DG — closed set .Thus for each set M€, there exists an arc from M€ to M and by Proposition 3.9 u; is indegree
tou; .

Proposition 3.11: Let (V, 7)) be a topological space associated with the digraph D = (V,E). Then D = (V,E) is
1 — strongly connected if and only if 7, is an indiscrete topology .

Proof : Suppose that D = (V, E) is i —strongly connected and u; and u; are arbitrary vertices of V ,then ¥ (i,)) ; i.e
u; is in degree tou; .If Ais any DG — open set A such thatu; € A. Thenu; € A. Proposition 3.10 implies the only
DG — open set in (V,1ps) isV. Hence tp; = {@,V}. Now assume thattp; = {@,V}. To prove thatD = (V,E)is
Y —strongly connected , let u; and u; be arbitrary vertices of V, since each DG — open set containing u; contains u;
and each DG — open set containing u; containsu; and since Vis the only DG — open set in (V,7ps) then by
Proposition 3.10 Y (i, j) and ¥ (j, i) .i.e Y *(i,j) . Hence D = (V,E) is ¢ —strongly connected .

Proposition3.12: Let (V,7p;) be a topological space associated with the digraph D = (V,E). ThenD = (V,E) is
1) —unilaterally connected if and only if every two DG — open sets of (V, 7p;) one of them containing the other.
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Proof :Suppose that every two DG — open sets f (V,7p;) one is subset of the other. Suppose that u; and u; are two
vertices of V.Then there does not exist an DG — open set A; such thatu; € A; butw; € A; or there does not exist an
DG — open set A, such thatu; € A, butu; & A,. Since either4; € A, or A, € Ay, then either each DG — open set 4,
such that u; € A;implies that u; € A; or each DG — open set A, such that u; € A, implies that u; € A, and this satisfy
ifand only if Y/(i, j) or ¥ (j, i) for any two vertices u; and u; of V. Hence D = (V, E)) is ) —unilaterally connected .

Definition 3.13: Let D = (V, E) be a digraph and (V, tp;) be a DG — topological space .The DG — closure of a subset
A of V denoted by AP¢, is the intersection of all DG — closed subsets of V containing A .i.e A”¢ =n {U:U is DG —
closed , ACUCV}.

Example3.14:Consider the digraph D = (V, E), where V = {v,, v,, v3,v,}.

V1€ v,

V3 >

The topology associated to above digraph is

Tpe = {0, V, {v2}, (v, v3}, {v1, v5, v3}}, then {vy, v33°¢ = {v;,v3, 14} .

Now, in the following definition, we define a new operator by using the term of the DG — open set namely DG —
kernel .

Definition3.15: Let D = (V, E) be a digraph and (V, tp;) be a DG — topological space . The DG — kernel of a subset
Aof V , denoted by klp;(A), is defined by klp;(A) =N {U:U is DG —open, A S U € V}.

Example3.16 : Consider the digraph D = (V, E)where V = {v;, v,, v3, V4, U5}

(%)
Vs € >0

Vy <€ > V3

And the topology associated to above digraph is tp; = {0, V, {v,}, {vs, v4},

{U1,V3' V4}' {v2, V3,14, v5}} then Klpg({vy,v4}) = {v2, V3,04, U5}

Remarks 3.17:i) The DG — closure set is always DG — closed set and that a set A is DG — closed set if and only if
A = AP¢
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ii) AP¢ is the set of all vertices which are reachable from A.

iii) From Theorem 3.5 the topology 7 on a digraph D(V)has completely additive closure i.e(The intersection of an
arbitrary DG — open sets is DG — open set ) and we see that the DG — kernel of a set is DG — open set and that a set
Ais DG — open setifand only if A = Kl (4) .

iv) Since 1, satisfy the completely additive closure then (4 U B)P¢ = AP¢ U BP¢ and Klp;(A U B) = Klps(A) U
Klpe(B).

Theorem3.18: Let (V,7p;) be a DG — topological space associated with the digraph D = (V, E).Then any vertex u;
of D(V),

) ()P = {u;: (i, j)}, in another words, (u,)”¢ is the set of vertices of the digraph D (V) which are out degree from
u;.

ii) Klpg (u;) = {u;:9(j, 1)}, in another words Klpg (u;) is the set of vertices of the digraph D(V) which are indegree
to the vertex u; .

Proof: i) From definition 3.13, (u,)?¢ =n {U: U is DG — closed and u; € U} and that is, (u,)P° is the set of all vertices

u; such that every DG — closed set U such thatu; € U, thenu; € U, and from Proposition 3.10 we have (w)P¢ =

{up: (@, N}
ii) similarly by using definition 3.15 and Proposition 3.10 we have that Kl (u;) = {u;: 9 (j, )}.

Definition3.19:Let D = (V, E) be a digraph and (V, tp;) be a DG — topological space a subset A of V is called DG —
dense if (A)P¢ =V .

Definition3.20:Let D = (V,E) be a digraph and (V,7p5) be a DG — topological space A; and A; are called
N —=DG
DG —separated in (V, 7pg) if (A)°° N A;-@and A;n (4,) =0

Theorem3.21: Let (V, tp;) be a topological space associated with the digraph D = (V, E). Then forany A € V,
i) AP¢ = {u;: ¢ (i, ), for some u; € A} and,
ii) Klpg = {w;:(j, i) for some u; € A}.

Proof: i) Since using remark 3.17(iv) and Theorem 3.18(])) we have (AU B)P¢ = AP¢yBP¢ |
(A)P¢ = (U {u,;:u, € APHP¢ =u {(u_JDG:ui € A} =U {uj:lp(i,j):ui € A} = {uj:lp(i,j) for some u; € A}.

ii) Since using remark 3.17(iv) and Theorem 3.18(ii) we haveK!,; (A U B) = Kip;(4) U Kl (B),
Klpg(A) = Klpg (U {u;}:u; € A) =U {Klpg(u):u; € A} =U ({uj:lp(j, Diu; € A} = {u;:y(j, i) for some u; € A}.

Corollary3.22:A set Ais DG — dense in V of D(V)if and only if for each vertex u, of V, there exists a vertex u; of A
such thatis in degree to u, .

Proof: The proof is follows from Theorems (3.18)(i) and (3.21)(i).
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Corollary3.23: Let A; and 4; be two subsets of V .Then 4; and A; are DG — separated in D (V) iff there does not exist
vertices u; € A; and u; € A; ,such that Y (i,j) or (j, i) .

S —DG
Proof:=) Since 4; and A; are DG — separated in D(V), then (A)P¢ n Aj—@and 4; N (A] = @ iff .From Theorems
(3.18)(i) and (3.21)(i), there dose not exist vertices u; € A; and u; € 4; such thaty(i,j) and there dose not exist
vertices u, € A; and us € A; such that ¢ (s, 7).

Definition3.24:The DG — core of a set A, denoted by Cp;(A), is the intersection of all subsets of VV containing A
which are DG —closed or DG — open i.e Cp;(A) =N {U: U is DG — closed or DG — open ,A < U € V}.

Remark 3.25: Note that Cp;(4) = AP N Klps(A) .

Example3.26: Consider the digraph D = (V, E), VA

where V = {Up V2, V3, Uy, US}

V.0

Va

The topology associated to above digraph is 7p; = {0, V, {v,}, {vy, vo}, {v,, v4}

A1, 2, V43, {v2, vy, V53, {V1, v, 04, U} then Cpg ({1, vy, v5}) = {vy, V3, vy, v5}.

Theorem3.27:For any vertex u; of D = (V,E), Cpg(u;) = {u;:9*(i,j)} . In another words ,Cps(1;) is the set of all
vertices of the digraph which are symmetrically indegrable to u; .

Proof: By using remark 3.25 and definition 3.24 ,we have the following :

Cpe(u) = W) N Klpg(uy) = {u: (@, NIN{u: G, D} = {w: (i, j) and (G, D} = {wj (0, )}
Theorem3.28:ForanysetA S Vof D = (V,E),

Cpe(A) = {u;: (i, j)for some u; € Aand (j, k) for some u,, € A}

Prove: By using remark 3.25 and definition 3.24 we have the following
Cpe(A) = AP N Klpe(A) = {u;: 9 (i, )for some u; € AN{u;: (), k)for some u, € A} = {u;: (i, )for some u; €
A and ¥ (j, k)for some u;, € A}.

Note that U {Cps(A4;):i €1} € {CpgUA;:i € I} and thus forany A SV,
{w;: 9" (i, Hfor some u; € A} S Cpe(A).

Corollary3.29:For any vertex u; of D = (V, E), the DG — core of u; is the maximum subset, say 4 of VV containing u;
such that the subdigraph D (4) is i — strongly connected .



Khalid Shea Khaiarallha Al'Dzhabri \ Abedal-Hamza Mahdi Hamza \ Yousif Saheb Eissa JQCM - Vol.12 (1) 2020, pp Math 60-71 67

Proof: From Theorem 3.27,u;, € Cpq(w;) iff*(i, k) .Then the subdigraph D(Cp;(u;)) is  — strongly connected.
And for any set A; containing u; and containing some other vertex say u;, where u; € Cpg(u;),D(4;) is noty —
strongly connected.

Defintion3.30:Let (V,7p;)be a DG — topological space associated with the digraph D = (V,E) and A € V. The point
v € V is called DG — limit point of A if for every DG — open set U containing v,(U — {v}))NA # @ .

Remark3.31: The set of DG — limit points of A is denoted by AP¢ .

Example 3.32:Consider the digraph D = (V, E) whe = {v;,V,, V3, Uy, Us }
v

C

d <€ U:
V4

the topology associated to above digraph is 1, = {@,V, {v;}, {vs}, {v1, vo}

’ {vl' U3}, {vl' V2, US}}'then {(vl' v3},)DG = {Uz» 174}.

Theorem3.33:Let (V,7p;) be a DG — topological space associated with the digraph D = (V,E) and let A € V. Then
AUAPC is DG — closed set .

Proof: Let v € (AUAP%) and u € (AUAP%)¢. To prove that vu ¢ E , since u € (AUAP9)¢ then u ¢ (AUAPS),so u ¢ A
Au & APS. Then there exist a DG — open set U containing u such that (U — {u})NA = @. Then we get a DG — open
set U containing u but not v and vu & E . Hence (AUAP%) is DG — closed .

Theorem3.34: Let (V, 7p.) be a DG — topological space associated with the digraph D = (V, E). Then A”¢ € A if and
only if Ais DG — closed.

Proof: Suppose that AP¢ € A and to prove that A is DG — closed , let u € A and v € A. Since u € A° then u & 4, then
u ¢ AP¢ since A¢ € A. Then there exist a DG — open set U such thatu € U and (U — {u})NA = @. Then vu ¢
E.Hence A is DG — closed .

Now assume that 4 is DG —closed. To prove that AP¢ € A, let u & A. Then

u € A°. Since A is a DG —open set containing u and ANA® = @, then u ¢ APS . Hence AP c A.

Definition3.35: Let D = (V, E) be a digraph and (V, ;) be a DG — topological space .The DG — interior of a set A
denoted by A°°¢is the union of all DG — open sets of V contained in A. That is AP¢ = U{U:U € A,U is DG —
opensetinV}.

Remarks 3.36: 1) Forany A C V, A6 = v — A¢"°.

ii) AP¢ = the set of all vertices which are not reachable from V — A.
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Example3.37: Consider the digraph D = (V, E), where V = {v,, v,, v3,v,}

Ul € 172

Vg >0 v,

The topology associated to above digraph is T, = {@,V, {v,}, {v,, v3}, {v1, V5, v3}} then {v,, v,}°P¢ = {v,}.

Theorem3.38:Let (V,7p;) be a topological space associated with the digraph D = (V, E). Then (A°¢ )¢ = A’
Proof: It is clear [remark 3.36(i)].

Theorem3.39:Let (V,7p;) be a DG — topological space associated with the digraph D = (V,E) and let4,B c V.
Then:

i) A°PS is the largest DG — open contained in A.

ii)A°P% = A if and only if A is DG — open.

iii) (4°P6)°PG = 4°P6

iv)(A N B)*P¢ = A°P¢ n p°P¢ .

Proof: i) By definition 3.35 , A°°%is the DG — open contained in A.To prove A°°¢is the largest DG — open
contained in A. Suppose that Uis DG —open and U S A.To prove U c A°P¢if (1). Suppose v € U if (2). Then

v € U;U; where U; is DG — open setforalliand U € A.

Since Uis a DG —open set thenu € Uand an arcvu € E thenv € U, i.ev € U; such thatU;is DG — open and
U; € A;foralli,thenv € AP¢ ,thenU c A™P¢ .

Hence AP is largest DG — open contained in A4 .
ii) Suppose that A°?¢ = A. Then A is DG — open ,since A°°% is DG — open .
Suppose that 4 is DG — open, we need to prove on A c AP,

Since A°P¢ c A ,Since Ais a DG — open set , thenu € Aand an arcvu € E thenv € 4, i.e v € U;U;, such that U; is
DG — opensetand U; S Aforalli, then v € A’P¢ .Then A € AP% . Hence A = A™P¢

iii)Since A™P¢ is a DG — open set then (A°¢)P¢ = AP
iv)(A N B)'PS = (AN B))PE) = ((A° U BOPE) = (A U B )¢ = (A7) n (B %)¢ = A°P6 n BPE,
4.0n DG — Connected Spaces.

In this section we introduced the concept of DG-connected space and investigate some theorems which associated
with digraphs.
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Definition4.1: Let( V,7p;) be a DG — topological space, then (V, 7p¢) is called a DG — topologically connected if V
can not be expressed as union of two disjoint non empty DG — open sets and other wise (V,tps) is called a
DG —disconnected space Theorem4.2: Let (V,tp;) be a topological space associated with the digraph D =
(V,E).Then D = (V,E) is p — weakly connected iff (V, t;) is a DG — topologically connected .

Proof: Suppose that (V, tp¢) is a DG — connected space , then V cannot be expressed as the union of two nonempty
disjoint DG — open sets and this iff any nonempty proper subset of V is not a DG — open or is not DG — closed .
Equivalently , by definition 3.1, for each proper subset, say 4, of V, there exists an arc from A€ to A or there exists
an arc from A to A€ in the digraph D(V), thatisin D = (V,E U E€), where E¢ = {uv: vu € E). Hence, the only DG —
opensetinD = (V,E U E®) are @ and V. Then from Proposition 3.11 D = (V,E U E) is y —strongly connected and
hence D = (V,E) is ¢ — weakly connected .

Theorem4.3: Let (V,7p;) be a DG — topological space associated with the digraph D = (V,E).Then D = (V,E) is a
1 — disconnected iff (V,tps) is a DG — topologically disconnected .

Proof: A proof is the contrapositive of Theorem 4.2

Theorem4.4: Let (V,7p;) be a DG — topological space associated with the digraph D = (V,E).Then D = (V,E) is a
1) — disconnected iff V can be expressed as the union of two DG — separated subsets of (V, 7).

Proof: The digraph D = (V,E)is 1 — disconnected iff, the set VV can be expressed as the union of two disjoint
nonempty DG — open sets , say A; and Af that is , there does not exist an arc from A; to A{ or from A{ to A;. Hence

APG = A, and A_iDG = AS . Therefore D = (V,E) is ¢ — disconnected iff A; and AS are DG — separated in (V, 7p;) .

Theorem4.5: Let (V,7p;) be a DG — topological space associated with the digraph D = (V,E).Then D = (V,E) is
1) — disconnected or 1) — weakly connected , but not i) — unilaterally connected iff (V, t,;) contains two nonempty
DG —separated subsets .

Proof: Suppose that D = (V,E) is either 1 —disconnected or i) —weakly connected but not iy —unilaterally
connected , then D = (V, E) is neither ¢ —strongly connected nor i) —unilaterally connected. Then there exists
vertices u; and u; in V such that$(i,j) and §(j, i) and hence u; € i,°¢ and u; € ,”¢ [Theorem 3.4]. Thus {u;} and

{u;} are two nonempty DG — separated subsets of (V. 1y5) .

Now suppose that (V, Tp¢) contains two nonempty DG — separated subsets , say A; and 4; . By corollary 3.23, there
does not exist u; € A; and u; € A;, such that ¥ (i, j) or ¥ (j, i) . since A; and A; are nonempty ,then there exist vertices
say u, € A; and ug € 4;, such that Y(r,s) and YP(s,r). Then D(V) is either 1) — disconnected or ¥ — weakly
connected but not ¢y — unilaterally connected .

Theorem4.6: Let (V,7,;) be a DG — topological space associated with the digraph D = (V,E).Then D = (V,E) is
1 — strongly connected iff each a vertex of VV is DG — dense in (V, 7p¢) .

Proof :By Proposition 3.11, D = (V,E) is 1 — strongly connected iff t,; = {#,V } and this is true iff i,°¢ = A4, for
eachvertexu; € V

5.0n DG — Separation Axioms

In this section , we introduce the following two DG — separation axioms DG — T, space and DG — T; spaces and
we prove some theorems of a digraph in terms of the DG — separation axioms satisfied by the DG — topological
space which is determined by that digraphs .
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Definition5.1: LetD = (V,E) be a digraph and (V,tp;) be an DG — topological space. Then (V,tp;)is a DG —
T, space if for every u;, u; € V,u; # u; there exists a DG — open set contains either u; or u;.

Example5.2:Cosider the digraph D = (V, E), where V = {v, v, v3}
V1

U310 v,

Which has the topology associated to above digraph is 7, = {@,V,{v}, {v1,v,}}. Since for each two different
elements, there exists an DG — open set containing one of them and does not contain the other , then (V,tp) is a
DG — T, space.

Definition5.3: Let D = (V, E) be a digraph and (V, 7p;) be an DG — topological space. Then (V,7p;)is a DG — Ty if
each set which consists of a single vertex is DG —closed .

Example5.4: Consider the digraph D = (V, E) where V = {v,, v,, v3} which has the topology
L

(0

vgo o v,

Tpe = {0, V, {v1}, {v,}, {vs}, {vq, v}, {v1, v3}, {v, v3}}. Since each set, which consists of a single vertex is a DG — closed
setthen (V,tp¢)is DG — T, space.

Proposition5.5: Let (V,7p;) be a DG —topological space associated with the digraph D = (V,E).Then every
DG — T, spaceis DG — T, space.

Proof: Let (V,tp;) be aDG — T, space we prove that (V,7p;)is aDG — T, space, letv; ,v, € V such thatv, #
v,,then there exists two DG —open sets U, H € Vsuch that (v; € U,v, € U) and (v, € H,v, € H), then there exist a
DG — open set contains one of two points and no contains the other points . Hence (V,7p¢)is DG — T, space.

Remarks5.6: The converse of the above proposition is not true in general from the following example .

Example5.7: Consider the digraph D = (V, E), where V = {v;, v,, v3, v, U5}

121 < V>

The topology associated above digraph is

Tpe = {Q' V' {UZ}l {US}' {UI' V2, US}' {Ulv VU2, V3, US}' {UZ' US}! {UZJ U3}! {UZJ V3, US}} ’ (V! TDG) is DG — TO space but not
DG — T; space.
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Now we the following theorems which investigate a digraph in term of the DG — separation axioms .

Theorem5.8: Let (V,7,;) be a DG — topological space associated with the digraph D = (V, E). Then ¥ (i, j) or ¥ (j, i)
iff (V,1p¢) isa DG — T, space.

Proof: Letu; and u; denoted distinct arbitrary vertices of D = (V,E). Thenu;is not indegree to u; oru; is not
indegree to u; iff by proposition 3.10 there exists an DG — open set W such that u; € W butu; € W or there exists an
DG — open set U, such that u; € U but w; € U.Hence (V,7ps) is DG — T, space.

Theorem5.9: Let (V,7p;) be a DG — topological space associated with the digraph D = (V, E). Then there does not
exists an arc from any vertex of VV to any other distinct vertex of A iff (V, tps) is a DG — T; space or equivalently , iff
(V,tpg) is a discrete space .

Proof: Let u;, u; be two distinct vertices of V such tat u;, u; € E iff for each set consists of a single vertex is DG —
closed. Then (V, tps) is DG — T; space . Since (V, tp() is allexondoff space, then each set consists of a single vertex is
DG —closed iff every subset of V is a DG —open set ,hence (V, 7p¢) is a discrete space .
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