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1 . Introduction"" 
 

In the last few years, some authors have studied the oscillation theory of higher-order neutral differential equations 

see references [1]-[2] and [6]-[9], a few of which have studied the oscillation of the system of neutral differential 

equations [3],[4]. There are many applications for system of neutral differential equations in various fields such as 

physics, biology, ecology, engineering, for example a neutral lotka-volterra system in the modeling of bio-dynamic, 

etc.  In this paper we discussed the oscillation of bounded solutions of system of 𝑛th order neutral differential 

equations of the form 

𝑑𝑛

𝑑𝑡𝑛
[𝑥(𝑡) + 𝑝1(𝑡)𝑥(𝜏1(𝑡))] = 𝑞1(𝑡)𝑓1(𝑦(𝜎1(𝑡)))

𝑑𝑛

𝑑𝑡𝑛
[𝑦(𝑡) + 𝑝2(𝑡)𝑦(𝜏2(𝑡))] = 𝑞2(𝑡)𝑓2(𝑥(𝜎2(𝑡)))

, 𝑡 ≥ 𝑡0 .                (1) 

We assume that the following hypotheses are satisfied: 
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(H1) 𝑞1, 𝑞2 ∈ 𝐶[[𝑡0, ∞), ℝ], 𝜏1, 𝜏2, 𝜎1, 𝜎2 ∈ 𝐶[[𝑡0, ∞), ℝ], 𝜏1(𝑡) ≤ 𝑡, 𝜏2(𝑡) ≤ 𝑡, 𝜎1(𝑡) ≤ 𝑡, 𝜎2(𝑡) ≤ 𝑡, lim𝑡→∞ 𝜏1(𝑡) = ∞,

lim𝑡→∞ 𝜏2(𝑡) = ∞, lim𝑡→∞ 𝜎1(𝑡) = ∞, lim𝑡→∞ 𝜎2(𝑡) = ∞, 𝜎1, 𝜎2 are increasing functions. 

(H2) 𝑝1 , 𝑝2 ∈ 𝐶[[𝑡0, ∞), ℝ], 0 ≤ 𝑝1(𝑡) ≤ 𝛿1 < 1   , 0 ≤ 𝑝2(𝑡) ≤ 𝛿2 < 1. 

(H3)  𝑓𝑖 ∈ 𝐶[[𝑡0, ∞), ℝ], 𝑥𝑓𝑖(𝑥) > 0, 𝑥 ≠ 0, 𝑖 = 1,2.  𝜆1 ≤
𝑓1(𝑦)

𝑦
≤ 𝜆2  , 𝜆3 ≤

𝑓2(𝑥)

𝑥
≤ 𝜆4 .  We consider only those 

solutions(𝑥, 𝑦) of (1) which satisfy  sup{|𝑥(𝑡)|: 𝑡 ≥ 𝑇} > 0, sup{|𝑦(𝑡)|: 𝑡 ≥ 𝑇} > 0. As usual, a solutions of (1) is called 

oscillatory if all of its components are oscillatory that is it has arbitrarily large zeros, otherwise is said to be 

nonoscillatory.   

2. Main Results 

In this section two results are presented where some sufficient conditions obtained to ensure every bounded 

solution of Sys.(1) either oscillate or nonoscillatory converges to zero as 𝑡 → ∞. 

Theorem 1. Suppose that 𝑞1(𝑡), 𝑞2(𝑡) ≥ 0 and (H1)-(H3) hold and  

lim sup
𝑡→∞

𝑡𝑛−1 ∫ 𝑞1(𝑠) 𝑑𝑠
∞

𝜎1
−1(𝑡)

 > 1,

lim sup
𝑡→∞

𝑡𝑛−1 ∫ 𝑞2(𝑠) 𝑑𝑠
∞

𝜎2
−1(𝑡)

> 1,
                                      (2) 

Then every bounded solution of (1) either oscillates or converging to zero as 𝑡 → ∞. 

Proof.  Assume for the sake of contradiction that Sys.(1) has bounded nonoscillatory solution, (that is either 

eventually positive or eventually negative). From (2) we get:  

1 < lim sup
𝑡→∞

𝑡𝑛−1 ∫ 𝑞1(𝑠)𝑑𝑠
∞

𝜎1
−1(𝑡)

  

≤ lim sup
𝑡→∞

𝑡𝑛−1 ∫ 𝑞1(𝑠)
∞

𝑡
𝑑𝑠 

≤ lim sup
𝑡→∞

∫ 𝑠𝑛−1∞

𝑡
𝑞1(𝑠)𝑑𝑠.  

                                        (3) 

We claim that (2) implies to,  

∫ 𝑠𝑛−1∞

𝑡1
𝑞1(𝑠)𝑑𝑠 = ∞  and      

∫ 𝑠𝑛−1∞

𝑡1
𝑞2(𝑠)𝑑𝑠 = ∞,            

𝑡1 ≥ 𝑡0.                                   (4) 

Otherwise if 

∫ 𝑠𝑛−1
∞

𝑡1

𝑞1(𝑠)𝑑𝑠 < ∞ .                                                    (5) 

Then there exist 𝑡2 ≥ 𝑡1 such that:  

∫ 𝑠𝑛−1
∞

𝑡2

𝑞1(𝑠)𝑑𝑠 < 1. 

this contradicts (3), in the same way we can show that, 

∫ 𝑠𝑛−1
∞

𝑡1

𝑞1(𝑠)𝑑𝑠 = ∞. 

Setting: 

𝑢(𝑡) = 𝑥(𝑡) + 𝑝1(𝑡)𝑥(𝜏1(𝑡)),

𝑣(𝑡) = 𝑦(𝑡) + 𝑝2(𝑡)𝑦(𝜏2(𝑡)),
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From the integral identity: 

𝑤(𝑘)(𝑡1) = ∑ (−1)𝑖−𝑘𝑛−1
𝑖=𝑘

(𝑡−𝑡1)𝑖−𝑘

(𝑖−𝑘)!
𝑤(𝑖)(𝑡) +

(−1)𝑛−𝑘

(𝑛−𝑘−1)!
∫ (𝜉 − 𝑡1)𝑛−𝑘−1𝑡

𝑡1
𝑤(𝑛)(𝜉)𝑑𝜉.   (6)  

Where  𝑡 > 𝑡1. 

1. Assume that 𝑛 is odd and the Sys.(1) has nonoscillatory solution, then we have the following cases: 

1. Case 1. 𝑥(𝑡) > 0, 𝑦(𝑡) > 0 (the case  𝑥(𝑡) < 0, 𝑦(𝑡) < 0, is similar). 

2. Then 

𝑢(𝑡) > 0,   𝑢(𝑛)(𝑡) ≥ 0,   and     

𝑣(𝑡) > 0, 𝑣(𝑛)(𝑡) ≥ 0,   𝑡 ≥ 𝑡1 ≥ 𝑡0 .
 

Since 𝑛 is odd and 𝑢(𝑡) is bounded so we have only the following possible case: 

𝑢(𝑛)(𝑡) ≥ 0, 𝑢(𝑛−1)(𝑡) < 0, … , 𝑢′(𝑡) > 0, 𝑢(𝑡) > 0 

𝑣(𝑛)(𝑡) ≥ 0, 𝑣(𝑛−1)(𝑡) < 0, … , 𝑣′(𝑡) > 0, 𝑣(𝑡) > 0 

Further, we have   

 𝑦(𝑡) = 𝑣(𝑡) − 𝑝2(𝑡)𝑦(𝜏2(𝑡)), then 

𝑞1(𝑡)𝑦(𝜎1(𝑡)) = 𝑞1(𝑡)𝑣(𝜎1(𝑡)) − 𝑞1(𝑡)𝑝2(𝜎1(𝑡))𝑦(𝜏2(𝜎1(𝑡)))               (7) 

−𝑞1(𝑡)𝑝2(𝜎1(𝑡))𝑣(𝜏2(𝜎1(𝑡))) ≤ −𝑞1(𝑡)𝑝2(𝜎1(𝑡))𝑦(𝜏2(𝜎1(𝑡))). 

From the equation (6), we obtain:  

𝑢(𝑘)(𝑡) = ∑ (−1)𝑖−𝑘
𝑛−1

𝑖=𝑘

(𝑠 − 𝑡)𝑖−𝑘

(𝑖 − 𝑘)!
𝑢(𝑖)(𝑠) +

(−1)𝑛−𝑘

(𝑛 − 𝑘 − 1)!
∫ (𝜉 − 𝑡)𝑛−𝑘−1

𝑠

𝑡

𝑢(𝑛)(𝜉)𝑑𝜉. 

Let 𝑘 = 1 then: 

                  𝑢′(𝑡) ≥
1

(𝑛 − 2)!
∫ (𝜉 − 𝑡)𝑛−2

𝑠

𝑡

𝑢(𝑛)(𝜉)𝑑𝜉, 

≥
1

(𝑛 − 2)!
∫ (𝜉 − 𝑡)𝑛−2

𝑠

𝑡

𝑞1(𝜉)𝑓1 (𝑦(𝜎1(𝜉))) 𝑑𝜉,                         

≥
𝜆1

(𝑛 − 2)!
∫ (𝜉 − 𝑡)𝑛−2

𝑠

𝑡

𝑞1(𝜉)𝑦(𝜎1(𝜉))𝑑𝜉,                                   

≥
𝜆1

(𝑛 − 2)!
∫ (𝜉 − 𝑡)𝑛−2(𝑞1(𝜉)𝑣(𝜎1(𝜉)) − 𝑞1(𝜉)𝑝2(𝜎1(𝜉))𝑦 (𝜏2(𝜎1(𝜉)))

𝑠

𝑡

)𝑑𝜉, 

≥
𝜆1

(𝑛 − 2)!
∫ (𝜉 − 𝑡)𝑛−2(𝑞1(𝜉)𝑣(𝜎1(𝜉)) − 𝑞1(𝜉)𝑝2(𝜎1(𝜉))𝑣 (𝜏2(𝜎1(𝜉)))

𝑠

𝑡

)𝑑𝜉, 

≥
𝜆1

(𝑛 − 2)!
∫ (𝜉 − 𝑡)𝑛−2(1 − 𝑝2(𝜎1(𝜉)))𝑞1(𝜉)𝑣 (𝜏2(𝜎1(𝜉)))

𝑠

𝑡

𝑑𝜉, 

𝑢′(𝑡) ≥
𝜆1𝑣 (𝜏2(𝜎1(𝑡)))

(𝑛 − 2)!
∫ (𝜉 − 𝑡)𝑛−2(1 − 𝑝2(𝜎1(𝜉)))𝑞1(𝜉)

𝑠

𝑡

𝑑𝜉.                      

Integrating the last inequality from  𝑡1 to  𝑠  we get the following:       

𝑢(𝑠) − 𝑢(𝑡1) ≥
𝜆1𝑣 (𝜏2(𝜎1(𝑡1)))

(𝑛 − 1)!
∫ (𝜉

𝑠

𝑡1

− 𝑡1)𝑛−1 (1 − 𝑝2(𝜎1(𝜉))) 𝑞1(𝜉) 𝑑𝜉 

Letting 𝑠 → ∞ and by using (4) we get a contradiction from the last inequality. 

Case 2. 𝑥(𝑡) > 0 , 𝑦(𝑡) < 0 (the case 𝑥(𝑡) < 0 , 𝑦(𝑡) > 0 is similar to case 2). Then  

𝑢(𝑡) > 0, 𝑢(𝑛)(𝑡) ≤ 0, and 𝑣(𝑡) < 0, 𝑣(𝑛)(𝑡) ≥ 0, 𝑡 ≥ 𝑡1 ≥ 𝑡0. 
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We have only the following possible case: 

𝑢(𝑛)(𝑡) ≤ 0, 𝑢(𝑛−1)(𝑡) > 0 … , 𝑢′(𝑡) < 0, 𝑢(𝑡) > 0,   

 𝑣(𝑛)(𝑡) ≥ 0, … , 𝑣′(𝑡) > 0, 𝑣(𝑡) < 0,     𝑡 ≥ 𝑡1 ≥ 𝑡0 .   

Further, we have 

 𝑣(𝑡) = 𝑦(𝑡) + 𝑝2(𝑡)𝑦(𝜏2(𝑡))  then   𝑣(𝑡) ≤ 𝑦(𝑡). 

By equation (6), we obtain: 

𝑢(𝑘)(𝑇) = ∑ (−1)𝑖−𝑘
𝑛−1

𝑖=𝑘

(𝑡 − 𝑇)𝑖−𝑘

(𝑖 − 𝑘)!
𝑢(𝑖)(𝑡) +

(−1)𝑛−𝑘

(𝑛 − 𝑘 − 1)!
∫ (𝜉 − 𝑇)𝑛−𝑘−1

𝑡

𝑇

𝑢(𝑛)(𝜉)𝑑𝜉 

𝑇 ≥ 𝑡1. Let 𝑘 = 0 then:   

𝑢(𝑇) ≥ −
1

(𝑛 − 1)!
∫ (𝜉 − 𝑇)𝑛−1

𝑡

𝑇

𝑢(𝑛)(𝜉)𝑑𝜉,                    

              ≥ −
1

(𝑛 − 1)!
∫ (𝜉 − 𝑇)𝑛−1

𝑡

𝑇

𝑞1(𝜉)𝑓1 (𝑦(𝜎1(𝜉))) 𝑑𝜉, 

≥ −
𝜆2

(𝑛 − 1)!
∫ (𝜉 − 𝑇)𝑛−1

𝑡

𝑇

𝑞1(𝜉)𝑦(𝜎1(𝜉))𝑑𝜉, 

We claim that   lim sup
𝑡→∞

𝑦(𝑡) = 0 otherwise  lim sup
𝑡→∞

𝑦(𝑡) < 0. So there exist 𝑐1 < 0  such that   lim sup
𝑡→∞

 𝑦(𝑡) ≤ 𝑐1 < 0. 

Hence there exists   𝑡2 ≥ 𝑡1, 𝑦(𝑡) ≤ 𝑐1 for  𝑡 ≥ 𝑡2 we get 

𝑢(𝑡2) ≥
−𝜆2𝑐1

(𝑛 − 1)!
∫ (𝜉 − 𝑡2)𝑛−1

𝑡

𝑡2

𝑞1(𝜉)𝑑𝜉. 

Letting 𝑡 → ∞ in the last inequality we get a contradiction. Hence   lim sup
𝑡→∞

𝑦(𝑡) = 0. 

Then there exists a sequence {𝑡𝑛} such that lim 
𝑛→∞

𝑡𝑛 = ∞  and lim 
𝑛→∞

 𝑦(𝑡𝑛) = 0. Since 𝑣(𝑡) is monotone bounded 

function, let   lim 
𝑡→∞

𝑣(𝑡) = 𝐿 ≤ 0, 

𝑣(𝑡𝑛) = 𝑦(𝑡𝑛) + 𝑝2(𝑡𝑛)𝑦(𝜏2(𝑡𝑛)), 

            ≥ 𝑦(𝑡𝑛) + 𝛿2𝑣(𝜏2(𝑡𝑛)). 

As 𝑛 → ∞  then we get 𝐿 ≥ 𝛿2𝐿  or   𝐿(1 − 𝛿2) ≥ 0, this is possible only when   𝐿 = 0. This implies that: lim𝑡→∞ 𝑦(𝑡) =

0, since  𝑣(𝑡) ≤ 𝑦(𝑡) < 0. 

2- Assume 𝑛 is even and Sys.(1) has nonoscillatory solution then the following cases must be consider:  

Case 1. 𝑥(𝑡) > 0, 𝑦(𝑡) > 0 (the case 𝑥(𝑡) < 0, 𝑦(𝑡) < 0 is similar ). 

Then 𝑢(𝑡) > 0, 𝑣(𝑡) > 0, 𝑢(𝑛)(𝑡) ≥ 0, 𝑣(𝑛)(𝑡) ≥ 0, 𝑡 ≥ 𝑡1 ≥ 𝑡0 . 

In this case we have only the possible: 

𝑢(𝑛)(𝑡) ≥ 0, 𝑢(𝑛−1)(𝑡) < 0 … , 𝑢′(𝑡) < 0, 𝑢(𝑡) > 0, 

 𝑣(𝑛)(𝑡) ≥ 0, 𝑣(𝑛−1)(𝑡) < 0 … , 𝑣′(𝑡) < 0, 𝑣(𝑡) > 0, 𝑡 ≥ 𝑡1 ≥ 𝑡0 . 

Further, we have   

 𝑢(𝑡) = 𝑥(𝑡) + 𝑝1(𝑡)𝑥(𝜏1(𝑡)). 

From the equation (6), we obtain:  

𝑣(𝑘)(𝑇) = ∑ (−1)𝑖−𝑘𝑛−1
𝑖=𝑘

(𝑡−𝑇)𝑖−𝑘

(𝑖−𝑘)!
𝑣(𝑖)(𝑡) +

(−1)𝑛−𝑘

(𝑛−𝑘−1)!
∫ (𝜉 − 𝑇)𝑛−𝑘−1𝑡

𝑇
𝑣(𝑛)(𝜉)𝑑𝜉,   

where  𝑇 ≥ 𝑡1. Let  𝑘 = 0  then:    
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𝑣(𝑇) ≥
1

(𝑛 − 1)!
∫ (𝜉 − 𝑇)𝑛−1

𝑡

𝑇

𝑣(𝑛)(𝜉)𝑑𝜉,                                    

≥
1

(𝑛 − 1)!
∫ (𝜉 − 𝑇)𝑛−1

𝑡

𝑇

𝑞2(𝜉)𝑓2 (𝑥(𝜎2(𝜉))) 𝑑𝜉, 

≥
𝜆3

(𝑛 − 1)!
∫ (𝜉 − 𝑇)𝑛−1

𝑡

𝑇

𝑞2(𝜉)𝑥(𝜎2(𝜉))𝑑𝜉.          

We claim that lim inf
𝑡→∞

 𝑥(𝑡) = 0 otherwise lim inf
𝑡→∞

 𝑥(𝑡) > 0. So there exist 𝑐2 > 0 such that   lim inf
𝑡→∞

 𝑥(𝑡) ≥ 𝑐2 > 0. 

Hence there exist   𝑡2 ≥ 𝑡1, large enough such that  𝑥(𝑡) ≥ 𝑐2 for  𝑡 ≥ 𝑡2. 

 𝑣(𝑡1) ≥
𝜆3𝑐2

(𝑛 − 1)!
∫ (𝜉 − 𝑡1)𝑛−1

𝑡

𝑡1

𝑞2(𝜉)𝑑𝜉. 

Letting 𝑡 → ∞ we get a contradiction. Thus   lim inf
𝑡→∞

 𝑥(𝑡) = 0, so there exists a sequence  {𝑡𝑛} such that lim𝑛→∞ 𝑡𝑛 =

∞  and lim𝑛→∞ 𝑥(𝑡𝑛) = 0.  

Since 𝑢(𝑡) is monotone and bounded then  lim𝑡→∞ 𝑢(𝑡) = 𝑙 ≥ 0.  From the equation, 

𝑢(𝑡𝑛) = 𝑥(𝑡𝑛) + 𝑝1(𝑡𝑛)𝑥(𝜏1(𝑡𝑛)) 

it follows that:  

𝑢(𝑡𝑛) ≤ 𝑥(𝑡𝑛) + 𝛿1𝑢(𝜏1(𝑡𝑛)), 

As  𝑛 → ∞  we get from the last inequality 𝑙 ≤ 𝛿1𝑙  that is 𝑙(1 − 𝛿1) ≤ 0,  this is possible only, when 𝑙 = 0.  This 

implies to lim𝑡→∞ 𝑥(𝑡) = 0,   since  𝑥(𝑡) ≤ 𝑢(𝑡). 

Case 2. 𝑥(𝑡) > 0 , 𝑦(𝑡) < 0 (the proof of the case 𝑥(𝑡) < 0, 𝑦(𝑡) > 0 is similar). 

Then 𝑢(𝑡) > 0, 𝑣(𝑡) < 0, 𝑢(𝑛)(𝑡) ≤ 0, 𝑣(𝑛)(𝑡) ≥ 0, 𝑡 ≥ 𝑡1 ≥ 𝑡0, and we have only the possible case: 

𝑢(𝑛)(𝑡) ≤ 0, 𝑢(𝑛−1)(𝑡) > 0 … , 𝑢′(𝑡) > 0, 𝑢(𝑡) > 0,   

 𝑣(𝑛)(𝑡) ≥ 0, … , 𝑣′(𝑡) < 0, 𝑣(𝑡) < 0, 𝑡 ≥ 𝑡1 ≥ 𝑡0. 

Further, we have   

   𝑦(𝑡) = 𝑣(𝑡) − 𝑝2(𝑡)𝑦(𝜏2(𝑡)). Then  

𝑞1(𝑡)𝑦(𝜎1(𝑡)) = 𝑞1(𝑡)𝑣(𝜎1(𝑡)) − 𝑞1(𝑡)𝑝2(𝜎1(𝑡))𝑦(𝜏2(𝜎1(𝑡))). 

𝑞1(𝑡)𝑦(𝜎1(𝑡)) ≥ 𝑞1(𝑡)𝑣(𝜎1(𝑡)) − 𝑞1(𝑡)𝑝2(𝜎1(𝑡))𝑣(𝜏2(𝜎1(𝑡))) ≥ 𝑞1(𝑡)𝑝2(𝜎1(𝑡))𝑣 (𝜏2(𝜎1(𝑡))). 

From the equation (6), we obtain:  

𝑢(𝑘)(𝑡) = ∑ (−1)𝑖−𝑘
𝑛−1

𝑖=𝑘

(𝑠 − 𝑡)𝑖−𝑘

(𝑖 − 𝑘)!
𝑢(𝑖)(𝑠) +

(−1)𝑛−𝑘

(𝑛 − 𝑘 − 1)!
∫ (𝜉 − 𝑡)𝑛−𝑘−1

𝑠

𝑡

𝑢(𝑛)(𝜉)𝑑𝜉. 

Since 𝑛 is even and let 𝑘 = 1 then: 

𝑢′(𝑡) ≥ −
1

(𝑛 − 2)!
∫ (𝜉 − 𝑡)𝑛−2

𝑠

𝑡

𝑢(𝑛)(𝜉)𝑑𝜉. 

           ≥ −
1

(𝑛 − 2)!
∫ (𝜉 − 𝑡)𝑛−2

𝑠

𝑡

𝑞1(𝜉)𝑓1 (𝑦(𝜎1(𝜉))) 𝑑𝜉, 

           ≥ −
𝜆2

(𝑛 − 2)!
∫ (𝜉 − 𝑡)𝑛−2

𝑠

𝑡

𝑞1(𝜉)𝑦(𝜎1(𝜉))𝑑𝜉, 

 ≥ −
𝜆2

(𝑛 − 2)!
∫ (𝜉 − 𝑡)𝑛−2(𝑞1(𝜉)𝑣(𝜎1(𝜉)) − 𝑞1(𝜉)𝑝2(𝜎1(𝜉))𝑦 (𝜏2(𝜎1(𝜉)))

𝑠

𝑡

)𝑑𝜉, 
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  ≥ −
𝜆2

(𝑛 − 2)!
∫ (𝜉 − 𝑡)𝑛−2(𝑞1(𝜉)𝑣(𝜎1(𝜉)) − 𝑞1(𝜉)𝑝2(𝜎1(𝜉))𝑣 (𝜏2(𝜎1(𝜉)))

𝑠

𝑡

)𝑑𝜉, 

 ≥ −
𝜆2

(𝑛 − 2)!
∫ (𝜉 − 𝑡)𝑛−2(1 − 𝑝2(𝜎1(𝜉)))𝑞1(𝜉)𝑣 (𝜏2(𝜎1(𝜉)))

𝑠

𝑡

𝑑𝜉,             

  𝑢′(𝑡) ≥ −
𝜆2

(𝑛 − 2)!
𝑣 (𝜏2(𝜎1(𝑡))) ∫ (𝜉 − 𝑡)𝑛−2(1 − 𝑝2(𝜎1(𝜉)))𝑞1(𝜉)

𝑠

𝑡

𝑑𝜉. 

Integrating the last inequality from  𝑡1 to  𝑠. 

𝑢(𝑠) − 𝑢(𝑡1) ≥ −
𝜆2𝑣 (𝜏2(𝜎1(𝑡1)))

(𝑛 − 2)!
∫ ∫ (𝜉 − 𝑟)𝑛−2(1 − 𝑝2(𝜎1(𝜉)))𝑞1(𝜉)

𝑠

𝑟

𝑠

𝑡1

𝑑𝜉𝑑𝑟. 

               ≥ −
𝜆2𝑣 (𝜏2(𝜎1(𝑡1)))

(𝑛 − 1)!
∫ (𝜉 − 𝑡1)𝑛−1(1 − 𝑝2(𝜎1(𝜉)))𝑞1(𝜉)𝑑𝜉

𝑠

𝑡1

.  

Letting 𝑠 → ∞ we get a contradiction.   □ 

Theorem 2.Suppose that 𝑞1(𝑡), 𝑞2(𝑡) ≤ 0, and  (H1)-(H3) hold and 

lim sup
𝑡→∞

𝑡𝑛−1 ∫ |𝑞1(𝑠)|𝑑𝑠
∞

𝜎1
−1(𝑡)

> 1,

lim sup
𝑡→∞

𝑡𝑛−1 ∫ |𝑞2(𝑠)|𝑑𝑠
∞

𝜎2
−1(𝑡)

> 1,
                                              (2′) 

Then every bounded solution of (1) either oscillates or converges to zero. 

Proof. For the sake of contradiction assume that system (1) has bounded nonoscillatory solution, (either eventually 

positive or eventually negative). In similar way as in theorem 1 we can show that (2') implies to 

∫ 𝑠𝑛−1
∞

𝑡1

|𝑞1(𝑠)|𝑑𝑠 = ∞  and ∫ 𝑠𝑛−1
∞

𝑡1

|𝑞2(𝑠)|𝑑𝑠 = ∞, 𝑡1 ≥ 𝑡0 .      (4′) 

Setting: 

𝑢(𝑡) = 𝑥(𝑡) + 𝑝1(𝑡)𝑥(𝜏1(𝑡))

𝑣(𝑡) = 𝑦(𝑡) + 𝑝2(𝑡)𝑦(𝜏2(𝑡))
,  

1- Assume that 𝑛 is odd and the system (1) has nonoscillatory solution, then we have the following cases to 

consider: 

Case 1. 𝑥(𝑡) > 0, 𝑦(𝑡) > 0  ( the case 𝑥(𝑡) < 0, 𝑦(𝑡) < 0  can be treat in similar way). Then  𝑢(𝑡) > 0, 𝑣(𝑡) >

0, 𝑢(𝑛)(𝑡) ≤ 0,  𝑣(𝑛)(𝑡) ≤ 0, 𝑡 ≥ 𝑡1 ≥ 𝑡0 . 

Since 𝑛 is odd so we have only the following possible case: 

𝑢(𝑛)(𝑡) ≤ 0, 𝑢(𝑛−1)(𝑡) > 0 … , 𝑢′(𝑡) < 0, 𝑢(𝑡) > 0,  𝑣(𝑛)(𝑡) ≤ 0, … , 𝑣′(𝑡) < 0, 𝑣(𝑡) > 0, 𝑡 ≥ 𝑡1 ≥ 𝑡0.  

From the equation (6), we obtain:  

𝑢(𝑘)(𝑡1) = ∑ (−1)𝑖−𝑘
𝑛−1

𝑖=𝑘

(𝑡 − 𝑡1)𝑖−𝑘

(𝑖 − 𝑘)!
𝑢(𝑖)(𝑡) +

(−1)𝑛−𝑘

(𝑛 − 𝑘 − 1)!
∫ (𝜉 − 𝑡1)𝑛−𝑘−1

𝑡

𝑡1

𝑢(𝑛)(𝜉)𝑑𝜉. 

Let 𝑘 = 0 then:  

𝑢(𝑡1) ≥ −
1

(𝑛 − 1)!
∫ (𝜉 − 𝑡1)𝑛−1

𝑡

𝑡1

𝑢(𝑛)(𝜉)𝑑𝜉,                                  

≥
−1

(𝑛 − 1)!
∫ (𝜉 − 𝑡1)𝑛−1

𝑡

𝑡1

|𝑞1(𝜉)|𝑓1 (𝑦(𝜎1(𝜉))) 𝑑𝜉 
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≥
−𝜆1

(𝑛 − 1)!
∫ (𝜉 − 𝑡1)𝑛−1

𝑡

𝑡1

|𝑞1(𝜉)|𝑦(𝜎1(𝜉))𝑑𝜉.         

We claim that lim inf
𝑡→∞

𝑦(𝑡) = 0 otherwise lim inf
𝑡→∞

𝑦(𝑡) > 0. So there exist 𝑐1 > 0 such that  lim inf
𝑡→∞

 𝑦(𝑡) ≥ 𝑐1 > 0. 

Hence there exist 𝑡2 ≥ 𝑡1, 𝑦(𝑡) ≥ 𝑐1 for   𝑡 ≥ 𝑡2. 

𝑢(𝑡2) ≥ −
𝜆1𝑐1

(𝑛 − 1)!
∫ (𝜉 − 𝑡2)𝑛−1

𝑡

𝑡2

|𝑞1(𝜉)|𝑑𝜉. 

Letting 𝑡 → ∞  in the last inequality, we get a contradiction. Hence lim inf
𝑡→∞

𝑦(𝑡) = 0. 

Then there exists a sequence {𝑡𝑛}such that lim 
𝑛→∞

𝑡𝑛 = ∞  and   lim 
𝑛→∞

 𝑦(𝑡𝑛) = 0. 

Since 𝑣(𝑡) is monotone bounded function then: 

lim  
𝑡→∞

𝑣(𝑡) = 𝐿 ≥ 0. Then by using 

𝑣(𝑡𝑛) = 𝑦(𝑡𝑛) + 𝑝2(𝑡𝑛)𝑦(𝜏2(𝑡𝑛)) ≤ 𝑦(𝑡𝑛) + 𝛿2𝑣(𝜏2(𝑡𝑛)). 

As 𝑛 → ∞   we get 𝐿 ≤ 𝛿2𝐿  or  

 𝐿(1 − 𝛿2) ≤ 0, this is possible only when   𝐿 = 0. Which implies that: 

lim
𝑡→∞

𝑦(𝑡) = 0, since  𝑣(𝑡) ≥ 𝑦(𝑡). 

 Case 2. 𝑥(𝑡) > 0 , 𝑦(𝑡) < 0 (the case 𝑥(𝑡) < 0 , 𝑦(𝑡) > 0 can be treat in similar way. Then  𝑢(𝑡) > 0, 𝑣(𝑡) <

0, 𝑢(𝑛)(𝑡) ≥ 0, 𝑣(𝑛)(𝑡) ≤ 0, 𝑡 ≥ 𝑡1 ≥ 𝑡0. 

We have only the following possible case: 

𝑢(𝑛)(𝑡) ≥ 0, 𝑢(𝑛−1)(𝑡) < 0 … , 𝑢′(𝑡) > 0, 𝑢(𝑡) > 0,  𝑣(𝑛)(𝑡) ≤ 0, … , 𝑣′(𝑡) < 0, 𝑣(𝑡) < 0, 𝑡 ≥ 𝑡1 ≥ 𝑡0 .  

Further, we have 

 𝑦(𝑡) = 𝑣(𝑡) − 𝑝2(𝑡)𝑦(𝜏2(𝑡)), hence 

𝑞1(𝑡)𝑦(𝜎1(𝑡)) = 𝑞1(𝑡)𝑣(𝜎1(𝑡)) − 𝑞1(𝑡)𝑝2(𝜎1(𝑡))𝑦(𝜏2(𝜎1(𝑡))),  

𝑞1(𝑡)𝑣(𝜎1(𝑡)) ≥ 𝑞1(𝑡)𝑦(𝜎1(𝑡)), 

−𝑞1(𝑡)𝑣(𝜎1(𝑡)) ≤ −𝑞1(𝑡)𝑦(𝜎1(𝑡)) − 𝑞1(𝑡)𝑝2(𝜎1(𝑡))𝑣(𝜏2(𝜎1(𝑡))) ≤ −𝑞1(𝑡)𝑝2(𝜎1(𝑡))𝑦(𝜏2(𝜎1(𝑡))). 

From the equation (6), we obtain:  

𝑢(𝑘)(𝑡1) = ∑ (−1)𝑖−𝑘
𝑛−1

𝑖=𝑘

(𝑡 − 𝑡1)𝑖−𝑘

(𝑖 − 𝑘)!
𝑢(𝑖)(𝑡) +

(−1)𝑛−𝑘

(𝑛 − 𝑘 − 1)!
∫ (𝜉 − 𝑡1)𝑛−𝑘−1

𝑡

𝑡1

𝑢(𝑛)(𝜉)𝑑𝜉. 

Let 𝑘 = 1 then: 

𝑢′(𝑡) ≥
1

(𝑛 − 2)!
∫ (𝜉 − 𝑡)𝑛−2

𝑠

𝑡

𝑢(𝑛)(𝜉)𝑑𝜉, 

           ≥
1

(𝑛 − 2)!
∫ (𝜉 − 𝑡)𝑛−2

𝑠

𝑡

𝑞1(𝜉)𝑓1 (𝑦(𝜎1(𝜉))) 𝑑𝜉, 

           ≥
𝜆2

(𝑛 − 2)!
∫ (𝜉 − 𝑡)𝑛−2

𝑠

𝑡

𝑞1(𝜉)𝑦(𝜎1(𝜉))𝑑𝜉, 

≥
𝜆2

(𝑛 − 2)!
∫ (𝜉 − 𝑡)𝑛−2(𝑞1(𝜉)𝑣(𝜎1(𝜉)) − 𝑞1(𝜉)𝑝2(𝜎1(𝜉))𝑦 (𝜏2(𝜎1(𝜉)))

𝑠

𝑡

)𝑑𝜉,    

            ≥
𝜆2

(𝑛 − 2)!
∫ (𝜉 − 𝑡)𝑛−2(1 − 𝑝2(𝜎1(𝜉)))𝑞1(𝜉)𝑣 (𝜏2(𝜎1(𝜉)))

𝑠

𝑡

𝑑𝜉, 
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 ≥
𝜆2

(𝑛 − 2)!
∫ (𝜉 − 𝑡)𝑛−2(𝑞1(𝜉)𝑣(𝜎1(𝜉)) − 𝑞1(𝜉)𝑝2(𝜎1(𝜉))𝑣 (𝜏2(𝜎1(𝜉)))

𝑠

𝑡

)𝑑𝜉, 

 𝑢′(𝑡) ≥
𝜆2

(𝑛 − 2)!
𝑣 (𝜏2(𝜎1(𝑡))) ∫ (𝜉

𝑠

𝑡

− 𝑡)𝑛−2(1 − 𝑝2(𝜎1(𝜉)))𝑞1(𝜉)𝑑𝜉. 

Integrating from 𝑡1to 𝑠  we get the following:       

𝑢(𝑠) − 𝑢(𝑡1) ≥
𝜆2

(𝑛 − 1)!
𝑣 (𝜏2(𝜎1(𝑡1))) ∫ (𝜉 − 𝑡1)𝑛−1(1 − 𝑝2(𝜎1(𝜉)))𝑞1(𝜉)

𝑠

𝑡1

𝑑𝜉.          

Letting  𝑠 → ∞  we get a contradiction from the last inequality. 

2- Assume 𝑛 is even and system (1) has nonoscillatory solution in the following cases:   

Case 1. 𝑥(𝑡) > 0, 𝑦(𝑡) > 0 ( the case 𝑥(𝑡) < 0, 𝑦(𝑡) < 0 can be treated in a similar way). Then 

𝑢(𝑡) > 0, 𝑣(𝑡) > 0, 𝑢(𝑛)(𝑡) ≤ 0, 𝑣(𝑛)(𝑡) ≤ 0, 𝑡 ≥ 𝑡1 ≥ 𝑡0 . We have only the following possible case: 

𝑢(𝑛)(𝑡) ≤ 0, 𝑢(𝑛−1)(𝑡) > 0 … , 𝑢′(𝑡) > 0, 𝑢(𝑡) > 0,  𝑣(𝑛)(𝑡) ≤ 0, … , 𝑣′(𝑡) > 0, 𝑣(𝑡) > 0, 𝑡 ≥ 𝑡1 ≥ 𝑡0 .  

Further, we have   

   𝑦(𝑡) = 𝑣(𝑡) − 𝑝2(𝑡)𝑦(𝜏2(𝑡)), 

𝑞1(𝑡)𝑦(𝜎1(𝑡)) = 𝑞1(𝑡)𝑣(𝜎1(𝑡)) − 𝑞1(𝑡)𝑝2(𝜎1(𝑡))𝑦(𝜏2(𝜎1(𝑡))),  

𝑞1(𝑡)𝑦(𝜎1(𝑡)) ≥ 𝑞1(𝑡)𝑣(𝜎1(𝑡)), 

−𝑞1(𝑡)𝑝2(𝜎1(𝑡))𝑦(𝜏2(𝜎1(𝑡))) ≤ −𝑞1(𝑡)𝑝2(𝜎1(𝑡))𝑣 (𝜏2(𝜎1(𝑡))),  

From the equation (6), we obtain:  

𝑢(𝑘)(𝑡1) = ∑ (−1)𝑖−𝑘
𝑛−1

𝑖=𝑘

(𝑡 − 𝑡1)𝑖−𝑘

(𝑖 − 𝑘)!
𝑢(𝑖)(𝑡) +

(−1)𝑛−𝑘

(𝑛 − 𝑘 − 1)!
∫ (𝜉 − 𝑡1)𝑛−𝑘−1

𝑡

𝑡1

𝑢(𝑛)(𝜉)𝑑𝜉. 

Let 𝑘 = 1 then:  

               𝑢′(𝑡) ≥ −
1

(𝑛 − 2)!
∫ (𝜉 − 𝑡)𝑛−2

𝑠

𝑡

𝑢(𝑛)(𝜉)𝑑𝜉, 

                         ≥
1

(𝑛 − 2)!
∫ (𝜉 − 𝑡)𝑛−2

𝑠

𝑡

|𝑞1(𝜉)|𝑓1 (𝑦(𝜎1(𝜉))) 𝑑𝜉,  

                     ≥
𝜆1

(𝑛−2)!
∫ (𝜉 − 𝑡)𝑛−2𝑠

𝑡
|𝑞1(𝜉)|𝑦(𝜎1(𝜉))𝑑𝜉, 

≥
𝜆1

(𝑛 − 2)!
∫ (𝜉 − 𝑡)𝑛−2(|𝑞1(𝜉)|𝑣(𝜎1(𝜉)) − |𝑞1(𝜉)|𝑝2(𝜎1(𝜉))𝑦 (𝜏2(𝜎1(𝜉)))

𝑠

𝑡

)𝑑𝜉, 

  ≥
𝜆1

(𝑛 − 2)!
∫ (𝜉 − 𝑡)𝑛−2(|𝑞1(𝜉)|𝑣(𝜎1(𝜉)) − |𝑞1(𝜉)|𝑝2(𝜎1(𝜉))𝑣 (𝜏2(𝜎1(𝜉)))

𝑠

𝑡

)𝑑𝜉, 

≥
𝜆1

(𝑛 − 2)!
∫ (𝜉 − 𝑡)𝑛−2(1 − 𝑝2(𝜎1(𝜉)))

𝑠

𝑡

|𝑞1(𝜉)|𝑣 (𝜏2(𝜎1(𝜉))) 𝑑𝜉,      

𝑢′(𝑡) ≥
𝜆1

(𝑛−2)!
𝑣 (𝜏2(𝜎1(𝑡))) ∫ (𝜉 − 𝑡)𝑛−2(1 − 𝑝2(𝜎1(𝜉)))|𝑞1(𝜉)|

𝑠

𝑡
𝑑𝜉.  

Integrating from  𝑡1 to 𝑠   we obtain: 

𝑢(𝑠) − 𝑢(𝑡1) ≥
𝜆1

(𝑛 − 1)!
𝑣 (𝜏2(𝜎1(𝑡1))) ∫ (𝜉 − 𝑡1)𝑛−1(1 − 𝑝2(𝜎1(𝜉)))|𝑞1(𝜉)|

𝑠

𝑡1

𝑑𝜉. 

Letting 𝑠 → ∞ in the last inequality we get a contradiction. 

Case 2. 𝑥(𝑡) > 0 , 𝑦(𝑡) < 0 (the case 𝑥(𝑡) < 0, 𝑦(𝑡) > 0 can be treated in a similar way). 
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Then 𝑢(𝑡) > 0, 𝑣(𝑡) < 0, 𝑢(𝑛)(𝑡) ≥ 0, 𝑣(𝑛)(𝑡) ≤ 0, 𝑡 ≥ 𝑡1 ≥ 𝑡0 . We have only the following possible : 

𝑢(𝑛)(𝑡) ≥ 0, 𝑢(𝑛−1)(𝑡) < 0 … , 𝑢′(𝑡) < 0, 𝑢(𝑡) > 0,  𝑣(𝑛)(𝑡) ≤ 0, … , 𝑣′(𝑡) > 0,   

𝑣(𝑡) < 0, 𝑡 ≥ 𝑡1 ≥ 𝑡0 .  

   Further, we have  

𝑢(𝑡) = 𝑥(𝑡) + 𝑝1(𝑡)𝑥(𝜏1(𝑡))  Then   𝑢(𝑡) ≥ 𝑥(𝑡). 

From equation (6), we obtain:  

𝑣(𝑘)(𝑡1) = ∑ (−1)𝑖−𝑘
𝑛−1

𝑖=𝑘

(𝑡 − 𝑡1)𝑖−𝑘

(𝑖 − 𝑘)!
𝑣(𝑖)(𝑡) +

(−1)𝑛−𝑘

(𝑛 − 𝑘 − 1)!
∫ (𝜉 − 𝑡1)𝑛−𝑘−1

𝑡

𝑡1

𝑣(𝑛)(𝜉)𝑑𝜉. 

 Let 𝑘 = 0 then:  

𝑣(𝑡1) ≤
1

(𝑛 − 1)!
∫ (𝜉 − 𝑡1)𝑛−1

𝑡

𝑡1

𝑣(𝑛)(𝜉)𝑑𝜉, 

                                ≤
1

(𝑛 − 1)!
∫ (𝜉 − 𝑡1)𝑛−1

𝑡

𝑡1

𝑞2(𝜉)𝑓2 (𝑥(𝜎2(𝜉))) 𝑑𝜉, 

                     ≤
𝜆3

(𝑛 − 1)!
∫ (𝜉 − 𝑡1)𝑛−1

𝑡

𝑡1

𝑞2(𝜉)𝑥(𝜎2(𝜉))𝑑𝜉, 

We claim that lim inf
𝑡→∞

𝑥(𝑡) = 0 otherwise lim inf
𝑡→∞

𝑥(𝑡) > 0. So there exist 𝑐1 > 0 such that lim inf
𝑡→∞

 𝑥(𝑡) ≥ 𝑐1 > 0. Hence 

there exist 𝑡2 ≥ 𝑡1, 𝑥(𝑡) ≥ 𝑐1 for   𝑡 ≥ 𝑡2. 

𝑣(𝑡2) ≤
𝜆3𝑐1

(𝑛 − 1)!
∫ (𝜉 − 𝑡2)𝑛−1

𝑡

𝑡2

𝑞2(𝜉)𝑑𝜉 . 

Letting 𝑡 → ∞  in the last inequality, we get a contradiction. Hence  lim inf
𝑡→∞

𝑥(𝑡) = 0.  Then there exists a sequence 

{𝑡𝑛} such that lim 
𝑛→∞

𝑡𝑛 = ∞ and lim 
𝑛→∞

𝑥(𝑡𝑛) = 0. Since 𝑢(𝑡) is monotone bounded function then: lim 
𝑡→∞

𝑢(𝑡) = 𝐿 ≥ 0,   

𝑢(𝑡𝑛) = 𝑥(𝑡𝑛) + 𝑝1(𝑡𝑛)𝑥(𝜏1(𝑡𝑛)) ≤ 𝑥(𝑡𝑛) + 𝛿1𝑢(𝜏1(𝑡𝑛)). 

As 𝑛 → ∞, we get  𝐿 ≤ 𝛿1𝐿  or  𝐿(1 − 𝛿1) ≤ 0, this is possible only when 𝐿 = 0. Which implies that:lim𝑡→∞ 𝑥(𝑡) = 0,

since  𝑢(𝑡) ≥ 𝑥(𝑡).        □ 

3. Applications  

In this section, two examples of an oscillatory solution are presented, we think that examples of a nonoscillatory 

solution tend to zero can be expressed more easily than an oscillatory solution. 

Example 1. Consider the system of neutral differential equations  

[𝑥(𝑡) + (
1

3
+

1

5
cos(2𝑡)) 𝑥(𝑡 − 2𝜋)]

′′′

= (
4

3
+

1

5
cos(2𝑡)) 𝑦(𝑡 − 𝜋),

  [𝑦(𝑡) + (
1

3
+

1

5
cos(2𝑡)) 𝑦(𝑡 − 2𝜋)]

′′′

= (
4

3
+

1

5
cos(2𝑡)) 𝑥(𝑡 − 2𝜋),

𝑡 ≥ 0.   (3) 

𝑞1(𝑡) = 𝑞2(𝑡) =
4

3
+

1

5
cos(2𝑡) ,    Then   

17

15
≤ 𝑞1(𝑡), 𝑞2(𝑡) ≤

23

15
, 

𝜏1(𝑡) = 𝑡 − 2𝜋, lim𝑡→∞ 𝜏1(𝑡) = ∞,  𝜏2(𝑡) = 𝑡 − 2𝜋, lim𝑡→∞ 𝜏2(𝑡) = ∞, 

𝜎1(𝑡) = 𝑡 − 𝜋, lim𝑡→∞ 𝜎1(𝑡) = ∞, 𝜎2(𝑡) = 𝑡 − 2𝜋, lim𝑡→∞ 𝜎2(𝑡) = ∞, 

𝑝1(𝑡) =
1

3
+

1

5
cos(2𝑡),   𝑝2(𝑡) =

1

3
+

1

5
cos(2𝑡), hence  

2

15
≤ 𝑝1(𝑡), 𝑝2(𝑡) ≤

8

15
 

𝑓1(𝑦(𝑡)) = 𝑦(𝑡), 𝑓2(𝑥(𝑡)) = 𝑥(𝑡) 
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𝑡𝑛−1 ∫ 𝑞1(𝑠)

𝑡

𝑡1

𝑑𝑠 = 𝑡2 ∫ (
4

3
+

1

5
cos(2𝑠))

𝑡

0

𝑑𝑠 ≥ 𝑡2 ∫
17

15

𝑡

0

𝑑𝑠 ≥
17

15
𝑡3 , 

 Then 

lim
𝑡→∞

𝑡𝑛−1 ∫ 𝑞1(𝑠)

𝑡

𝑡1

𝑑𝑠 = ∞ 

According to theorem 1 every solution of Sys.(3) oscillates. For instance the solution 

(𝑥(𝑡), 𝑦(𝑡)) = (
sin 𝑡

4

3
+

1

5
cos(2𝑡)

 ,
cos 𝑡

4

3
+

1

5
cos(2𝑡)

).  Is such an oscillatory solution .          □ 

Example 2. Consider the system of neutral differential equations 

[𝑥(𝑡) + (
1

2
+

1

4
sin(2𝑡)) 𝑥(𝑡 − 2𝜋)]

′′′′

= (−
3

2
+

1

4
sin(2𝑡)) 𝑦(𝑡 −

3𝜋

2
) 

[𝑦(𝑡) + (
1

2
+

1

4
sin(2𝑡)) 𝑦(𝑡 − 2𝜋)]

′′′′

= (−
3

2
+

1

4
sin(2𝑡)) 𝑥 (𝑡 −

𝜋

2
) , 𝑡 ≥ 0                (4) 

𝑞1(𝑡) = 𝑞2(𝑡) = −
3

2
+

1

4
sin(2𝑡)  ,    then  −

7

4
≤ 𝑞1(𝑡), 𝑞2(𝑡) ≤ −

5

4
, 

𝜏1(𝑡) = 𝑡 − 2𝜋, lim
𝑡→∞

𝜏1(𝑡) = ∞, 𝜏2(𝑡) = 𝑡 − 2𝜋    lim
𝑡→∞

𝜏2(𝑡) = ∞, 

𝜎1(𝑡) = 𝑡 −
3𝜋

2
 , lim

𝑡→∞
𝜎1(𝑡) = ∞, 𝜎2(𝑡) = 𝑡 −

𝜋

2
, lim

𝑡→∞
𝜎2(𝑡) = ∞, 

𝑝1(𝑡) =
1

2
+

1

4
sin(2𝑡)   , 𝑝2(𝑡) =

1

2
+

1

4
sin(2𝑡) , then  

1

4
≤ 𝑝1(𝑡), 𝑝2(𝑡) ≤

3

4
 ,  

𝑓1(𝑦(𝑡)) = 𝑦(𝑡), 𝑓2(𝑥(𝑡)) = 𝑥(𝑡). 

𝑡𝑛−1 ∫ |𝑞1(𝑠)|
𝑡

𝑡1
𝑑𝑠 = 𝑡3 ∫ |−

3

2
+

1

4
sin(2𝑠)|

𝑡

0
𝑑𝑠 ≥ 𝑡3 ∫

5

4

𝑡

0
𝑑𝑠 =

5𝑡4

4
.  

Then  lim
𝑡→∞

𝑡𝑛−1 ∫|𝑞1(𝑠)|

𝑡

𝑡1

𝑑𝑠 = ∞. 

According to theorem 2 every solution of Sys.(4) oscillates. For instance the solution 

(𝑥(𝑡), 𝑦(𝑡)) = (
sin 𝑡

3

2
+

1

4
sin(2𝑡)

 ,
cos 𝑡

3

2
+

1

4
sin(2𝑡)

)   is such an oscillatory solution. 

 

4. Conclusions 

In the present paper, we have studied the oscillatory and asymptotic behavior solutions of an nth-order nonlinear 

system of neutral differential equation (1). As has been illustrated through two examples, the results obtained show 

that under certain conditions, every bounded solutions of Sys.(1) oscillate, or nonoscillatory tend to zero as  t goes 

to infinity. 

 

 

 



82   Noor Abdulameer Abdulkareem\Tongxing Li\Hussain Ali Mohamad    JQCM - Vol.12 (1) 2020 , pp Math 72–82

 

 

References 

[1]  R. Al-Hamouri, A. Zein, Oscillation Results of Higher Order Nonlinear  

       Neutral Delay    Differential Equations, Electronic Journal of Qualitative  

       Theory of Differential Equations (18) (2014) 1-7. 

[2]  R. S. Dahiya, T. Candan, Oscillation Behavior of Arbitrary Order Neutral  

      Differential Equations, Applied Mathematics Letters 17 (2004) 953-958. 

[3]  I. Györi, G. Ladas, Oscillation Theory of Delay Differential Equations With  

      Applications, Clarendon Press Oxford (1991). 

[4]  A. F. Ivanov, P. Marusiak, On the Oscillation and Asymptotic Behavior of  

      the Solutions of a Certain System of Differential Functional Equations of  

       Neutral Type, Dushanbe Pedagogical Institute 44(8) (1992) 1044-1049.  

 [5]  G. Ladas, Y.G. Sficas, Oscillations of Higher-Order Neutral Equations, J.  

       Austral. Math. Soc. Ser. B 27(1986), 502-511.  

 [6]  H. A. Mohamad, S. N. Ketab, Asymptotic Behavior Criteria for Solutions  

       of Nonlinear n-th Order Neutral Differential Equations. In IOP Conf. Series:  

      Materials Science and Engineering 571(1) (2019, July) p. 012034.IOP  

       Publishing.  

[7]  A. Zein,  T. Abu-Kaff, Bounded Oscillation of Higher-Order Neutral  

      Differential Equations with Oscillating Coefficients, Applied Mathematics  

      E-Notes 6(2006) 126-131. 

[8]  Q. Zhang, J. Yan, Oscillation Behavior of Even Order Neutral Differential  

      Equations with Variable Coefficients, Applied Mathematics Letters 19 (11)  

      (2006) 1202-1206.  

[9]  Q. Zhang, J. Yan, L. Gao, Oscillation Behavior of Even-Order Nonlinear  

      Neutral Differential Equations with Variable Coefficients. Computers and  

      Mathematics with Applications, 59 (2010) 426-430.   


