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1. Introduction

Let H = H(U) be the class of analytic functions in the open unit disk U = {z € C : |z| < 1}.
For n a positive integer and a € C. Let H [a, n] be the subclass of H consisting of functions of
the form:

f(z) =a+a,z™ + a1 2™t + - (a € C). (1.1

Also, let T be the subclass of H consisting of functions of the form:

Corresponding author: Waggas Galib Atshan

Email address: waggas.galib@qu.edu.iq

Communicated by Qusuay Hatim Egaar


mailto:waggashnd@gmail.com
mailto:%20rasha%20_abbas.d@yahoo.com

Waggas Galib Atshan and Rasha Abbas Hadi JQCM - Vol.12(1) 2020, pp Math 108-119 109

f(2) =z + X anz" (1.2)

Let f, g € T. The function f is said to be subordinate to g, or g is said to be superordinate to f,

if there exists a Schwarz function w analytic in U with w(0) = 0 and |w(z)| < 1 (z € U) such

that f(z) = g(w(2)). In such a case we write f < g or f(2) < g(z)(z € U).If g isunivalentin U,
then f < g ifand only if f(0) = g(0) and f(U) < g(U).

Letp,h € Hand Y(r,s,t;2):C3 x U — C.Ifp and Y(p(2),zp'(2),2z%p" (2); z) are univalent functions
in U and if p satisfies the second-order differential superordination

h(z) < Y ((2),zp'(2),2%p" (2); 2), (1.3)

then p is called a solution of the differential superordination (1.3). (If f is subordinate to g,
then g is superordinate to f ). An analytic function q is called a subordinant of (1.3),if g < p for
all the functions p satisfying (1.3). An univalent subordinant § that satisfies g < ¢ for all the
subordinants g of (1.3) is called the best subordinant. Miller and Macanu [12] have obtained

conditions on the functions h, g and Y for which the following implication holds:

K@) < Y@, ' (@), 20" (2 2) = 4(z) < p(2), (14)
Fora € R, =0witha+ B >0,m,§ € N, = NU {0} and f e A . The differential operator
W]g T — T (see[10] ) is defined by
a n §
WIAF(2) =2+ By [Thaa () (- 1)m+1(am++;m )| anan (1.5)
We note from (1.5) that, we have
(P31 = [ o (&) + )] Wi 0~ B o (@) Wigr0.

Ali et al. [1] obtained sufficient conditions for certain normalized analytic functions to satisfy

q1(z) < Z/f(g) < q(2)

where q; and g, are given univalent functions in U with g, (0) = q,(0) = 1. Also, Tuneski [15]

obtained a sufficient conditions for starlikeness of f in terms of the quantity f((,—)f)() Recently,
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Shanmugam et al. [13,14], Atshan et al. ([2], [3], [4],[5], [6],[7]) ,Goyal et al. [9] also obtained

sandwich results for certain classes of analytic functions.The main object of the present paper is

to find sufficient conditions for certain normalized analytic functions f to satisfy
- Y
Wysf (@)
q1(2) < (% < q(2)

and
w2
W) Rf@)

%
CI1(Z)<< > < q(2),

where q; and g, are given univalent functions in U with g;(0) = ¢,(0) = 1.

2. Preliminaries

In order to prove our subordination and superordination results, we need the following
definition and lemmas.
Definition 2.1 [11]. Denote by Q the set of all functions f that are analytic and injective on
U\E(f),where U=UU{z € dU}and
E(f) ={{ € aU:lim,_; f(2) = o} (2.1)

and are such that f'({) # 0 for { € dU\E (f).Further, let the subclass of Q for which
f(2)=abe denoted by Q(a),Q(0)=Qo and Q(1)=0,={f € Q : f(0) = 1}.

Lemma 2.1 [11]. Let g be univalent in the unit disk U and let 8 and ¢ be analytic in a
domain D containing q(U) with ¢(w) # 0 whenw € q(U).Set Q(z) = zq’(z)d)(q (z)) and
h(z) = H(q(z)) + Q(z). Suppose that

(i) Q(2) is starlike univalent in U,

(ii) Re {Zg(g)} >0 forz € U.

If p is analytic in U, with p(0) = q(0),p(U) < D and
0(p(2)) + zp' (2D p(p(2) < 0(q(2)) + 2q'(2)$p(q(2)), (2.2)

then p < q and q is the best dominant of (2.2).
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Lemma 2.2 [12]. Let g be a convex univalent functionin U and leta € C, 8 € C\ {0} with

Re {1 + %} > max {O, —Re(%)}.

If p is analytic in U and

ap(z) + Bzp'(2) < aq(2) + Bzq'(2), (2.3)

then p < q and q is the best dominant of (2.3).

Lemma 2.3 [12]. Let g be convex univalent in U and let 8 € C. Further assume that Re(f) > 0.

If p € H[q(0),1] n Q and p(z) + Bzp'(z) is univalent in U, then
q(2) + Bzq'(z) < p(2) + Bzp'(2), (2.4)

which implies that g < p and q is the best subordinant of (2.4).

Lemma 2.4 [8]. Let g be convex univalent in the unit disk U and let 8 and ¢ be analytic in a

domain D containing q(U). Suppose that

6'(q(2))
#(q(2)

() Re{ }>OforzEU,
(i)Q(2) = zq’(z)gb(q(z)) is starlike univalent in U.
Ifp € H[q(0),1] n Q, with p(U) < D,6(p(2)) + zp'(z)p(p(2)) is univalent in U and

0(q(2)) + 2q' (@) ¢(q(2)) < 68(p(2)) + zp' (2)P(p(2)), (2.5)

then g < p and q is the best subordinant of (2.5).
3. Subordination Results

Theorem 3.1. Let g be convex univalent in U with g(0) = 1,0 # € € C,y > 0 and suppose that g

satisfies

Re {1 + ZZ,,;S)} > max {O, —Re (E)} (3.1

If f € T satisfies the subordination

0, m 2@\ Ny L r@\ (Wl
= 20 o )"+ () 35 o () () ()

<q(2) + ;zq’(z), (3.2)

2

m=1
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then

Z

38 e\
(M) <q(@ (3.3)

and q is the best dominant of (3.2).

Proof. Define the function p by

wiS )\
b = (22 (34
Differentiating (3.4) logarithmically with respect to z, we get
is !
Zp,(Z) _ Z(Wé:ﬁf(z))
p@ W@ L) (3.5)

Now, in view of (1.6), we obtain the following subordination

'@ _wf (j) 1yt (" Wi (@
_Zm=1(1]n)( 1) ((E) 1) <W—1 .

p(2)
Therefore,
'@ _ i (7Y (=1 (2" wiSr@\ (Wistr)
14 _Zm=1(m) (_ ) ((E) +1) - Wé’zf(z) -1

The subordination (3.2) from the hypothesis becomes
p(2) + §Zp'(2) <q(2) + §Zq’(Z)-
An application of Lemma 2.2 with f = Eand a = 1, we obtain (3.3).

14z

a
Putting q(z) = (E) (0 < 0 < 1) in Theorem 3.1, we obtain the following corollary:

Corollary 3.1.Let0 <0< 1,0 # €€ C,y > 0 and

Re { M} > max {0, —Re (g)}

1-2z2

If f € T satisfies the subordination
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i m .8 |2 N io , .
- Z e @ | P2 0 oo @ - () ()

m=1 m=1
- (1 N 2e0z ) (1 + Z)”
y(1—-2z2)/\1-2z/)"

then

(B0 <y

and q(z) = (g)a is the best dominant.

Theorem 3.2. Let g be convex univalent in U with q(0) = 1,q(z) # 0 (z € U) and assume that g

satisfies

Re {1+ + X258 (z) + (m - 1) e (S) +2 (Z’} >0, (3.6)

where x,y,m € C,e e C\ {0}andz € U.
Suppose that Z(q(z))m_lq’(z) is starlike univalentin U . If f € T satisfies

O y.v.j,a,m,B,e2) < (x +y4@)(q@)" +ez(q(D)™ ¢’ @), (3.7)

where

. . (m+1) i j ym
Wi*le () ym Wit £y L£ AR I0)) Wt (2)
QG y,7,j,a,m, B, & 2) = x( b ~ ) py £ +ey | —2£ a8 1] ,(y>0,z€U),(3.8)

w5 @ W)@ wihr@ J\wisr@
then
- v
W@
@B
=) <q(2) (3.9)
Wa’ﬁf(z)

and q is the best dominant of (3.7).

Proof. Define the function p by

Wj’5+1f(z) 14
(z) = <L> . 3.10

By setting
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O(w) = (x + yw)w™ and dp(w) =ew™ L, w #0,
we see that 8(w) is analyticin C , ¢(w) is analyticin C\ {0} and that ¢(w) # 0,w € C \ {0}. Also,
we get
Q@) = 24 @P(q(D) = e2(q()" ¢’ @)
and
h(z) = 0(q(2) + Q(2) = (x + ya()(9()" + e2(¢(@))" ' ().

It is clear that Q(z) is starlike univalent in U,

zh'(2)] _ y(m+1) zq (Z) 4 2 (2)
Re{Q(Z)}—R e{t + =+ X2 g(z) + (m - X q(z)}>o.

By a straightforward computation, we obtain

-1, .
(x+yp@)P@)" +ez(p()" p'(@) = A%y, v.),@m B, € 2), (3.11)
where is given Q(x,y,v,j,a,m, B, €; z) by (3.8).
From (3.7) and (3.11), we have

(x + @) (p@)" + e2z(p())™ P'(2) < (x + y4@2)(@@)" + e2(q()™ ().  (3.12)

Therefore, by Lemma 2.1, we get p(z) < q(z). By using (3.10), we obtain the result.

1+Az
1+Bz

Putting q(z) = (-1 < B < A <1)inTheorem 3.2, we obtain the following corollary:

Corollary 3.2.Let—1 < B < A< 1and

xm | y(m+1)(1+42) 1+m(A-B)z—ABz?
Re{g £(1+Bz) (1+Az)(1+Bz) } 0,

where x,y,m € C,e € C\ {0} and z € U.If f € T satisfies

. ] 1+Az 1+4z\™ = £(A-B)(1+A4z)™ 1z
ey fe57) < (s o (220 () oz

)

where is given Q(x,y,y,J,a,m, 3, €; z) by (3.8),

w 5+1f (z ) 1+Az
<
a,ﬁf(z) 1+Bz

1+Az , .
and q(z) = ;—Bz is the best dominant.

then
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4. Superordination Results
Theorem 4.1. Let g be convex univalent in U with q(0) = 1,y > 0and Re{e} > 0.Letf €T

satisfies

wit e\
< £—) €H[q(0)1]1nQ
and

6 ¥ . . m 8 oy 14 8+l 60,
[1-ezheity coms (G ] () weshoa ome ()7 o) () (ﬁﬁigﬁf)

be univalent in U. If

A m . Y A m , 14 .8+
g <= 3 (1) coms (B )| (HL2Y w3 () com () o) (Y (3002

m=1

then
witr@\"
q(2) < ( “'Bzf i ) (4.2)
and q is the best subordinant of (4.1).
Proof. Define the function p by
wit s\
p(z) = <BT . (4.3)
Differentiating (4.3) with respect to z logarithmically, we get
' AWl I
wor_ | (A%pr@) ) (4.4)

e Y Wiﬁz ()

After some computations and using (1.6), from (4.4), we obtain

5+1

[1-ezha@ o (el () wempmy e (G ) () (55)

= () +2' (),
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and now, by using Lemma 2.3, we get the desired result.
Putting q(z) = ( ) (0 < 0 £1)in Theorem 4.1, we obtain the following corollary:

Corollary 4.1.Let 0 < ¢ < 1,y > 0 and Refe} > 0.If f € T satisfies

w)hr@)\’
( “";“) € H [q(0),1] n
and

j , m j.6 4 j ) - is y .
e e (57| ) v S o (G 0 ()

m=1

be univalent in U. If

<|1- ezj: (rjn) (—pm*t ((%)m + 1) <@)V
U m 12f(2) IO
e () 0 ((7) +1) (W — ) <W W) )

then
e (Who\
() < <— )
and q(z) = (g) is the best subordinant.
Theorem 4.2. Let g be convex univalent in U with q(0) = 1, and assume that g satisfies
Re{Zq'(z) + L q(2)q' ()} > 0, (45)

where x,y,m € C,e € C\ {0}and z € U.

Suppose that Z(q(z))m_lq'(z) is starlike univalentin U . Let f € T satisfies

Wj6+1f()
———— | € H|q(0),1]n
(Wa,ﬁf()> [q(0),1]

and Q(x,y,y,j,a,m,f,¢;z) isunivalent in U, where is given Q(x,y,v,J, a,m, B, €; z) by (3.8). If

(x +y9@)(@@)" +e2(¢()" ¢’ @ < Uxy,v.),a.m,B,&2), (4.6)
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then

W] 6+1f(Z)
< — 4.7
q(z) < Wi > (4.7)

and q is the best subordinant of (4.6).

Proof. Define the function p by

W] 5+1f(Z)
= — . 4.8
p(z) < Wi ) (4.8)

By setting
O(w) = (x + yw)w™ and dp(w) =ew™ L, w %0,

we see that 6(w) is analyticin C , ¢p(w) is analyticin C\ {0} and that ¢(w) # 0,w € C \ {0}. Also,
we get
Q(2) = 2q'(DP(a() = e2(¢(2)" " ¢’ (.

It is clear that Q(z) is starlike univalent in U,

Re (Sl = Re [0/ (2) + X2 q(2)qg ()} > 0

By a straight forward computation, we obtain
Q0 v.j amB,e2) = (u+vp@)(p@)" +nz(p(2)" P’ (), (4.9)
where Q(x,v,7,j, @, m, B, €; z) is given by (3.8).
From (4.6) and (4.9), we have
(x +ya@)(a(D)" + e2(a()" ¢’ @ < (x + @) ()" + ez(p())" p'(2). (4.10)

Therefore, by Lemma 2.4, we get q(z) < p(z). By using (4.8), we obtain the result.

5. Sandwich Results

Concluding the results of differential subordination and superordination, we arrive at the following

"sandwich results".

Theorem 5.1. Let gq; be convex univalent in U with g;(0) = 1, Re{e} > 0 and let g, be univalent in U,

q-(0) = 1 and satisfies (3.1). Let f € T satisfies
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wihr@\'
(%”) eH[1,1]1NnQ

and

i e\" . , m 08 \Y [pibtic,
[1- s com (@) + )] (B2 expes() comer (@) + 1) (H222) (2 :fg;)

be univalent in U. If

+

m 78 £(5 14 . . m
2+ 2@ < [1 = e T () (0™ ()" + O] (22) + e 2fes(D) 07 ()

j 14 8+1
wihr@\" (Wi () e
1) < S > < a,Bf( > < qy(2) + S 24z (2),

then

i Y
W)or@)
Z

q1(2) < < ) < q2(2)

and g, and g, are, respectively, the best subordinant and the best dominant.
Theorem 5.2. Let q; be convex univalent in U with q;(0) = q,(0) = 1.suppose q; satisfies (4.5)
and q, satisfies (3.6). Let f € T satisfies

(W 5+1f( )
WL @)

) EH[1,1]NnQ

and Q(x,y,y,j,a,m,f,¢; z) is univalent in U, where Q(x,y,v,J, a,m, 3, €; z) is given by (3.8). If
-1, )

(x +yq1(z))(q1(z))m + gz(ql(z))m q1 (Z) < -Q(x:y; V.14, mlﬁ’ g Z)

< (x +70:@)(0:@)" + e2(q:))" a2’ @),
then

16+1
f(@
< ]
q1(2) (WJﬁf( 5 > < q(2)

a,

and g, and g, are, respectively, the best subordinant and the best dominant.
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