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1. Introduction

In 1965 [9], Zadeh L. A. gave the definition of fuzziness. After three years C. Chang [2] gave the notion of
fuzzy topology. In 1990[1], Ahsanullah and Ganguli, depended on the convergent in fuzzy topological space in the
sense of Lowen[7, 8] to introduce the concept of fuzzy nbhd rings which gives the necessary and sufficient condition
for a prefilter basis to be fuzzy nbhd prefilter of 0 in fuzzy topological ring. Also they are study the notions of right
and left bounded fuzzy set and precompact fuzzy set fuzzy nbhd rings.

In 2009, Deb Ray, A. and Chettri, P [3] introduced fuzzy topology on a ring. Also in [4] they introduced fuzzy
continuous function and studied left fuzzy topological ring

Analogy to bi- fuzzy topological space we define bi- fuzzy topological ring. We apply the results on fuzzy
nbhd systems in a fuzzy topological ring developed so far, to construct a mixed fuzzy topological ring. Also we
study the relationship between fuzzy continuities of fuzzy homo. with respect to different fuzzy topologies

For rich the paper, some basic concept of fuzzy set, fuzzy topology and fuzzy topological ring are given
below. The symbol I will denote to the closed interval [0,1]. Let R be a non-empty set:
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Definition 1.1[9]

A fuzzy setin R isamap 9: R — I and, that is, belonging to I¥(the set of all fuzzy set of R) . Let E € I®, for
every r € R, we expressed by E(r) of the degree of membership of r in R . If E(r) be an element of {0, 1}, then E is
said a crisp set.

Definition 1.2[2]
A class u € IR of fuzzy set is called a fuzzy topology for R if the following are satisfied

1) O,Repu
2) VE,HeuimpliesE NHEpu
3) V(E]-)jej € uimplies Vjc, E; € u

(R, u) is called fuzzy topological space. if A € u Then A is fuzzy open and A€ (complement of A )is a fuzzy closed set.

Definition 1.3 [1, 3 and 4]

A pair (R, 1), where R aring and p a fuzzy topology on R, is called fuzzy topological ring if the following
functions are fuzzy continuous:

1) RXR -R,(r,k)->r+k.

2) R>R, r->-—-r

3) RXR -»R,(r,k)-rk

Definition 1.4 [4]
A family B of fuzzy nbhds of 1, for 0 < a < 1, is called a fund. system of fuzzy nbhds of r,, iff for any fuzzy nbhd
V ofr,, thereis U € B suchthatr, < U<V

Definition 1.5[4]
Let R bearingand u a FZT on R. Let U and V are fuzzy sets in R. We define U +V,—V and U.V as follows

U +V)(k) = supk=g,+k, min {U(k,),V(k;)}
—V(k) =V(=k)
U.V)(k) = supg=y, +k, min{U(k),V (k;)}

Theorem 1.6[4]
If R is a fuzzy topological ring then there is a fundamental system of fuzzy nbhds B of 0 (0 < @ < 1), such that
the conditions:
(i) vU € B,then—-U € B
(ii) YU € B, then U is symmetric
(iii) VU,V € B, then UAV € B
(iv) VU € B, thereisV € BsuchthatV +V < U
(v) YU € B, thereisV € BsuchthatV.V < U
(vi)vr € R,YU € B,thereisV € Bsuchthatar.V <Uand V.r < U.

Definition 1.7[7]
(R, p) is fully stratified fuzzy topology on R if the fuzzy topology i on R contain all constant fuzzy set

Theorem 1.8 [5]

Let (R, 1) and (R, p) be two fuzzy topological spaces andlet u(p) ={E € IR:3U €ps.t cl,(U) < E}. Then
u(p) is a mixed fuzzy topology on R
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2. bi-fuzzy topological rings and mixed fuzzy topological rings
We study mixed fuzzy topological ring and fuzzy nbhds of mixed fuzzy topological ring

Definition 2.1{5}

Let R be any ring equipped with two fuzzy topological ring space y and p. Then the triplet (R, i, p) is
defined as a bi- fuzzy topological ring space.

Example 2.2

Let R be any ring with the indiscrete fuzzy topology I and the discrete fuzzy topology D. Then, (R, I, D) is
a bi- fuzzy topological ring

Theorem 2.3
Let (R, 1) and (R, p) be two fuzzy topological rings such that p < u. Let 4, §, be a fundamental system of
fuzzy nbhds of the identity element 0 € R in the fuzzy topological spaces p, p respectively. Then
B1(B) ={U€EIR:IVEps.t cl, (V) < U} is a fundamental system of fuzzy nbhds of 0

Proof
We want to obtain that the conditions of Theorem 1.6 are satisfied by the collection u(p).
(i) For each a € I\{0}, the constant fuzzy set K, and 1 — K,, are belonging to both y and p, therefore
K, = cl,(K,) for each a € I\{0}, we have, K, € f,(B;)
(ii) Let U € B,(B,), then there exists V € B, s.t cl,(V) < U, by condition 2 theorem 1.6

-V eEp,
Now
cl,(=V) = —cl, (V) < —=U.Also —U(0) =U(-0) =U(0) >0
Thus
—U € B1(B2),

(iii) Let U € B,(p,), by above condition —U € ,.Let U; = U A (=U), Now
U1(0) = min{U(0), (-U)(0)} = min{U(0), U(-0)}
=U(0) >0
U1(r) = min{U(r), (=U) (1)} = min{U(r), U(-7)}
= U(r) . Thus U is symmetric

(iv) Let U;, U, € B,(p) then there exists V;,V, € B, s.tcl,(V;) < U, and cl,(V;) < U,.Since V;,V, € B, then by
condition 4 theorem1.6, we have V; AV, € (,.

Now
(Vi AV) < cl, (V) Acl,(V2) <UL AU,
Thus,
U, AU, € B,(B,). Also (U; A U,)(0) = min{U,(0),U,(0)} >0
()

Let U € f;(f,). Then then there exists VV € 8,. By condition 5 theorem1.6, V + V € f5,. Now,
c, V) +cl,(V)SU+U
Also (U + U)(0) = supmin{U(0),U(0)} =U(0) >0
Thus, U + U € B1(f,)

(vi)
By the same way of (v) we can prove that U. U € 3;(5,)

vii
v Let U € B;1(B,). To show that there exists V € 8, s.t cl, (V) € U, implies (V.7) € B,. Now, cl,,(V.7) =
c,V).r<U.r,
Also
(U.r)(0)=U0)>0
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Thus, U.r € $,(B8,)

Theorem 2.4

LetV,(V,) ={U € IR:3V € ps.tcl, (V) < U} is a fundamental system of fuzzy nbhds of 0 satisfied the
conditions of theorem 2.3, then there exist a unique fuzzy topology denoted by u(p) such that (R, u(p)) is fuzzy
topological ring.

Proof

0]

By condition 1 of theorem 2.3 we have 0,1 and K|, are belonging to p(p)
(@i0)
Let Uy, U, € u(p) with U; > 0 and U, > 0 then there is

Vi,V, € p,withV; > 0andV, > 0stV; < U, V, < U,
Since V;,V, € pimpliesV; AV, € p
Also
(Vy AV,)(0) = min{V;(0),V,(0)} >0
Now
cl, (Vi AVy) <cl,(Vi) Acl,(V3) < Uy AU,

Thus U; AU, € u(p)
(iid)
Let J be an indexed set and for each j € J s.t U; € u(p) and

U;(0) > 0.

Then there is V; € p with V;(0) > 0 s.tcl,(V;) < U;.

Also cl,(V;))(0) = V;(0) > 0

Now cl,(V;) < U; < V{U;}

Thus VU; € u(p)

(iv)

We claim g: (R,,u(p)) X (R,u(p)) - (R,,u(p)), g(r, k) = r + k is fuzzy cont.
Let U be a fuzzy nbhd of r + k then thereis V € pwith V(r + k) > 0s.tcl, (V) < U.
g'l(cl#(V)(r, k)= clu(V)(g(r, k)) =cl,WN)(Tr+k)>0

Since (R, p) is fuzzy topological ring implies there is V;,V, € p with V;(r) > 0and V, (k) > 0s.tV; + V, < V. And
cl, (Vi + V) <cl, (V)

9((clu () x el (7)) = e, (V) + cl, (V)

< cl,(Vy + V)
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<cl,(V)<U
Thus g(r, k) = r + k is fuzzy continuous
(v) We claimg: (R,u(p)) X (R,,u(p)) - (R,,u(p)), g(r, k) = r.kis fuzzy cont.
Let U be a fuzzy nbhd of r. k then thereis V € p with V(r.k) > 0s.tcl, (V) < U.
g Y cl, V), k) = cl, (V) (g(r, k) = cl,(V)(r.k) >0

Since (R, p) is fuzzy topological ring implies there is V;,V, € p with V;(r) > 0 and V,(k) > 0s.tV;.V, < V. And
cl, (V1. V3) < cl, (V)

9((cl, (V) x e, (V3)) = cly (V). cl, (V)
< cl,(V,.V3)
<cl,(V)<SU
Thus g(r, k) = r.k is fuzzy continuous.
(vi) We claim (R, u(p)) - (R, u(p)), g(r) = —r is fuzzy cont.

Let U be a fuzzy nbhd of —r then there is V € p with =V (r) > 0 s.t —cl,(V) < U. By condition 3 theorem 2.3
we have cl, (V) = —cl, (V)

g (cl#(V)) = —cl,(V) = cl, (V) <U
Thus g(r) = —r is fuzzy continuous.

Definition 2.5

Let (R, u,p) be any bi- fuzzy topological ring. The fuzzy topology u(p)determined on R by the
collection {U € I*:3V € pus.t cl,(V) < U} of all fuzzy open nbhds of 0 such that (R, u(p)) is a fuzzy topological
ring, is defined as a mixed fuzzy topology ring

Example 2.6

In the bi- fuzzy topological ring (R, , p), let us put u = I, the indiscrete fuzzy topology on R and p = D,
the discrete fuzzy topology on R, then in both cases, we have u(p) = u.

Example 2.7

In the bi- fuzzy topological ring (R, u, p), let us put u = D, the discrete fuzzy topology and p = I, the
indiscrete fuzzy topology, then in both cases, we have u(p) = p

3. Fuzzy continuity

This section deals with some results of fuzzy continuity of mixed fuzzy topological spaces.

Theorem 3.1
Let (R, p) beany bi- fuzzy topological ring. I f u < p, then

p<up)<p
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Proof

Let us consider the identity map

i (Rp) = (G,up))

For cl”(E) € Nu(p)

i1 (cl#(E)) = cl,(E)2 E€p
So, i is fuzzy continuous and consequently,

p > n(p)
For the other part, let N, = {U} be a fuzzy fundamental system of u-fuzzy closed fuzzy nbhds of 0 in (R, ut).
Since u < p, foreach U € Ny, thereisall € Npsuch that

Vveu

Therefore,
cl, (V) < cl,(U)

Thus, for each U € N, there exists Cl,, (V) € N,,) such that
cl,(Vycu
This implies that
p < ulp)

Combining (1) and (2), the result follows.

Theorem 3.2
Let f : Ry = R, be a fuzzy homo. from a bi- fuzzy topological ring (R,, 14, itz) to another bi- fuzzy
topological ring(R,, p1, p2). Then
(1) if f:py = pyand f:u, — p, are fuzzy cont,, itis also f:u; (u;) = p;(p;) fuzzy continuous.
(2) if f: uy(uy) = p, is fuzzy cont,, itis also f: u, — p, fuzzy cont.
(3) if f: uy(uy) = pq is fuzzy cont,, itis also f: u, - p; fuzzy cont.
Proof
(1) Let V € p1(py) with V(f(0,)) = V(0,) > 0 where 0, and 0, are identity elements of R;and R, respectively.

Then for some V; € p, s.t

cl,, (V1) €V and V,(0;) = V(0;)
Therefore, f~1(V;) € up and f~1(V,)(0,) >0
Since f: pu; = p, is fuzzy cont. then f~*(cl,, (V1)) is u; -fuzzy closed set and

cly, FTHVD) € fH(cl,, (V) S fF7HV)

Hence f~1(V) € py (2)
Thus f: u; (u,) = py(p,) is fuzzy cont.

Proofs of (2) and (3) are clearly.
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Theorem 3.3

If f: uy(uy) = p1(p,) fuzzy continuous homomorphism, from a bi- fuzzy topological ring (R, 4, ) to
another bi- fuzzy topological ring (R;, p;, po) with u; < u, and p; < p,, then
(1) f: uy = pq is fuzzy cont.
(2) f: 1y = p1(py) is fuzzy cont.
Proof

(1) LetV € p, with V(0,) > 0, By Theorem 3.1,we have

M < py(pz) < pp and p; < py(p2) < p2

Therefore, V € p;(p,). Since f: i (uz) = p1(p,) is fuzzy cont,, then f~1(V) € u;(u;) and so f~1(V) € u,.
Also
F(0y) = V(£(01) =V (0z) > 0.
Thus, f:u, = p, is fuzzy cont.
(2) Let V € py(p,) with V(0,) > o.
Since f: u; (1) = p1(py) is fuzzy cont., then f~1(V) € uy () and so f~1(V) € p,.
Also
F(01) = V(£(01)) =V (0z) > 0.
Thus, f:u, = pi(p,) is fuzzy cont.

Theorem 3.4
Let f be any fuzzy homo. from a bi- fuzzy topological ring (R4, 4, i4,) to another bi- fuzzy topological
ring(R,, p1, p2) with y; < u,. Then
(1) if f: u; = p, fuzzy cont,, then f: u; (u,) = p,and f: u, = p,are fuzzy cont.
(2) if f: uy = p4 fuzzy cont, then f: p (u,) = p; fuzzy cont..
Proof
Clearly
Proposition 3.5
Let f be a fuzzy homo from a bi- fuzzy topological ring (R4, i1, iz) to another bi- fuzzy topological
ring (Ry, p1, p2))- If f: uy = pqis fuzzy closed set and f: pu, = p, is fuzzy open set then, f: u; (1,) = p;(p2) is fuzzy
open set.
Proof
Let U € py (up) with U(0;) > 0. Then there is exists V € u, with V(0,) > 0, such that cl,, (V) € U. Therefore
fV) < f(cl,,(V)) € f(U) Since f:u; = p, is fuzzy closed set, cl, (f(V)) € f(cl,, (V).
Making use of the facts that f: u, — p, is fuzzy open and V is u,-fuzzy open, we have Q = f (V) is p,-fuzzy open set.
Thus,

cly, (@) = cly,, (f (V) < f(cly, (V)
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i.e
cly, (V) = cl,, (f(V)) € f(cl,,(V)) & fF(U)

fU) € pi(p2)
Also f(U)(0,)=U(0,) >0

Thus f: u; (1) = p1(p2) is fuzzy open set.

Theorem 3.6
Let f be a fuzzy homo. from a bi- fuzzy topological ring (R, u4, ;) to another bi- fuzzy topological

ring (R,, p1, p2)- 1 f 1 (uz) = p1(py) is fuzzy closed and py < p,, p; < p, then f:puy = p, is fuzzy closed.

Proof
Let U be any u,-fuzzy closed set with U(0,) > 0. In view of Theorem 3.1 U is also u, (i,)-fuzzy closed and
hence f(U) is p; (p,)-fuzzy closed and hence p,-fuzzy closed.

Theorem 3.7

Let f be a fuzzy homo. from a bi- fuzzy topological ring (R, u4, i;) to another bi- fuzzy topological
ring(R,, p1, p2)- Then
(1) f:p1(u2) = p1(p2) is fuzzy open then f: u; (4,) = p is fuzzy open.
(2) f: 1y = p1(py) is fuzzy open then f: u; (1) — p, is fuzzy open.
(3) f:uq = pqisfuzzy open and p; < p, then f:pu,; = p, is fuzzy open.
(4) f:u1(uy) = p1(p2) is fuzzy open and p; < p, then f: u; = p;(p;) is fuzzy open.

Proof: By the same way of previous theorems.
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