Journal of AL-Qadisiyah for computer science and mathematics
Vol.7 No.2 Year 2015

Page 111-125 Eman .S\ Nada.Z

Whitney theorem for copositive approximationin L, (1), p<1

Eman S. Bhaya Nada.Z.Abd AL-Sada
Department of Mathematics, College of Education for Pure Sciences, University
of Babylon, Iraq.
Department of Mathematics, College of Education, University of Al-
Qadisiya,lraq

Recived :11\3\2015 Revised: 20\4\2015 Accepted : 17\5\2015

Abstract : In this research, we have important results about finding the relationship
between the best approximation degree and the so called z—modulus ( or Sendov-

Popov modulus ) of order K in the space L, (1), p<1, and the polynomial is

copositive with the function f at the points in an interval | =[-b,b], and also found

assessment between the best approximation degree by algebraic polynomial of degree
<k-1 , and the modulus of smoothness of degree <k, to the function

fel, ,(NNAJ,),p<l.
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1.1. INTRODUCTION,, DIFINITIONS AND MAIN RESULTS
The theory of Whitney is one of the achievements of scientist Hassler Whitney in
approximation theory . The following theory called Whitney theorem , which

provides the following : (Let f €L [a,b],0< p<oo, then there exists q,_, €IT,

.a polynomial of degree < K —1 such that
|f - qk_luLp[a’b] <cay (f,b-a[a,b]),

Whitney theorem was proved by Burkill [6] when (k =2, p =), Whitney ([6],[7])
when (p =), Brudnyi [12] when (1< p <), Storozhenko [4] when (0< p <1).
In [9] K.A.kopotun proved the Whitney theorem of type k-monotone functions .

In(2003) E.S. Bhaya [5] proved in theorem (2.1.1) the Whitney theorem of
interpolators type for k-monotone functions for K.A.Kopotun:

Theorem 1.1.1: Let mk e N,m<k and f e A ~W'(I).Then for any, n>k -1,
there exists a polynomial p, €11, such that:

(1) (1
Hf - pn

p <c(p, K)o (fP,n" 1), for j=1..,m.
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The classical Whitney theorem establishes the equivalence between the modulus of
smoothnessa)r(f,|l|,I)pand the error best approximation E (f), of a function
f .1 — R by algebraic polynomials of degree <r-1in L 1< p<oo[5].
1.1.2.THE WEIGHTED QUASI NORMED SPACE
The weighted normed linear space L, (1), p <1, which is the set of all functions

f on the interval | R, | =[-b,b] , b is a positive integer and y is increasing

function called weight , hat is the weighted quasi normed space can be define in form
1

Al0] dth <o, p<1}.

w(t)

< o, where as always,

Lw(|)_{f,f:|cm—>m{j‘

And the (quasi) norm ||f

o

1.14THESPACE L, (1), p<1

Let f function in L, (1), p<1 quasi-normed spaces , where | =[-b,b], bean

L,p(1)

()
w(t)

If

1
P \p
dt| tel (113

interval such that 1 < R and the function y is a positive , that is f (t)y(t) >0 for
every f(t)>0and tel.
The different structure of the spaces L, ,, 0< p <1 and the numerous questions by

others lead us to understand the need for the following few facts about L, / , p <1.

The study of approximation will be using polynomials, which will represented by
the symbol p . The polynomials used in our work differ in the form and according to

the degree of what we want to achieve in the proof . Let s>0 and let J, = {ji }f:l be
the collections of points, so that :
Jou=-b<j,<.<j<b=j, , where for s=0, J,=¢ . We set

PO =]

i=1
and we let A°(J,) be the set of functions f which change their sign exactly at the
points j, € J,, and we will write f € A’ . Note that our assumption is equivalent to

f(OII(t,J,)>0, —b<t<b. By ( [11] )for 0<qg< p,and by the same method
there exists c(q) < oo, such that
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Il . <UL,y <cCaf
We consider the space L
which

Lyo(D) "
v.a
».p -consisting of all functions f on an interval 1 for
p

Hf dx < oo |

S L0)
b _! ‘w(t)

1.1.5. MODULUS OF SMOOTHNESS

The modulus of smoothness are intended for mathematicians working in
approximation theory, numerical analysis and real analysis. Measuring the
smoothness of a function by differentiability is too crude for many purposes in
approximation theory. More subtle measurement are provided by the modulus of
smoothness. We will use modulus of smoothness which are connected with difference
of higher orders.

For every function f we define the kth symmetric difference ([10]) of feL, (1) ,

is given by

kh .
k f(t——+ih)
K < kh
AL (FLt1), =AL(F 1), = Z;(,j(—l) ﬁ ti?el
A
0 , O.W.

where

k
= L , is the binomial coefficient.
1) i(k—=i)!

The kth usual modulus of smoothness ([3]) of a function f eL__(I),defined by

v.p

o (f,0,1), ,=sup ‘A"h(f j

0<h<s

520 .. (116

L)’

(K _f(t—k2h+ih)
D
<h< i=0

‘//('H‘?)

Lo (D
The so called 7 —modulus (or sendov-popov modulus) ([8]) an averaged modulus of
smoothness, defined for bounded measurable functions on | by:

7 (f,6,1),, =|o(f "’5)HLV,,p<I)
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Where

k
o (f,t,8),=sup M:yiﬁe L. N[-b,b]
v kh 2 2 2
‘//(y+7)

is the kth local modulus of smoothness ([1])of f .From the definition one can easily
see

(f,o.1),.=a0/(f,01),,

A new way of measuring smoothness was introduced by Ditzian and Totik ([13]).
The Ditzian-Totik modulus of smoothness of f €L, (1), p <1 which is defined for

such an f as follows:
o (1,8.1),,5 = sup |y, () o 1=[-b,b] (17

After this introduction , the main results which wants to prove :

Theorem 1.1.8.(Whitney Theorem) Let feLW’p(I)mAO(JS), p<l , and let
g €I, ,nA°(J,), k>1, interpolate f at k-1 points in side J, where
3, =[-b+ulip—41[] , then

”f _gk—l(f)”LMp(,) 3C(p,k)a’f(f 1|||’ I)y/,p

Theorem 1.1.9. Let feLV,,p(I)mAO(JS), p<1 then there exist a polynomial
P, eIl NA’(J,), k>1satisfy:

”f - pk—l”Lwyp(l) <C(p.K)z, (f ’|I|’ I)t//yp

1.2. NEW CHEBYSHEV PARTITION
We have used in this paper the following notations , facts also the partition of

period /; , therefore we found new Chebyshev partition , which is take the form:

X, =acos 1% a =positive integer such that 1<a<o, 0<j<n, toan interval I.
n

1

Now we denote |, =[x 2
n

j+1

Xl hy=[1]=X; =X, 0<j<n,and An(t)=@+

hence cA,(t)<h; <c,A () fortel,.
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For 3, ={j,, js|jo =D < Jj, <., J, <b=j.,} we denote by A°(J3,) the set of all

functions f L, (1)na°(3,) has 0<s<w change sign k times in J; [2],in particular if
s=0, then x - x0(y,) denotes the set of all nonnegative functions on [-b,b].

Let  &=min[j., - il where j,=-b and j,,=b. If j e(X,4.0.X4) -
i=1..,s
then it is convenient to denote j»<x,,, and j*»>x, ., k>1 such that
i< jl<..< jYP thatis
O (k)
W kD) k=2 0 =W, j* and J = Jitli ’J i+ ,
i e(i©,3¢Y) =0 5T .{k_l 1
1< j<n  then ¢h; <|¢;|=(k-1)|J;|<c,h; , where c is a positive number, i=1,...,s

, and there for , we get the following facts which we used to prove many results
[0 = |3~ h; A, @) also N |=nA () = o(t) forter, ... (121

We would like to point out that the symbol 7, , v=1...,k—1, not represent a
derivatives but a symbol of a set of points that exist between X, and X,;.,,
meaning within an period /; , and I=LSJ€~ , we proved many results and theories on

the period /,, and the fact that the periods /7, , i=1,...,s isomorphic and have the

same properties , so is the proof of these results is true on the aggregate period | . In
[5] , recall that for any continuous function f on [a,b] there exist an algebraic

polynomial p, , of degree <k —1 interpolating f inside [a,b] ,such that
[t =Pial, oy <SPI0 (F.b-a[ab]), (122

1.3.AUXILIARY RESULTS
Our aim in Auxiliary results is to present the following Lemma and demonstrate its
, Which are important to complete the target which we want to reach it.

Lemma 13.1. Let J,c/; and fel, (¢,)NA°(¢;), p<L1.Then there exist
P, (f)ell, , NnA°(¢,) interpolate f at k-1 , points in side J;, , then for any
constant x>0 , we have two cases:

~ i+ g
Case (1): For a:'kT+y|J | < i

&1 we have

[P 1(f)H ) =C(p, ﬂ)HfHLW P g
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N ji + ji(V) S (v)
Case (2): For b :ﬁ—y|\]i|> i, we have

[PealON, ity <C ], it

Proof:

Case (1) :Let J, = /¢;, and suppose p,,(f)= Zf(])H(t j.), be alinear

OSJ

polynomial of degree <k —1, interpolating f inside J; and belongs to A°(¢;) .Since
f(j;))=0, Vi=1..,s,and we now that p,,(f) is nondecreasing for j; >t;, and
hence p,,(f)=0 for j, >t; (since f(t)=0).

Thus f —p, ,(f)>0, changes signinside /.. In particular f —p, ,(f)>0 for

C (kD)
(kD) Jit i

Ji K_1

- - (k1) - : (k1)
RS A |
k-1 k-1

(k 1)

,hence p, ,(f)<f for + 43| < Ji

then for any constant > 0 such that :

(k-1)

Ji + i
k-1

(k=1)

a= + 43| < i, we have

Hpk 1(f)H|W [J.+J.‘k Y SC(p,,u)HfHLM[%ﬁ] :

i+ i
- a
{ k-1

[P (O] i <C(p Ml i g .. (132

Since |J;| ~ , we conclude that
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Case (2): By the same method in case (1) and in particular f —p, ,(f)>0

0 0 IO
for j© <3iTd hence fy<f for j©<IiFI L g1 dit I hen
JI < k —1 pk—l( ) J| < k—1 +/J| ||< k—1
for any constant 4 > 0,such that
5=ji+—jim—u|J.|>j.(V) we have
k—l I I !
H pk—l(f)HL 0 ji+ji(V)] < C(p,ﬂ)HfHL b ji+ji(V)]
YRR kA VR kA
LW
Since |J;| ~ {b, Jik+ Ji } , we conclude that
Hpk—l(f)HL [SM] SC(p,,u)HfHL [BM] . ... (1.3.3
VPR kA VPR k4

From the above cases and since J, super set in the interpolate set of J, and by
(1.3.2) and (1.3.3) then obtain

” pkfl(f)”LW‘p(JA) < C(p"u)” f ”LW(JA) :

Lemma 1.3.4. Let fel, (¢,)NA’(¢;) , then there exist p, ,(f) eIl NA (¢;)
interpolate f at k —1 points inside /., such that

||f o pk—l(f)”LWp(gl) SC:(p’k)a)lip(f ’|£i|’£i)l//|D (135
Proof:
For an interval J, , such that
P i kD (kD) i)
J = it ’Ji+Ji . we have |‘]i|:Ji Ji '
k-1 k-1 k-1

i i (V) ; - (k-1)
wedenote ¢, \J, =(|j®, AT O[ LN ey 1y
k-1 k-1
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Since ¢, =(k—-1)J, , which means /, consists of k-1 interval J, with
(k=D)|J;| =|¢:], k=4, therefore let

3|~ ‘{J.(V),—J'; Ji ]‘ also M

.. (1.36
It is sufficient to prove (1.3.5) for the interval /7, , from the fact (1.2.1) assume
Jck-DJ, =1, k>4.

Now ,since feLv,]p(fi)mAO(fi),so by Lemma (1.3.1) there exist p,,(f)
interpolate f at k points inside J,, hence we get from

[P (O, ) <Clo.)]F],

)
since (1.3.6) are satisfy then we get , where J, {Jn(v)’hk Ji J and
" (k-1)
J = &Jfk‘” , that
k-1

[P (D, () =Cloa)|f],

[pa (Ol <Clo. ] f]l,

(k-1)

Ji + i
k-1

)
And from the fact that ¢, \J; = ( {J,(V), it ju( ,ji(k‘l)} ), we get

k-1

[Pl sy <CRNTL

Now , applied the same relation in (1.2.2) , for an interval J, , we get

[ =pa(B]__oy <CPI(F]3]9),,
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since |J;| > 0 , then we get
It =P (D], <COIE (13D,

since J, c(k—1)J, =/, , then we get
[f=pa(D, SCBKIL ]2,

Lemma 1.3.7. Let f e Ly,yp(ﬁi)on(éi), p<1 , then there exist a polynomial
q.,(f)ell, , nA(¢,) interpolate f at k —1 the points inside /., such that

=02 (D], <COKREE]L),

Proof:
By using Lemma (1.3.4), there exist a polynomial q, , of degree <k —1 copositive

with  in ¢, and interpolate f at the points inside ¢,, hence we have from (1.3.4)
It =gl ., SCOR& (L), ,

‘ f— qk_l\ <C( D)H f- qk—lHLw(fi)

then we get

‘f _qk_l‘SC(p,k)COf(f1‘€i"£i)wp

Now by take L,  (¢;)-norm of both sides we obtain

It =t o <C(p.k)er (F.Jei} £,

(//,p(gi)

By 7 -modulus (or Sendove Popov modulus) with weight , for f on 7., we get

|f _qk—luLv,,p(ei) <C(p.K)r (F.|6:],£),,
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1.4. PROOF OF THEOREM 1.1.8

Let x>0 be a fixed and let ¢,, i=1..,s be an interval of length
0= %P =¥, k>1,v=1.,k-2 inthe center of | =[-b,b], thatis

dis(¢,,—b) =dis(¢;,b), then by (1.3.4) there exist a linear polynomial Oy €11, ,
copositive and interpolate f at k pointsinside ¢, nJ, , hence we get

[f-a]  <CpK@r(f)iln,, (141

L, p(1)

Also by (1.3.4) there exist a linear polynomial h,, =h,,(f)eIl, ; copositive

and interpolate f at k points in side J; , where JBz{b—y|l|,b—%u|l|} ,,u<%

and b_%ﬂ“\gb, then

”f _hk—l(f)

T L R —hk_1<f)uw)

+C(p)

L, (D)

<C(p)|f —a, G — N (7))

L, o (1)

=Co)|f—aca|_, +Ches(f—a)],

p(l (D)

<CPt i, +COPlh(f -]

LoD L, p(Jc)

where J. =[b—l],b], and|J;|~|.| . since we have from an interval J; and J
1
that b—y|l|£b—5,u|l| , hence

[t =hea (D], o, <CO|f -, , +CPh.(f-ar)|

LoD L,.»(Js)

by lemma (1.3.1) , we get

£ =hea (D, <COf =], +CP]f —ai],

p(l p(Js)
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by lemma (1.3.7) and inequality (1.4.1) we get

|f =hes(F)], , <C(p.K)a? (1,1, (142

also there exist a linear polynomial g, ;, €II, ;, copositive and interpolate f at k
points in side J, , where —b+ z/l|>—b also b—l|<b, hence

It =gl o =f =D +ha(H-g0 (D],
<COf ~hel_ o +COge: =Dl
=C(p)|f - hk—lHLwlp(l) +C(P)gia(f - hk—l)HLv,,p(l)
<CPf ~hsf oy +CPNges(F=h Dl

where J, =[-b+gl|,b] ,and |3,|~|J,|, since we have from an interval J, and
J, that —b+ gl <b—4]I| , hence

||f - gk—l(f)|||_%p(|) < C(p)"f _hk—1|||_%p(|) +C(p)||gk—l(f _hk_l)”Ly/,p(JA)
by lemma (1.3.1) , we get

”f a 9k—1||LW,p<.) < C(p)”f o hk—1”LW,p(|) +C(p)||f a hk—1||LMp(JA)
and by lemma (1.3.7) and inequality (1.4.2) we get

[f=0us (Do, <c(PRIC(E[ILD), (143

(1.4.3) means there exist a polynomial copositive and interpolate f inan interval J,
,such that —b+ |l <b and satisfy the Whitney theorem .

And by the same method in the above we can get the same result for an interval

J, suchthat —b<b—ll| .
Hence the result is true for | . If =0 then the inequality (1.4.3) is not true.
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1.5. PROOF OF THEOREM 1.1.9
By using lemma (1.3.4) there exist a polynomial g* eIT,_, nA’(J,)of degree

<k -1, and let g" best approximationto f on I =[-b,b], and let

0290 g (1.9, .

w(t)
9gm-f® £3
(O E.(f,39),.,
g’ (t) f(x)

+E,,(f,J, >
k,]_( )y/,p {//(t)

Let feLW’p(I)mAO(JS), p<1l, then for k>1 there exist a polynomial

P, €I, , ofdegree <K-—1, such that

g (1) 1)
k—lt = Ek—l f’Js )
P ="y T Eall s >

when f(t) >0 and since yw(t+kh) nondecresing then %20 , hence
74
g-(t)
+E,_,(f,J 0
l//(t) k—l( S)er >
f(t)

and when f(t) <0, then—,+ (0 <0 | hence

?//((:)) +E,,(f,J,),, <0, thisimplies that p, ,(t) € AO(JS) and

since p, €I, , thenwe get p,,(t)eIl,_, NA’(J,), this meaning P,_; copositive

with f atevery points in an interval | .
Now ,

RU)

) n=90 E..(f,J
Pra (1) w(t)+ 4 S)W,p>w(t)

Since pkfl(t)zpk;(t) , then
w (1)
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o ()15 Pu® f)
wt) wd) w()

P ® () _g'®) ()
w) v wl) w)

+E ., (1,J5)

P®-FO) _ "M~ )

v - v oethd
,I—pklf,t/)(t_) Gl glj—g*(g(‘t)f OF s Eer(f,3), .,
that is
It =Pl o <[ f-g° :mm +e(p)Ecs(f, 37,
Since |f —g*||LWIp“) =E(f,3,),,,  then

p

Hf o pk—lH:/’pU) SC(p)Hf - g* L)

By (1.3.4) there exist a polynomial g, (f) such that

"M, =a (1), =aa(ft i), k>1,
where ¢, , , be a linear polynomial of degree <k —1, interpolate f at the points
i}, inside £, where |¢]=(k-1)|J]
using lemma (1.3.7) we have

,and g, €I, , NA°(¢;) then by

”f _qk—l”Ll/lyp((i) <C(p,K)z, (f ’|€i|’gi)y/,p

Hf _g*HW[i) <C(p,K)z, (£}, £,
then

|f _g*HWI) <C(p,K)z (f, 1L, .,
hence

It =Pl o <CRKIT(ENILD), .
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Baleal) 1o b s g pam Cla
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