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1. Introduction

Throughout this article all ring are commutative rings with identity and all modules are Unital left R-modules . Weakly prime
submodules were first introduced in 2004 as a generalization of prime submodules , where a paper submodule L of an R-
module P is called weakly prime , if whenever O#re € L r€R , e€P , implies that either e€ L or r€[ L:x P], where [L:z P]={
r€R: rPcL} [1], and a proper submodule L of an R-module P is called prime , if whenever re € L reR , e€P , implies that either
e€ L or re[ L:g P] [2] . The concept of weakly prime submodule studied extensively in [3,4,5,6] . Several generalization of
weakly prime submodule were introduced such as weakly primary , weakly quasi primary and weakly semi prime submodules
see [7,8,9] . In this paper we introduce and study a new generalization of weakly prime submodule called WAPP-prime
submodule . Recall that a nonzero submodule B of an R-module P is called essential if BN C # (0) for every nonzero
submodule C of V[10] . The socale of an R-module P denoted by Soc(P) is defined to be the intersection of all essential
submodules of P [11] . It is well known if a submodule N of P is essential then Soc(P)=Soc(N) [10,P.29] . Multiplication
module plays importaint role in this work , where an R-module P is called multiplication if every submodule L of P is the form
L=JP for some ideal J of R . Equivalently P is a multiplication if L=[L:x P]P [12] . Recalled that for any submodules L, K of a
multiplication R-module P with L=IP and K=JK for some ideals I and J of R , the product LK=IPJP=IJP , that is LK=IK . In
particular LP=IPP=IP=L , also for every e€P , L=Ie [13] . Recall that an R-module P is Z-regular if for each e€P there exists
fe P* =Homg(P,R) such that e=f(e)e [14] . This paper divide into two parts . We introduce in part one the definition of WAPP-
prime submodules and give examples , characterizations and some properties of this concept to part two deals with introducing
many characterizations of WAPP-prime submodules in class of multiplication modules
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Main result :

We introduce in this part of the paper the definition of WAPP-prime submodule and
give some basic properties ,also characterizations of this concept .

Definition 2.1

A proper submodule L of an R-module P is called weakly approximaitly
prime (Briefly WAPP-prime) submodule of P, if whenever O#reeL for reR , e€P,
implies that either e€L+Soc(P) or re[L+Soc(P):x P] .

And an ideal J of aring R is a WAPP-prime ideal of R if and only if J is a WAPP-
prime submodule of an R-module R .

There are several examples ,some of which we will mention .

1. Inthe Z-module Z,4 ,the proper submodules are <2>,<3><4> <6><8>
and <12> . The only essential submodules of Z,,4 are <2><4> So,
Soc(Zyy)= <2>N< 4 >=<4>
2. Ttis clear that the submodules <2>,<3> of the Z-module Z,4 , are weakly
prime , but <4>, <6>,<8> and <12> are not weakly prime submodules .
3. Ttis clear that the submodules <6>,<8> of the Z-module Z,4 are WAPP-
prime , but the submodules <4> and <12> are not WAPP-prime
submodules of Z4 .
4. Ttis clear that every weakly prime submodule of an R- module P is a
WAPP-prime but not conversely .
the following example explains that .
In the Z-module Zysthe submodule <6> is a WAPP-prime submodule of Z,4 by (3),
but <6> is not weakly prime by (2) .
5. The submodules <2>,<3 >of the Z-module Z,4 are WAPP-prime by (4)
6. If L is a WAPP-prime submodule of P, then [L:gP] need not to be a
WAPP-prime ideal of R . The following example shows that .

In the Z-module Z,4 the submodule <8> is a WAPP-prime by (3) , but [<8>:,74]
=8Z is not a WAPP-prime ideal of Z because 0#2.4e8Z , for 2,4€Z but 4¢8Z+Soc(Z)
and 2 ¢[8Z+Soc(Z) :zZ] since 8Z+Soc(Z) =8Z (since Soc(Z)=(0))

7. Let A, B be submodules of an R-module P with AcB . If B is a WAPP-
prime submodule of P, then A need not to be a WAPP-prime submodule
of P.

For example the submodules <4>and <2> of Z-module Z,4 <4>c <2>, we
see that <2>is a WAPP-prime submodule by (5) and <4> is not WAPP-prime
submodule by (3) .
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8. Let A, B be submodules of an R-module P with AcB . If A is a WAPP-
prime submodule of P ,then B need not to be a WAPP-prime submodule of
P.

For example the submodules <8>and <4> of the Z-module Z,4 , <8> c<4> ,
we see that <8> is a WAPP-prime submodule of Z4 by (3), but <4> is not
WAPP-prime submodule of Z,4 , also by (3)

9. The intersection of two WAPP-prime submodules of P need not to be
WAPP-prime submodule of P .

The following example shows that :

Let N=<2> K=<3> are two WAPP-prime submodules of the Z —modules Z

(because they are weakly prime ). But <2>N<3>=<6> is not a WAPP-prime

submodule of Z ,since 0#2.3e<6> ,for 2,3€Z but 2¢<6>+Soc(Z) and

3¢<6>+Soc(Z) .

The following proposition are characterizations of WAPP-prime submodules .

Proposition 2.2 Let P be an R-module , and L a proper submodule of P. Then L is a
WAPP-prime submodule of P if and only if [L:re]< [L+Soc(P):x P]U [0:r ¢] for all
eeP and e¢ L+Soc(P).

Proof (=) Suppose that L is a WAPP-prime submodule of P , and let ag[L:r €]
and e¢L+Soc(P) , then aeL . If ae=0 , then a€[0:r €] , thus ae [L+Soc(P):r P]U [O:r €] .
If 0O#ae €L, and L is a WAPP-prime of P and ez L+Soc(P) , implies that
a€e[L+Soc(P):r P] . Thus a€ [L+Soc(P):r PJU [O:r €] . Therefore [L:re]< [L+Soc(P):r
Plu [O:x e] .

(<) Suppose that [L:ge]c [L+Soc(P):r P]U [0:r €] for all eeP and ez L+Soc(P) , and
let O#aeel , implies that ae[L:g €] , it follows by hypothesis a€ [L+Soc(P):r P]U [0:r
e] . But O#ae , hence a¢[0:r €], therefore a [L+Soc(P):r P] . Thus L is a WAPP-
prime submodule of P.

Proposition 2.3 Let P be an R-module , and L a proper submodule of P. Then L is a
WAPP-prime submodule of P if and only if whenever (0)#aKcL fora€R ,K is a
submodule of P, implies that either KcL+Soc(P) or a e[L+Soc(P):x P] .

Proof (=) Let (0)£aKcL for aeR , K is a submodule of P with KzL+Soc(P) . That is
there exists O#eeK such that eg L+Soc(P) . Now , since (0) )#aKcL , then O#aeel .
But L is a WAPP-prime submodule of P and ez L+Soc(P). It follows that a €
[L+Soc(P):r P] .
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(«<=)Let O#ae€L for aeR , e€P , that is 0#a<e>cL , hence by hypothesis either
<e>cL+Soc(P) or a [L+Soc(P):g P] . That is either eeL+Soc(P) or a €[L+Soc(P):r P]
. Hence L is a WAPP-prime submodule of P .

Proposition 2.4 Let P be an R-module , and L a proper submodule of P . Then L is a
WAPP-prime submodule of P if and only if whenever (0)#AJKcL for J is an ideal of R
and K is a submodule of P, implies that either KcL+Soc(P) or J< [L+Soc(P):r P] .

Proof (=) Let (0)AJKcL with KzL+Soc(P) , that is there exists 0#e€K and
ez L+Soc(P). To prove that Jc [L+Soc(P):g P] . Let reJ , if O#reel and L is a WAPP-
prime submodule , gives r €[L+Soc(P):x P] , it follows that J= [L+Soc(P):r P]
Assume that re=0 , and first suppose that rK#(0) , that is 0#rdel for some deK . If
deL cL+Soc(P) , and L is a WAPP-prime , then r€ [L+Soc(P):x P] , hence Jc
[L+Soc(P):r P] . If de L cL+Soc(P) , then O#rd=r(d+e)eL and L is a WAPP-prime
submodule , so either d+ee L+Soc(P) or r € [L+Soc(P):r P] . Thus J< [L+Soc(P):r P]
. So ,we can assume that rk=0. Suppose that Je#(0) , that is O#seel for some seJ and
L is a WAPP-prime submodule of P gives se [L+Soc(P):g P] .As O#se=(r+s)eel. and L
is a WAPP-prime submodule of P ,we get r+s € [L+Soc(P):r P] , it follows that r €
[L+Soc(P):r P], so J& [L+Soc(P):r P]. Therefore we can assume that Je=(0) . Since
JK#(0) ,then there exists d;eK , b€J such that 0#bd; ,and 0+#bd; =b(d; +e)eL , so we
have two cases :

o Ifbe[L+Soc(P):r P] and d; +e¢ L+Soc(P) . Since 0£(r+b)( d; +e)=bd; €L and
L is a WAPP-prime , it follows that (r+b) € [L+Soc(P):r P] so re[L+Soc(P):r
P] . Hence Jc [L+Soc(P):r P].

o Ifbe¢ [L+Soc(P):r P] and d; +ee L+Soc(P). As ,0# bd; €L , we have d; €
L+Soc(P), so e € L+Soc(P) which is a contradiction . Thus Jc [L+Soc(P):r
P].

(<)Let O#£reeL for reR , e€eP , implies that 0#<r><e>cL , thus by hypothesis
either <e>cl+Soc(P) or <r>c [L+Soc(P):r P] . That is either eeL+Soc(P) or r
€[L+Soc(P):r P] .Therefor L is a WAPP-prime submodule of P .

As a direct application of Proposition (2.5) , we have the following corollary .

Corollary 2.5 Let P be an R-module , and L a proper submodule of P . Then L is a
WAPP-prime submodule of P if and only if whenever (0)#JecL for J is an ideal
of R and ee P, implies that either eEL+Soc(P) or J< [L+Soc(P):r P] .

The following propositions are basic properties of WAPP-prime submodules.
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Proposition 2.6 Let P be an R-module , and N,L. submodules of P such that LcN
and Nis a WAPP-prime submodule of P . Then % is a WAPP-prime submodule

P
of — .
L

Proof : Let O;ér(e+L)=re+L€% for reR , e+Le§ , P . Then reeN. If re=0,then

r(e+L)=0 which is a contradiction . Thus 0#reeN and N is a WAPP-prime

submodule of P, implies that either eeN+Soc(P) or re[N-+Soc(P):r P], that is

either eeN+Soc(P) or rPc N+Soc(P) . It follows that e+Le %C(P) orr % c

N+Soc(P) N+Soc(P) N N

. N P
,that is either etLe — + ———= —— +So<:(2 ) orr - C —
L L L L L L

N+S P N
4 oc(P) -

. cT +Soc(§ ) . Hence % is a WAPP-prime submodule of % .

Recall that an R-module P is semi simple , if every submodule of P is a direct
summand of P[11].Equivalently P is a semi simple if and only if Soc(P)=p [7].

It is well known that an R-module P is semi simple if and only if Soc( g):w

for all submodule L of P[11, Ex.(12)c].
Now , we give the converse of proposition (2.7)

Proposition 2.7 Let P be a semi simple R-module , and N,L. submodules of P
such that LN and Nis a proper submodule of P . If L and % are WAPP-prime

submodules of P and% respectively ,then N is a WAPP-prime submodule of P .

Proof : Let O£reeN for reR ,eeP , so Oqﬁr(e+L)=re+L€% .If O#reeL and Lis a
WAPP-prime submodule of P, then either eeL+Soc(P)c N+Soc(P) or rPc
L+Soc(P)c N+Soc(P) . Hence N is a WAPP-prime submodule of P . So , we may
assume that regL. It follows that O#r(e+L) e% , but % a WAPP-prime

submodule of % , implies that either e+Le % +Soc(§ Jor r % c % +Soc(§ ).

. . .. L+Soc(P . N
Since P is a semi simple , then Soc(% ) = + ,hence either e+Le <
L+Soc(P) P N L+Soc(P)

+ —)  orr-c - + — - Since LN it follows that
L+Soc(P)cN+Soc(P). Thus , % 4 LtSocP) g% + M*59¢®) 4nd since % c

N+Soc(P) N+Soc(P)

L
c %C(P) . It follows that either eeN+Soc(P) or rPc N+Soc(P) . Hence N is a

N+Soc(P ) N+Soc(P P
ZC( ) .Thus either e+Le +() orr —

, implies that % +

WAPP-prime submodule of P .

Recall that an R-module P is compressible if it can be embedded in any of it is
nonzero submodules [10] .
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Proposition 2.8 Let P be an R- module , and N a proper submodule of P such that
% is a compressible R-module . Then N is a WAPP-prime of P .

Proof: Suppose that K is a submodule of P such that NcK , and let (0)AKcN for

reR with KN+Soc(P) . Thus % is a submodule of % .But % is compressible , then
there exists a monomorphism f: % - % , thatis rf (5 )=(0) , implies that f (r 5
)=(0) . It follows that r (— )=(0) .That is PPCNCN+Soc(P) . Hence r€
[N+Soc(P):r P] . Therefore N is a WAPP-prime submodule of P .

Proposition 2.9 Let P be an R-module , and N,K submodules of P with NcK and
K is an essential in P . If N is a WAPP-prime submodule of P . Then N is a
WAPP-prime submodule of K .

Proof : Suppose that N is a WAPP-prime submodule of P, and (0)AB<N for reR
and B is a submodule of K, that is B is a submodule of P . But Nis a WAPP-prime
submodule of P , then either B cN+Soc(P) or re[N+Soc(P):r P] . Since K is an
essential submodule of P, then Soc(K)=Soc(P) .Thus either B&N+Soc(K) or

re[ N+Soc(K):r P]c [N+Soc(K):r K] . Therefore N is a WAPP-prime submodule
of K

It is well known that if L is a submodule of an R-module P , then Soc(L)=LN
Soc(p) [11, Lemma(2.3.15)]

Proposition 2.10 Let P be an R-module , and N,K be a submodules of P with
K&N and Soc(P)cK . If N is a WAPP-prime submodule of P. Then NN K isa
WAPP-prime submodule of K .

Proof: It is clear that NN K is a proper submodule of K . Let (0)#IAc NN K for
Iis an ideal of R and A is a submodule of K , that is A is a submodule of P .Thus
IAcN and IAc K. But N is a WAPP-prime submodule of P then either
AcN+Soc(P) or IPcN+Soc(P) . Thus either Ac (N+Soc(P))N K or
IPc(N+Soc(P))N K . Since Soc(P)cK then by modular law either Ac (NN K

)+( K NSoc(P)) or IPc(NN K )+( K N Soc(P)). Hence either Ac (NN K )+
Soc(K) or IPc(NN K )+ Soc(K). Therefore by Proposition (2.5) NN K isa
WAPP-prime submodule of K .

Proposition 2.11 Let P be an R-module , and N,K are WAPP-prime submodules
of P with K is not contained in N and either Soc(P)cN or Soc(P)cK . Then
NN K is a WAPP-prime submodule of P .

Proof: It is clear that NN K is a proper submodule of K , and K is a proper
submodule of P, it follows that NN K is a proper submodule of P . Let 0# JAcCN
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N K for J is an ideal of R and A is a submodule of P . Then 0# JAcN and 0#
JAcK . But N and K are WAPP-prime submodules of P, then either
AcN+Soc(P) or JPcN+Soc(P) and either AcK+Soc(P) or JPcK+Soc(P) . Thus
either Ac (N+Soc(P))N (K + Soc(P)) or JPc(N+Soc(P))n (K + Soc(P)) .If
Soc(p)cK then K+Soc(P)=K , and if follows that either Ac (N+Soc(P))Nn K or
JPc(N+Soc(P))n K , and so by modular law , we have either Ac (NN K
)+Soc(P) or JPc(NN K )+Soc(P) . If Soc(P)cN , in the same way we get either
Ac (NN K )+Soc(P) or JPc(NN K )+Soc(P) . Therefore NN K is a WAPP-prime
submodule of P .

Proposition 2.12 Let P be an R-module , and N a submodule of P with
[N+Soc(P):rP] is a maximal ideal of R . Then N is a WAPP-prime submodule of
P.

Proof: Let O#aee N for aeR , eeP with ag[N+Soc(P):rP] . Since [N+Soc(P):rP] is
a maximal ideal of R , then R=<a> +[N+Soc(P):gP] .That is 1=ar +s for some reR
, Se[N+Soc(P):rP] . That is e =are +se eN+Soc(P) .Hence N is a WAPP-prime
submodule of P .

Proposition 2.13 Let P be an R-module , and J a maximal ideal of R with
JP+Soc(P)is a proper submodule of P . Then JP is a WAPP-prime submodule of P.

Proof: Since JPcJP+Soc(P) , it follows that J<[ JP+Soc(P):r P], that is there
exists re[ JP+Soc(P):r P] and reJ . But J is a maximal ideal of R and reJ then
R=J+<r>, it follows that 1=b+rs for some seR , beJ , that is e=be +saec for each eeP
. Thus eeJP +Soc(P) for each eeP ,that is PcJP+Soc(P) , hence JP+Soc(P)=P
which is a contradiction . Thus reJ and it follows that [ JP+Soc(P):x P]<J hence
[JP+Soc(P):r P]=J which is a maximal ideal of R ,it follows by Proposition (2.13)
JP is a WAPP-prime submodule of P .

Proposition 2.14 Let P be an R-module and L a proper submodule of P with [ L+
Soc(P):r P]= [ L+Soc(P):r K] for each submodule K of P and L+Soc(P)cK . Then
L is a WAPP-prime submodule of P .

Proof: Let (0)#lecL for e€P , I is an ideal of R with e L+Soc(P) . That is
K=L+Soc(P) +<e>. It is clear that L+Soc(P)cK , then eeK . Now since (0)#£lecL
and eeK ,implies that Ic[L:g K] .Since LcL+Soc(P) , then [L:gr K]< [ L+Soc(P):r
K] . Butitis given that [ L+Soc(P):r K]=[ L+Soc(P):r P] ,implies that [L:r K]c
[ L+Soc(P):r P] ,that is Ic[ L+ Soc(P):r P] . Therefore by Corollary (2.6) Lis a
WAPP-prime submodule of P .
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Proposition 2.15 Let P be an R-module with Soc(P) a weakly prime submodule
of P . If L is a proper submodule of P with LcSoc(P) , then L is a WAPP-prime of
P.

Proof: Let 0£JAcL for J is an ideal of R and A a submodule of P . Since
LcSoc(P) then (0)AJA=Soc(P) . But Soc(P) is a weakly prime submodule of P ,
then either AcSoc(P)cL+Soc(P) or JPcSoc(P)cL+Soc(P) . Therefor L is a
WAPP-prime submodule of P .

We end this section by the following proposition .

Proposition 2.16 Let P be an R-module and L a submodule of P with Soc(P)cL .
Then L is a WAPP-prime submodule of P if and only if [L:p I] is a WAPP-prime
submodule of P, for every nonzero ideal  of R .

Proof Let (0)#Jec [L:p I] for eeP and J is an ideal of R , that is (0)#J(Ie)c L
.Since L is a WAPP-prime submodule of P, then by Proposition (2.5) either le
cL+Soc(P) or JPcL+Soc(P) . But Soc(P)cL , implies that L+Soc(P)=L . Hence
either Ie cL or JPcL , implies that either ee [L:p I] or JPcLc[L:p I] . That is
either e€e[L:p []+Soc(P) or JP[L:pI]+Soc(P) .Thus by Corollary (2.6) [L:p I] is a
WAPP-prime submodule of P.

(<) Follows by taking I=R .

2. Characterizations in class of multiplication modules .

In this section we give many characterizations of WAPP-prime submodules in
the class of multiplication modules .
The first characterization of WAPP-prime submodules was introduced in the next
proposition .
Proposition 3.1 Let P be a multiplication R-module , and L a proper submodule
of P. Then L is a WAPP-prime submodule of P if and only if , whenever
(0)#ABCcL for A,B are submodules of P , implies that either A cL+Soc(P) or
BcL+Soc(P) .
Proof(=) 0#£ABcL for A,B are submodules of P . Since P is multiplication ,
then A=IP , B=JP, for some ideals [,J of R . Thatis 0£I(JP)cL ,butLisa
WAPP-prime submodule of P, then by Proposition (2.5) ) either JP cL+Soc(P)
or [IPcL+Soc(P) . It follows that either B cLL.+Soc(P) or AcL+Soc(P) .
(«=) Let 0#1; C<L for C is a submodule of P and I; is an ideal of R . Since P is a
multiplication , then C=I,P for some ideal I, of R , that is 0#I; L,P <L . Put B=I,P
,then 0£B CcL , then by hypothesis either B cL.+Soc(P) or CcL+Soc(P) . That is
either CcL+Soc(P) or [;PcL+Soc(P) . Hence by Proposition (2.5) L is a WAPP-
prime submodule of P .
The following corollary is a direct consequence of Proposition (3.1) .
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Corollary(3.2) Let P be a multiplication R-module , and L a proper submodule
of P. Then L is a WAPP-prime submodule of P if and only if , whenever
(0)£AecL for A is a submodule of P and e€P , implies that either eeL+Soc(P) or
AcL+Soc(P) .

It is well known that in a Z-regular R-module P, Soc(P)=Soc(R)P [15 ,Prop.
(3.25)].

Proposition 3.3 Let P be a multiplication Z-regular R-module , and L a proper
submodule of P. Then L is a WAPP-prime submodule of P if and only if [L:rP]
is a WAPP-prime ideal of R .

Proof(=) Let 0#1Jc[L:g P] for LJ are ideals of R ,then O#IJPcL . Since P is a
multiplication , then [JP=AB , by taking A=IP ,B=JP are submodule of P, that is
0#ABcL . Since L is a WAPP-prime submodule of P, and P is a multiplication ,
then by Proposition (3.1) either A cL+Soc(P) or BcL+Soc(P) . Again since P is
a multiplication , then L= [L:g P] P, and since P is a Z-regular then
Soc(P)=Soc(R)P .Hence either IP c[L:gr P] P +Soc(R)P or JPc[L:g P] P
+Soc(R)P .That is either I c[L:g P] +Soc(R) or Jc[L:g P] +Soc(R) .It follows
that either J c[L:r P] +Soc(R) or Ic[[L:r P] +Soc(R):rR]. Thus by
Proposition(2.5) [L:gP]is a WAPP-prime ideal of R .

(«=) Let (0)£1,CcL for I, is an ideal of R and C is a submodule of P .Since P is a
multiplication , then C=I,P for some ideal I, of R , it follows that 0+£I; L,P <L,
implies that 0£1; I, c[L:xP] .But [L:gP]is a WAPP-prime ideal of R , then by
proposition (2.5) either I, c[L:gr P] +Soc(R) or I,c[[L:r P] +Soc(R):rR]=[L:r P]
+Soc(R) . That is either [,P c[L:g P] P +Soc(R)P or [, Pc[L:g P] P +Soc(R)P
.Since P is a Z-regular R-module , then Soc(P)=Soc(R)P . Thus either
CcL+Soc(P) or IPcL+Soc(P) . It follows that either CcL+Soc(P) or
Ic[L+Soc(P):rP] . Hence by Proposition (2.5) L is a WAPP-prime submodule of
P.

It is well known that in projective R-module P,Soc(P)=Soc(R)P[15 , Prop(3-24)].
Proposition 3.4 Let P be a projective multiplication R-module , and L a proper
submodule of P. Then L is a WAPP-prime submodule of P if and only if [L:rP]
is a WAPP-prime ideal of R .

Proof:(=) Let O#rIc[L:r P] for reR and Iideal of R .It follows that O#rIPcL
since L is a WAPP-prime submodule of P , then by Proposition (2.4) either IP cL.
+Soc(P) or rPcL+Soc(P) . But L is a multiplication projective R-module , then
either IP c[L:g P] P +Soc(R)P or rPc[L:g P] P +Soc(R)P .That is either I c[L:r
P] +Soc(R) or re[L:gr P] +Soc(R) =[[L:g P] +Soc(R):rR]. Therefore by
proposition (2.4) [L:gP]is a WAPP-prime ideal of R .

(<) Let (0)ArBc<L for re R and B is a submodule of P .Since P is a
multiplication , then B=JP for some ideal J of R , that is 0+#rJP <L, it follows
that 0#rJ c[L:grP] .But [L:gP]is a WAPP-prime ideal of R , then by Proposition
(2.4) either J c[L:gr P] +Soc(R) or re[[L:g P] +Soc(R):rR]=[L:g P] +Soc(R).
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That is either IP c[L:g P] P +Soc(R)P or rPc[L:gr P] P +Soc(R)P .But Pisa
projective R-module , then either BcL+Soc(P) or rPcL+Soc(P) .That is either
BcL+Soc(P) or re[L+Soc(P):r P] . Therefor by Proposition (2.4) L is a WAPP-
prime submodule of P .

It is well known if an R-module P is a finitely generated multiplication , and 1,J
are ideals of R .Then IPcJP if and only if IcJ+anng(P)[16] .

Proposition 3.5 Let P be a finitely generated multiplication Z-regular R-
module , and I a WAPP-prime ideal of R with anng(P)cI .Then IP is a WAPP-
prime submodule of P .

Proof: Let (0)2LKcIP for L,K are submodules of P . Since P is multiplication
,then L=I,P, K=L,P for some ideals I;,I, of R ,that is (0)#[;[LbP <IP .Since P is a
finitely generated multiplication ,then (0)#I;I, cl+anng(P).But anng(P)cI
,implies that [+anng(P)=I ,that is (0)#I;I, <I .But I is a WAPP-prime ideal of R
then by proposition (2.5) either I, < [+Soc(R) or I; < [ [+Soc(R):zrR]= [+Soc(R)
.Thus either I,P < IP+Soc(R)P or I;P < IP+Soc(R)P ,implies that either K <
IP+Soc(P) or L < IP+Soc(P). Therefore IP is a WAPP-prime submodule of P by
Proposition (3.1) .

Proposition 3.6 Let P be a finitely generated multiplication projective R-
module , and I a WAPP-prime ideal of R with anng(P)cI .Then IP is a WAPP-
prime submodule of P .

Proof: Let (0)AIB<IP for J is an ideal of R ,and B a submodule of P . Since P is
a multiplication ,then (0)#J1;P cIP for some ideal I;0f R .But P a finitely
generated ,then (0)#J1; cl+anng(P) ,that is (0)£JI; I (for anngc]) .Butlis a
WAPP-prime ideal of R then by Proposition (2.5) either I} ¢ [+Soc(R) orJ < [
[+Soc(R):rR]= [+Soc(R) .Thus either I[P < [P+Soc(R)P or JP < [P+Soc(R)P
.But P is a projective then either B ¢ IP+Soc(P) or J <[ [P+Soc(P):rP].
Therefore by Proposition (2.5) IP is a WAPP-prime submodule of P .

It is well known that cyclic R-module is multiplication [12]. Also ,every cyclic
R-module a finitely generated[11].We have the following corollaries as direct
consequence of Proposition (3.1),Corollary (3.2) and Proposition (3.3,3.4,3.5,3.6)

Corollary3.7 Let P be a cyclic R-module , and L a proper submodule of P .Then
L is a WAPP-prime submodule if and only if whenever (0)#ABcL ,for A,B are
submodules of P, implies that either AcL+Soc(P) or B cL+Soc(P) .
Corollary3.8 Let P be a cyclic R-module , and L a proper submodule of P .Then
L is a WAPP-prime submodule if and only if whenever (0)#AecL ,for Aisa
submodule of P ,e€eP , implies that either eeL+Soc(P) or A cL+Soc(P) .
Corollary3.9 Let P be a cyclic Z-regular R-module , and L a WAPP-prime
submodule of P. Then [L:gP] is a WAPP-prime ideal of R .
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Corollary3.10 Let P be a cyclic projective R-module , and L a WAPP-prime
submodule of P if and only if [L:gP] is a WAPP-prime ideal of R .
Corollary3.11 Let P be a cyclic Z-regular R-module , and I a WAPP-prime
ideal of R with anng(P)cI .Then IP is a WAPP-prime submodule of P .
Corollary3.12 Let P be a cyclic projective R-module , and I a WAPP-prime
ideal of R with anng(P)cI .Then IP is a WAPP-prime submodule of P .
Proposition 3.13 Let P be a finitely generated multiplication Z-regular R-
module , and L a proper submodule of P with anng(P)c[L:rP] ,then the
following statements are equivalent :

1. Lisa WAPP-prime submodule of P.

2. [L:gP]is a WAPP-prime ideal of R .

3. L=IP for some WAPP-prime ideal I of R with anng(P)cI .

Proof (1)<(2) Follows by Proposition (3.3)

(2)=(3) Since P is a multiplication module then L= [L:gP]P where [L:zP] is a
WAPP-prime ideal of R with anng(P)= [0:rP]< [L:gP] .Put I=[L:gP] .Thus L=IP
where I is a WAPP-prime ideal of R .

(3)=(2)Suppose L=IP for some WAPP-prime ideal I of R with anng(P)cI .But P
is a multiplication it follows that L=[L:xP]P=IP .Since P is a finitely generated
then by [16,Prop(3-9)] P is a weak cancellation that is [L:gP]+anng(P)=I+
anng(P) .But anng(P) c[L:rP] and anng(P)cI , it follows that [L:gP]+anng(P)=
[L:xP] and anng(P)+I=I .Therefor [L:rP] =I but I is a WAPP-prime ideal of R
,2then [L:xP] is a WAPP-prime ideal of R .

Proposition 3.14 Let P be a finitely generated multiplication projective R-
module , and L a proper submodule of P with anng(P)c[L:rP] ,then the
following statements are equivalent :

1. Lis a WAPP-prime submodule of P.
2. [L:rP]is a WAPP-prime ideal of R .
3. L=IP for some WAPP-prime ideal I of R with anng(P)cI .

Proof (1)<(2) Follows by Proposition (3.4)

(2)<>(3)The same as in Proposition (3.13)

The following corollaries are direct consequence of propositions(3.12 and 3.14).
Corollary 3.15 Let P be a cyclic Z-regular R-module , and L a proper
submodule of P with anng(P)c[L:rP] .Then the following statements are
equivalent :

1.L is a WAPP-prime submodule of P.

2. [L:rP] is a WAPP-prime ideal of R .
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3.L=IP for some WAPP-prime ideal I of R with anng(P)cI .

Corollary 3.16 Let P be a cyclic projective R-module , and L a proper
submodule of P with anng(P)c[L:rP] .Then the following statements are
equivalent :

1. L is a WAPP-prime submodule of P.

2. [L:grP]is a WAPP-prime ideal of R .

3. L=IP for some WAPP-prime ideal I of R with anng(P)cI .

We end this section by the following proposition .

Proposition 3.17 Let P be a multiplication R-module and L a proper submodule

of P with [L+Soc(P):rP] is a prime ideal of R , and L+Soc(P)cK for each
submodule K of P .Then P is a WAPP-prime submodule of P.

Proof :Let O#ae €L for aeR ,eeP with e¢ L+Soc(P) ,it follows that L+Soc(P)

<

L+Soc(P)+<e>=K .Since P is a multiplication then[K:gP] & [L+Soc(P) :r P], then

there exists re [K:gP] and r¢[L+Soc(P):rP]. That is rPcK and rPzL+Soc(P)
.Thus rPcK ,implies that arPca(L+Soc(P)+<e>)cL+Soc(P). That is

are[L+Soc(P):gP] .But [L+Soc(P):rP] is a prime ideal of R and r¢[L+Soc(P):rP]

then ae[L+Soc(P):rP | . Thus L is a WAPP- prime submodule of P .
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