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1. Introduction

The fuzzy topological structure of a fuzzy normed space was studied by Sadeqi and Kia
in 2009 [1]. Kider introduced a fuzzy normed space in 2011 [2]. Also he proved this fuzzy
normed space has a completion in [3]. Again Kider introduced a new fuzzy normed space in
2012 [4]. The properties of fuzzy continuous mapping which is defined on a fuzzy normed
spaces was studied byNadaban in 2015 [5].

Kider and Kadhum in 2017 [6] introduce the fuzzy norm for a fuzzy bounded operator on

a fuzzy normed space and proved its basic properties then other properties was proved by
Kadhum in 2017
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[7]. Aliin 2018 [8] proved basic properties of complete fuzzy normed algebra. Kider and Ali in
2018 [9] introduce the notion of fuzzy absolute value and study properties of finite dimensional
fuzzy normed space.

The concept of general fuzzy normed space were presented by Kider and Gheeab in 2019 [10]
[11] also they proved basic properties of this space and the general fuzzy normed space GFB(V,
U). Kider and Kadhum in 2019 [12] introduce the notion fuzzy compact linear operator and

proved its basic properties. For more information about fuzzy metric spaces also see [13, 14].

In present paper first we introduce the notion algebra fuzzy metric space which is a new type of a
fuzzy metric spaces and a generalization of ordinary metric space after that two examples is solved to
show that the existence of such type of fuzzy metric. Then we continuo this study by introducing open
fuzzy ball, fuzzy open set, fuzzy convergence of sequences at this point basic properties of algebra
fuzzy metric space is proved. Finely the notion fuzzy continuous function and uniform fuzzy
continuous function between two algebra fuzzy metric spaces is introduced also basic properties of

theses notions is proved.
2. Basic Properties of Algebra fuzzy metric space

Definition 2.1[15].

Let @:[0, 1] X [0, 1] = [0, 1] be a binary operation function then (@ is said to be continuous t-
conorm ( or simply t-conorm) if it satisfies the following conditions s, r,z, w € [0, 1]
(Ds@r=r©@s

(i)sE@rEezl=[s@r]@z

(iii) @ is continuous function

(iv)s@0=0

(V) (s@r)<(z©@ w) whenevers<zandr < w.

Lemma 2.2[15].

If @ is a continuous t-conorm on [0, 1] then

D1 1=1

(iD0®1=1E0=1

(ii)0 ® 0=0

(ivia@a=aforalla€ [0, 1].

Remark 2.3[15].

If ® is a continuous t-conrm then

(i)Forany a,b € (0, 1) witha >b we haved € (0, 1) whenevera>d @ b

(ii) Forany a € (0, 1) there exists c € (0, 1) such thatc @ c < a.
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Example 2.4[15].
The algebra product a @ b=a+ b - ab is a continuous t-conorm for all a, b € [0, 1].

Definition 2.5[15].

Assume that S# @, a fuzzy set D in S is represented by D = {(s, ug(s)): s€S, 0 < ug(s) < 1}
where p(x): S— [0,1] is a membership function.

The following definition the main definition

Definition 2.6:

A triple (S, m, ©) is said to be the algebra fuzzy metric space if S# @, © is a continuous t-
conorm and m: SXS—[0, 1] satisfying the following conditions:

(AD0<m(s,r)<1;

(A2) m(s,r) =0ifand only if s =r;

(A3) m(s,r) = m(r,s) ;

(A4) m(s,t) <m(s, r) @ m(r, t)

Forall s, r, t € S then the triple (S, m, ©) is said to be the algebra fuzzy metric space

Example 2.7:

) forall s, u
1+d(s,u)

€ S. Then (S, my, ©) is algebra fuzzy metric space. m, is known as the algebra fuzzy metric
comes from d.

If (S,d) isametricspaceandt @ r=t+r-tr forallt r € [0, 1]. Put my(s, u) =

Proof:
We will show that m satisfy all the conditions of definition 2.6

(A1) Itis clear that 0 <mg(s,u) < 1foralls,u € S.

(A2) my(s, u) = 0 if and only if% =0 if and only if d(s, u)=0 if and only if s = u.

d(ssu) _ dw,s)
1+d(s,u) - 1+d(su)

(Az3) my(s,u) = =my(u,s) foralls,u € S.

(A4) Now we will show that m, (s, v) < my(s,u) © mgy(u, v) foralls, u, v €S. Notice that

mgy(s,u) © my(u, v)=my(s, u) + my(u, v) — my(s,u) my(u, v)
d(s,u) d(u,v) _ d(s,u) d(u,v)

[1+d(sw)]  [14+d(wv)] [1+d(su)] [1+d(uv)]

_dv)[1+d(s,w)]+d(s,u)[1+d (u,v)] d(s,u)d(u,v)

[1+d(s,w)][1+d(u,v)] [1+d(s,w)][1+d(u,v)]

_dwy)[1+d(s,w)]+d(s,w)[1+d(u,v)]-d(s,u)d(u,v)
- [1+d(s,w][1+d(u,v)]
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> a(s,v)
T 1+d(sv)
Hence (S, my, @) is algebra fuzzy metric space.

=my(s, V)

The proof of the next example is clear and hence is omitted.
Example 2.8:

0 ifs=u

IfS;t(DputmD(s,u)z{1 ifs u

By simple calculation we see that (S, mp, @) is algebra fuzzy metric space known as the discrete.
Definition 2.9:

If (S, m, @) is algebra fuzzy metric space then FB(s, j) ={ueS: m(s, u) <j} is known as an open
fuzzy ball with center s€S and radius j €(0, 1). Similarly closed fuzzy ball is defined by FBs, j]
={ueS: m(s, u) <j}.

Definition 2.10:

If (S, m, @) is algebra fuzzy metric space and WES is known as fuzzy open if FB(w, j) SW for
any arbitrary weW and for some j €(0, 1). Also DCS is known as fuzzy closed if D€ is fuzzy open
then the fuzzy closure of D, D is defined to be the smallest fuzzy closed set contains D.

Definition 2,11:

If (S, m, ®) is algebra fuzzy metric space then DES is known as fuzzy dance in S whenever D=S.
Theorem 2.12:

If FB(s, j) is open fuzzy ball in algebra fuzzy metric space (S, m, @) then it is a fuzzy open set.

Proof:

Let FB(s, j) be open fuzzy ball open where seS and j€ (0, 1) . Let ueFB(s, j) so m(s,u) <j, let
t=m(s,u) sot<j, thenthereisi€ (0, 1) such that t *xi <j by Rremark 2.3 (ii). Now assume

the open fuzzy ball FB(u, i), we will show that FB(u, i) < FB(s, j). Let zeFB(u, i) so m(u, z) <i.
Hence m(s, z) < m(s, u) @ m(u, z) by definition 2.6 (A4) orm(s,z) <t @ i <j.so ze FB(s,))

thatis FB(u, i) < FB(s, j).Therefore FB(s, j) is a fuzzy open set.

Definition 2.13 [1].

Let X be any nonempty set a collection of subset of T of is said to be a fuzzy topology on X if
()X and ¢ belongs to 7.

(ii)if A1, A,,..., Ay, ETthen NiL, A; € 7.

(lll)lf {Ai: iel }E 7 then UieI Ai ET.
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Theorem 2.14:
Every algebra fuzzy metric space is a fuzzy topological space.
Proof:

If (S, m, @) is algebra fuzzy metric space. Put tm= {WcS: weW if and only if we have j€ (0, 1)
with FB(w, j) €W }. Now we will prove tmis a fuzzy topology on S.

(i)Clearly ¢ and S belong to 1y since ¢ and S are fuzzy open.

Let Wy, W,,..., W, € 1, and put V = njL; W;.We shall show that V€& 1,,,. Let veV then ve W, for
each 1 <i < n. Hence there exists 0 < r; < 1 such that FB(v, r;)  W; since W, is fuzzy open for
eachi=1,2, ..n.Putr=min{r;: 1<i<n}thusr<r;foralll1 <i<n.SoFB(v,r) c W, forall

1 <i<n.Therefore FB(v,r) c NjL; W; =V, thus Ver,,.

(iii) Suppose that {W;:iel }€ 1, and put W = U;; W; . We shall show that We t,,,.

Let weW then weuU;; W; so we W; for some i€l since W; ety there exists 0< r < 1 such that
FB(w,r) € W;.Thus FB(w,r) ¢ W, c U;.; W; = W thatis WE 1,,,.

Hence (S, t,,) is a fuzzy topological space. t,,, is known as the fuzzy topology induced by m.

Theorem 2.15:

Every algebra fuzzy metric space is a Hausdorff space.

Proof :

Suppose that (S, m, @) is algebra fuzzy metric space. Let s, u € S with s#u. Then O<m(s, u) <1.
Put m(s, u) =r, for some re(0, 1). Using by Remark 2.3 we can find r; €(0, 1) withr; @ r; <r.
Now assume the open fuzzy balls FB(s, r;) and FB(u, ;). It is Clear that FB(s, ;) N FB(u, 1) =@
since if there is ze FB(x, ;) N FB(y, r;) implies

r=m(s,u) <m(s,z) ® m(z,u) <r; @ r; <rthatisimpossible. Thus (S, m, ®) is a Hausdorff
space.

Definition 2.16:

In algebra fuzzy metric space (S, m, ®) a sequence (s,,) is said to be fuzzy converge to a point s in
S(or simply s,, —s) if for each r €(0, 1) then we can find N with m(s,,, s) <r, for each n>N.

The proof of the next result is clear and hence is omitted.

Proposition 2.17:

In algebra fuzzy metric space (S, m, ®) s, —s if and only if m(s,, s) —=0.

Definition 2.18:

In algebra fuzzy metric space (S, m, (@) a sequence (s,,) is fuzzy Cauchy if for each r€(0, 1) then
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we can find N such that m(s,, s,,)<r, foreach m, n < N.
Definition 2.19:

An algebra fuzzy metric space (S, m, @) is known as fuzzy complete if (s,) is fuzzy Cauchy

sequence then s,, —»s € S.

Theorem 2.20:

In algebra fuzzy metric space (S, m, ©®) if s,, =s € S is fuzzy Cauchy.

Proof:

Suppose that (s;,) in S and s,, =s € S then for any r €(0, 1) we can find N with m(s,, , s) <r, for all
n>N . Using Remark 2.3 we can find t €(0, 1) withr @ r < t. Now

m(sy,, S;p) < m(s,, s) @ m(s,s,) )<r@r<tforeachm,n <N.

Hence (x,,) is fuzzy Cauchy sequence.

Theorem 2.21:

In algebra fuzzy metric space (S, M, @) if (s,,) € S with s,, = sand (d,) € S with m(s,, d,) = 0 as
n— oo. Thend, — s.

Proof:

Since s, = s so m(s,, s) = 0 as n— oco. Now

m(d,, s) <m(d,, s,) ® M(s,,s) = 0asn— o.Henced,, —s.

Definition 2.22:

Anon empty set D in algebra fuzzy metric space (S, m, ©®) is known as fuzzy bounded whenever
we can find s€(0, 1) with D € FB(d, s) for some d €S. Also a sequence (d,,) in algebra fuzzy
metric space (S, m, ®) is fuzzy bounded if we can find s€(0, 1) with (d,,) € FB(d, s) for some d
€S.

Lemma 2.23:

In algebra fuzzy metric space (S, m, @) If (s,,) €S with s,, =s €S. Then (s,,) is fuzzy bounded.
Proof:

Assume that (s,,) €S with s,, =»s €S we can find r€(0, 1), N with m(s,,, s) <r, for each n>N. Put
a = max{ m(sy, s). m(sy, s), ..., m(Sy, s)}then we can find t€(0, 1) with a @ r < t. Now since
m(sy, s) < m(s,,sy) @ m(sy,s) <a@ r<t. Hence (s,) is fuzzy bounded.

Lemma 2.24:

In algebra fuzzy metric space (S, m, @) if (s,) € S with s,, »s €S and s,, = d €S as n— . Then
s=d.

Proof:

Now assume that s,, = sand s,, = d as n— oo then m(s, d) < m(s, s;,) © m(s,, d)
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Taking limit to both sides as n— oo we have m(s, d)=0 which implies that s=d.
Lemma 2.25:
In algebra fuzzy metric space (S, m, @) if (s,,) €S and (d,,) €S s,, —»s €S and d,, —»d €S. Then
m(s,, d,,) fuzzy converges to m(s, d) wherea@® b=a+ b -ab foralla, b € [0, 1].
Proof:
Suppose that (s,,) and (d,,) are fuzzy converges to s and d in S. Then
m(s,, d,) <m(s,, s) © m(s,d) ©® m(d, d,,)
=[m(s,, s) + m(s, d) — m(s,,, s) m(s, d)] ® m(d, d,,)
=m(s,, s) + m(s, d) — m(s,, s) m(s,d) + m(d, d,,) —[m(s,, s) + m(s,d) — m(s,, S)
m(s, d)] m(d, dy)
=m(s,, s) + m(s,d) — m(s,, s) m(s, d) + m(d, d,)— m(s,, s) m(d, d,,)—m(s, d)
m(d, d,) + m(s,, s) m(s,d) m(d, d,,)
Now
m(s,, d,)— m(s, d) <m(s,, s) — m(s,, s) m(s,d) + m(d, d,)— m(s,, s) m(d, d,,)—m(s, d)
m(d, d,)+ m(s,, s) m(s,d) m(d, d,,)....... (D
Similarly
m(s, d) < m(s, s,) © m(s,, d,,) © m(d,, d)
=[m(s, sp)+ m(sp, dy)— m(s, sp)m(sy, dy)] © m(dy, d)
=m(s, Sp)+ M(sp, dp)— M(s, Sp)M(Sp, dy)+ M(dy, d)— [m(s, $p)+m(sy, dp)—
m(s, sp)m(sy, dy)] m(dy, d)
=m(s, $p)+ m(sp, dy)— M(S, $p)M(Sp, dy)+ m(dy, d)—m(s, sp) m(dy, d)— m(sy, dn)
m(dp, )+ m(s, s,)m(sy, dn) m(d,, d)
Now

m(s,, d,)— m(s, d)= m(s, s,)m(s,, d,,)— m(s, s,)— m(d,,, d)+ m(s, s,) m(d,, d)+ m(s,, d,)
m(d,, d)— m(s, s,)m(s,, d,) m(d,, d)....(2)

From 1 and 2 we have

|m(s,, d,) — m(s,d)| <m(s,, s) — m(s,, s) m(s,d) + m(d, d,)— m(s,, s) m(d, d,) —m(s, d)
m(d, d,)+ m(s,, s) m(s,d) m(d, d,,)

But as n— o m(s,, s)=0 and m(d, d,,)—0 so |m(s,, d,) — m(s,d)| =0

Hence m(s,, d,,) fuzzy converges to m(s, d).

Theorem 2.26:

In algebra fuzzy metric space (S, m, ®) when DcS then deD if and only if there is (d,) € D

with d,— d.
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Proof:

Suppose that de D, if d€ED then choose the sequence of that type is (d, d,...d,...) .
If d¢D, it is a limit point of D. Hence we construct the sequence (d,)€D by m(d,, d) < nl for
eachn=1,2,3,....
The fuzzy ball FB(d, nl) contains d,, €D and d,— d because lim,_,,,m(d,, d) =0.

Conversely if (d,,) in D and d,,— d then d €D or every fuzzy ball of a contain points d,# d, so that
d is a point of accumulation of D, hence d€ D by the definition of the closure.

Theorem 2.27:

In algebra fuzzy metric space (S, m, ®) when DcS then D=S if and only if for any s€S there is
deD with m(s, d) <r for some re(0, 1).

Proof:

Suppose that D is fuzzy dense in S and s€S so s€ D and by Theorem 2.26 there is a sequence
(d,,) €D such that d,,— s thatis for any re(0, 1) we can find N with m(d,,, s) <r for all n > N. Take
d = dy, som(d, s) <r.

Conversely to prove D is fuzzy dense in S we have to show that S — D . Let s€S then there is di €D
such that m(dy, s) < % Now take 0 <r <1 such that %< r for each k>N for some positive
number N. Hence we have a sequence (dy) €D such that n(dy, s) < % <r forall k > N thatis dy—
ssos €D.

Proposition 2.28:

Let (S, mg, @) be the algebra fuzzy metric space induced by d where (S, d) is a metric space and Let

(sp) €S. Then s,, = s€Sin (S, d) if and only if s, = s€S in (S, my, @).

Proof:
we know that m,(s, y) =1ff:(':;) ,let's, = s€S then for any ¢ >0 there is N with d(s,, s)< ¢ for all
n=>N. Now m,(sy, S) =% < i put izr thenr €(0, 1) and m,(sy, s) <r for all n>N that is

(sp) fuzzy converges to s in (S, mg, @).
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Conversely let (s,,) fuzzy converges to x in (S, mg, ®) then for any given r>0 there is N with

d(sn.s)

1+d(sp,s) <ror

my(Sy, S) <rso

d(sy, s) <r[1+ d(sy, s)]=r +rd(sp, s) or d(s,, X)— r d(sy, s) <r or

d(sp, s)[1—r] <rord(sy, s)< —— Put

-
T < then € >0 then d(s,, s)< ¢

for all n>N that is (s, ) converges to seS in (S, d).

Proposition 2.29:

Let (S, my, ®) be the algebra fuzzy metric space induced by d where (S, d) is a metric space and
Let (s,) €S. Then (s,) is a Cauchy sequence in (S, d) if and only if (s,) is a fuzzy Cauchy sequence
in (S, my, ®).

Proof:

Suppose that (s,) is a Cauchy sequence in (S, d) then for any € >0 we can find N such that d(s,,

Sm)< ¢ for all n, m>N. Now

d(sn,Sm) £ £ .
my(Sn, Sm) T T— < put—=r then 0<r<1 and my,(s,, s) <r for all n>N that s (s,) fuzzy

Cauchy in (S, mg, ®@).
Conversely let (s,,) fuzzy Cauchy sequence in (S, my, (®) then for any r>0 we can find N with

d(sn,Sm)

Mg (Sp, Sm) < T SO
a(Sn> Sm) 1+d(Sn, Sm)

<rord(sy, Sm) <r[1+ d(sp, Sm)] =r +rd(sy, Sm) or

T T
T, Put (1_r)—s so € >0 then

d(sp, Sm)— rd(sp, Sm) <ror d(sy, Sm)[1—r] <ror d(sy, sm)<
d(sp, sm)< € for all n, m=N. Hence (s,) Cauchy sequence in (S, d).

Theorem 2.30:

Let D be a dense subset of algebra fuzzy metric space (S, m, ). If every Cauchy sequence of point
of D converges in S then S is fuzzy complete.

Proof:

Let (s,) be a Cauchy sequence in S, since D is fuzzy dense then for every s, €S thereisa, €D

such that m(s,, a,) <sforsome 0 <s < 1by Theorem 2.27. Now by Remark 2.3 we can
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find t €(0,1) with s @ s < t. But (s,) is fuzzy Cauchy so (a,) is fuzzy Cauchy thus a,,— s€S
by assumption. Now m(s,, s) < m(s,, a,) © N(a,, s) <s@s<t.
Hence s,,— s.

3. Fuzzy continuous and uniform fuzzy continuous function
Definition 3.1:
If (S, mg, ®) and (V, my, ®) are two algebra fuzzy metric spaces and W c S. Then a function
T:S—>V is called fuzzy continuous at weW. If for every 0 < r < 1, we can find some 0 < t < 1, with
my[T(w), T(s)] <rasseW and mg(w, s) <t.
Also fis said to be fuzzy continuous on W if it is fuzzy continuous at every point of W.
Theorem 3.2:

If (S, mg, ®) and (V, my, @) are two algebra fuzzy metric spaces and W < S. Then a function
T:S—V is fuzzy continuous at weW if and only if whenever w,, - win W then T(w,)— T(w) in
V.

Proof:

Let T:W-V be fuzzy continuous at weW and let (w,) be a sequence in W fuzzy converge to w.
Let 0 <t< 1 be given. By fuzzy continuity of T at w we can find 0 < r < 1 with seW and mg(s, w)
<r, implies my[T(s), T(w)] <t. Since w, — w then we can find N such that n > N implies mg(wy,,
w) <r. Therefore n > N implies my[T(wy), T(w)) <t. Thus T(w,) - T(w).

Conversely assume that w,, >w in W has the property that T(w,) = T(w) in V. To prove that T is

fuzzy continuous at w. Assume that f is not fuzzy continuous at w that for every r, 0 <r < 1 there

exists SEW with mg(s, w) < r but my[T(s), T(w)] = t. For every n€EN. Now for each n we can find
w;, EW such that mg(wy,, w) <§ but my[T(wy,), T(w)] =t. That is w, »w but (T(w,)) does not
fuzzy converges to T(w). This is a contradiction to the assumption. Therefore, the supposition
that T is not fuzzy continuous at w must be false.

Proposition 3.3:

The function T of algebra fuzzy metric space (S, mg, (©) into algebra fuzzy metric space (V, my,
©) is fuzzy continuous at a point s€S if and only if for every 0 < t < 1, there exists 0 <r < 1 such
that , FB(s, r) < T Y[FB(T(s), t)] where FB(s, r) denotes the open fuzzy ball of radius r with

center s.

Proof:



Jehad Rmadhan Kider JQCM - Vol.12(2) 2020, pp Math.43-56 53

The function T:S—V is fuzzy continuous at s€S if and only if for every 0 < t < 1, there exists 0 <r
<1 such that my[T(s), T(w)] <t for all w satisfying mg(s, w) <r that is we€ FB(s, r) implies
T(s)€ FB(T(s), t) or T[FB(s, r)] < FB(T(s), t). This is equivalent to the condition FB(s, r) <
T~ 1[FB(T(s), )].

Theorem 3.4:

The function T:S—V is fuzzy continuous on S if and only if T~1(D) is fuzzy open in S for all fuzzy
open subset D of V where (S, mg, @) and (V, my, @) are algebra fuzzy metric spaces.

Proof:

Let T be fuzzy continuous on S and let D be a fuzzy open subset of V. If T"1(D) =@ or T"1(D) =
S then the proof is completed since @ and S are fuzzy open. Now let T~*(D) # @ and T~!(D) #S.
Assume that s € T~1(D). Then T(s)€D. Since D is fuzzy open we can find 0 < t < 1 with FB(T(s),
t) < D. Since T is fuzzy continuous at s, by Proposition 3.3 for this t we can find 0 <r < 1 with

FB(s,r) < T 1 [FB(T(s), t]) = T~1(G).Thus T !(D) is fuzzy openinS.

Suppose conversely, that T~1(D) is fuzzy open in S for all fuzzy open subsets D of V. Let s€S for
each 0 <t<1 since the fuzzy ball FB(T(s), t) is fuzzy open set and so T™[FB(f(s), t)] is fuzzy
open in S. Whenever s€ T~! [FB(T(x), t)] it implied that we can find 0 <r < 1 with FB(s, r)
< T [FB(T(s), t)]. Hence T is fuzzy continuous of S by Proposition 3.3.

Theorem 3.5:

The function T:S—V is fuzzy continuous on S if and only if T~1(B) is fuzzy closed in S for all

fuzzy closed subset B of V where (S, mg, ®) and (V, my, @) are algebra fuzzy metric spaces.
Proof:

If B is a fuzzy closed subset of V then V—B is fuzzy open in V so that T~}(V—B) is fuzzy open in S
by Theorem 3.4. But T"}(V—B) =V — T 1(B) so T~1(B) is fuzzy closed in X.

For the converse assume that that T~1(B) is fuzzy closed in S for all fuzzy closed subset B of V.
But @ and S are fuzzy closed sets. Then V— T~1(B) is fuzzy open in V and T"}(V-B) = V—
f~1(B) is fuzzy open in S. Since every fuzzy open subset of Y is of the type V—B, where B is

suitable fuzzy closed set. It follows by using Theorem 3.4 that T is fuzzy continuous.
Theorem 3.6:

Let (S, mg, @), (V, my, ®) and (W, my, (©) be algebra fuzzy metric spaces and let T:X—>Y
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and H:Y—Z are fuzzy continuous functions. Then TeH is a fuzzy continuous function from S into W.
Proof:

If D is fuzzy open subset of W then by Theorem 3.4 H™1(D) is a fuzzy open subset of V and using
theorem 3.4 again we have T"'(H™1(D)) is a fuzzy open subset of S. But (HeT)"}(D) =

T~1(H~1(D)) by using the same theorem again that TeH is fuzzy continuous.
Theorem 3.7:

If (S, mg,*) and (V, my,*) are algebra fuzzy metric spaces and T:S—V then (1) (2)<(3) where
(1) T is fuzzy continuous on S.

(2) For all subsets D of V we have T-1(D) < T~ (D).
(3) For all subsets E of S we have T(E) c T(E).
Proof: (1)=(2):

If D €V then D is a fuzzy closed subset of V so T~1(D) is fuzzy closed in S. Also T™}(D) < T~1(D).

Hence T~1(D) < T~1(D) since T~1(D) is the smallest fuzzy closed set containing T~1(D).
Proof: (2)=(3):

If ECS then when B = f(E), we have E cf"1(B) andEcT-1(B) c T~1(B). Thus T(E) <
T(T~1(B)) =B = T(E).

Proof: (3)=(1):

If D is fuzzy closed set in V and set T~1(D) = F then by Theorem 3.4 it is sufficient to show that F
is fuzzy closed in S, that is, F= F. Now T(F) < T(T-1(D)) < D = D so that Fc T™}(T(F)) < T"(D)
=F.

Theorem 3.8:

If (S, mg, ®), (V, my, @) are two algebra fuzzy metric spaces and T:S—V and H:S—V are two

fuzzy continuous functions. Then the set {s€S: my[T(s), H(s)] = 0} is fuzzy closed subset of S.
Proof:

Put D={SeS: my[T(s), H(s)] = 0}. Then S—D={seS:0 < my[T(s), H(s)] <1}. If S—D is empty, then
it is fuzzy open. Thus assume that S—D is nonempty and if s€S—D. Then my[T(s), H(s)] < 1. Put
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my[T(s), H(s)] =t, for some 0 < t < 1. By using the fuzzy continuity of T and H we can find 0 < q
< 1with mg(s, a) < qimplies that my[T(s), T(a)] < tand my[H(s), H(a)] < t. Hence there

existsr for some 0 <r < 1.ByRemark 2.3 suchthat t® t (@ t <r. Now

my(T(a), H(a)) < my(T(a), T(s)) @ my(T(s), H(s)) @ my(H(s), H(a))

< t@t @ t<r, forall asatisfying my(s,a) <q.

Thus for each aeFB(s, q), my(T(a), H(a)) < 1, i.e, f(a) # g(a).
So FB(s, q) < S—D . Hence S—D is fuzzy open. Thus F is fuzzy closed.
Corollary 3.9:
Assume that (S, mg, @), (V, my, ®) are two algebra fuzzy metric spaces and T:S—V and H:S-V
are two fuzzy continuous functions. If the set D={seS: my[T(s), H(s)] = 0} is fuzzy dense in S
thenf=g.

Proof:
Since D is fuzzy dense in S it is fuzzy closed. we have S = D = D that is T(s) = H(s) for all s€S
thus T = H.

Definition 3.10:

If (S, mg, ®) and (V, My, ®) are two algebra fuzzy metric spaces then function T:S—V is known
as uniformly fuzzy continuous on §, if for every 0 <t < 1, we can find r, 0 <r < 1 (depending
on t alone ) with my[T(s1), T(s;)) < t whenever my(s;, s;) <r.

Theorem 3.11:

Assume that (S, mg, @), (V, My, (©) are two algebra fuzzy metric spaces and T:S—V is a
function. Then so is (T(s,)) in V If (s,) is a fuzzy Cauchy sequence in S.

Proof:

Using our assumption T is uniformly fuzzy continuous thus for any t, 0 < t<1 we can find r,
0 < r<1 with my[T(s), T(u)]< t such that my(s, u) <r for all s, u€s. But (s,) is fuzzy Cauchy,

so for any 0 <r< 1 we can find N with mg(s,, Sp,) <r for all m, n > N. Now it is concluded
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that my[T(sy), T(sy)] < tfor all n, m > N. Hence (T(s,)) is a fuzzy Cauchy in V.
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