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1. Introduction

There are a number of generalizations of metric space, for example Bakhtin[1] and
Czerwik[2]introduced a b-metric space as a generalization of a metric space that can be found
alsoin [3], [4], [5]

Let Y be a non-empty set and s > 1be given real number. A function b : Y? - [0, ©) is said to
be a b-metricif forall ¢, 5, € Y the following conditions are satisfied:

bl.b(a,f) = 0if and only if a = f;

b2.b(a, B) = b(B,a);

b3.b(a,B) < s[b(a,u) + b(w,p)].
The pair (Y, b) is called a b-metric space.
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On the other hand, the concept of D-metric space was introduce by Dahge[6]and found in

[71,[8L.[%]

A nonempty setY is said to be D-metric space if there exist a function D: Y3 — [0, ) satisfy
the following conditions:

D1.D(a,B,y) =0 a=B=y
D2.D(a,B,v) =D(B,a,y) =D(yv,a,B) =D (B,y,a) = ... (Symmetry)
D3.D(a, B,v) < D(u,B,v) + D(a,i,y) + D(a, B, 1)

Va,B,yand « € Y,where D is D-metriconY

And Shukla [10] and [11], [12], [13] introduce the concept of partial b-metric space as follow:

A partial b-metric on a nonempty setY is a mapping pb:Y? — [0,0) such thatV a,f,u €Y
and s > 1 satisfied the following conditions:

pbl. pb(a,a) = pb(a,B) = pb(B,B) if and only if a = B
pb2. pb(a, @) < pb(a,B),

pb3. pb(a,B) = pb(p, ),

pb4. pb(a,f) < s[pb(a,un) + pb(w,B)] - pb(u,w).

A partial b-metric space is a pair (Y, pb) such that Y is a nonempty set and pb is a partial
b-metric on Y. The number s > 1 is called the coefficient of (Y, pb).

2. D,-metric spaces
Next we define a new concept namely D, -metric space

Definition 2. 1. A nonempty setY is said to be D,-metric space if there exist a function
D,:Y3 - [0, ) satisfy the following condition:

Db1. Dy(a,By) =0 a=L=y
Db2. Dy(a,B,v) = Dpy(B,a,y) = Dp(v,a, ) = Dy (B, v, @) = ... (Symmetry)
Db3. Db(ar B' V) = S[Db(.u 'ﬁ' V) + Db(a'.u' )/) + Db(a'ﬁuu)]

Va,B,y €Y, The numbers > 1 is called the coefficient of (Y, D},)

Not that every D, -metric space is a D-metric space with the coefficient s = 1
Example 2.2. Let Y = [0,), ¢ > 1 be a constant. Define a function on Y3 by
L Dpi(a,By) =la=Bl7+ 1B =yl + |y —al?

2. Dpo(a, B,v) = [max{la — Bl 1B =yl ly — al}]?
Va,B,y €Y, then (Y,D,,) and (Y, D) are D,-metric spaces with the coefficient s = 2971 > 1

Solution. We prove (Y, Dy,) is D,-metric space and similarity we prove the other

i If Dbl(a,ﬁ,]/):() <=|a—ﬁ|q+|ﬁ—y|q+|y—a|q:0
Sla-pl=0=>a=f-yI=0=2F=yly—al=0>y=asa=p=y

ii. Trivial

iii. For arbitrary real numbers a, 8,y and . Using convexity of the function f (a) = a 9(a >
0) for ¢ = 1,we obtain that (a+ b)? <297 1(a?+ b9), leta=|a—u|,b=|u—p|
then we get, 0< (la—u|+|u—-BDNT<27(|la—u|?+ |u—pL|7) =>0<291(|la -
u|? + |u — B|9) by substitute | — £]? to both side, we get, |a — |9 < 297 1(Ja — u|? +
luw = BID +la — BT < 297 (la = B17 + |a — ul? + |u — B]9) ... 1
by same way we have | —y|?7 < 2971(|B —y|9+ |B — u|? + |u —y]9) ...2



Norhan L. Abdullah and Laith K. Shaakir JQCM = Vol.12(2) 2020, pp Math.74-86 76

&ly—al? <29 (ly—al?+ |y —u|?+ |lu—al?)..3
Then by a combination 1, 2& 3 we get la = B9+ |8 —y|9+ |y —al? <297 (Jlu— B9 +
B—vIT+ly—ulD+(a—ulf+|u—-yl"+]y—al)+(a— BT+ —ul? +
|l — al?) = Dyi(a, B,y) < s[Dp1(w, B,v) + Dps(a,1,¥) + Dp1 (a, B, )] O
Theorem 2. 3. Let (Y, b) be a b-metric space, define real function Dy, Dyeo: Y3 — [0, ) by
1. Dpi(a,B,y) = b(a,B) +b(B,y) + b(y,a)
2. Dpo(a,B,y) = max{b(a,B),b(B,v),b(y,a)}
Then (Y, D,,), (Y,D,s) are D, —metric spaces with coefficient s > 1

Proof. Clearly that a condition (D, 1) & (D,?2) are satisfies, we prove a condition (D,3)

Since b(u, ) =2 0& b(a,u) = 0= b(u,B) + b(a,u) =0 = s[b(w,B) + b(a,u)] =0
Substitute b(a, ) to both side, we have

0 < b(a,p) <s[b(a,u)+b(u,B)] +b(a,B) <s[b(a,B) + b(a,n) + b(u,B)]..1

By the same way we get b(B,y) < s[b(B,y) + b(B,w) + b(uw,y)]...2

&b(y,a) <s[b(y,a) + b(y,un) + b(u,a)] ...3,

Then by a combination 1, 2 & 3 we have b(a, ) + b(8,y) + b(y, @) < s[(b(w,B) +

b(B,y) + b(y,w)) + (b(a,w) + b(w,y) + by, @) + (b(a, f) + b(B, )

+b(’LL, CZ)] = Dbl(al ﬁ' )/) = S[Dbl(uﬂ B; y) + Dbl(a' Uu, y) + Dbl(a' ﬂ'u)]

be the same way of (1) O
Remark 2. 4. The Dj,-metrics given in examples2 satisfy the following properties: For every a, £
¥, # in X, with the coefficient s > 1

Db4. Dy(a,B,B) < s[D(a,w,u)+ Dy(u,p,B)]
Dbs. Db(augug) = Db(a' a'ﬁ)
Dbé6. Db(af Bl B) SDb(auB'y)

Proposition 2. 5. If in a Dj-metric space(Y, D). The conditions (Dy4), (D,5) are satisfied
thenb(a, ) = Dy(a, B, B) ... (1), is b-metric space.
Proof.

i. Ifb(a,p)=0eDy(a,B,B) =0 a=p

ii. Trivial
iii. b(a, ) = Dp(a, B, B) < s[Dp(at,u, 1) + Dp(w, B, 8)] by (Dp4)
=s[b(a,u) + b(u,B)]. O

Theorem 2. 6. If in a D,-metric space (Y, D). The condition (D,4) holds then each of the
functions b: Y2 - R* defined by

1. b(a,B) = [D¥(a,B,B) + DI (a,a, )] /4 where 1 < q < oo

2. b(a!ﬁ) = maX{Db(a:,ﬁ,ﬁ),Db(a, a;ﬁ)} Va,ﬁ ey,
are b-metricon Y.

Proof. We prove (1) and similarity we prove the other

i. Since Dy(a,B,B) =0 &Dy(a,a,B) =0 then b(a,p) =0

ii. If b(a,B) =0,then [DF(a,B,B) + DP(a,a,B)] /» = 0 & Dy(a,B,B) = 0 & Dy(a,a, B) =
0 a=p

iii. Trivial
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iv. b(a,B) = [DF (e, B, ) + DI (e a, )] P < {(s[Dy(ct, 10,10) + Dy (. B, YD +
(s[Dy (@ @, ) + Dy (u, 1, B)I)PY /7 by (Dy4)

1
= s{D¥ (a,u,w) + DY (u,B,B)} /v + s{Df (a,a,u) + D} (u, u,ﬁ)}l/?? = s[b(a,u) + b(u, )]
Hence b is b-metric space on Y O
Definition 2. 7. Let (Y, D,) be a D,-metric space, then
i. A sequence {a,}in D,-metric space (Y, D,)is converge to a € Y if there exist a positive
integer mysuch that Dy, (o, @, @) < € V m,n = m,,.
ii. A sequence {a,}in Dy-metric space (Y, D,) is said to be Cauchy if for given € > 0, there
exists a positive integer mo such that D, (a,,, o, ;) < € ¥V m,n,1 = m,,.
iii. A Dy-metric space (Y, D) is said to be complete if every Cauchy sequence in Y converges
toapointainY.
iv. A Dy-metric space Y is said to be bounded if there exists a constant M > 0 such that
Dy(a,B,y) < M foralla,B,y €Y.
Theorem 2. 8. LetY be a complete and bounded D, —metric space and Tis self-map
on Y satisfying D, (T, TS, Ty) < Amax{Dy(a,B,v),Dp(B, TS, Ty)} ... (2)
Forall e, 5,y € Y,where 0 < A < 1. Then T has a unique fixed pointp inY.
Proof. Let a, € Yand define a,,,1 =T,
if a1 = a, for some n. Then T has a fixed point. Assume that a, ., # a, for each n. In (2),
settinga = ap_1,f = an,¥ = Anyp-1, P = 2, We have
Db (anr An+1) an+p) = Amax{Db (“n—l: an, an+p—1)' Db (an' An+1s an+p)} (3)' now if
max{Db (an-1, An, an+p—1)' D, (an' On+1s an+p)} = Dy (an, any1, an+p) . (4)
For some n, then from (2) we have
Db(anr An+1) an+p) = ADb (an' An+1 an+p) < Db (an' An+1 an+p) (5)
Which is a contradiction since D,, (an, Ansis an+p) > 0. Thus

max{Db (an_1,an, an+p_1),Db (an, Anstr an+p)} = Dp(an-1, n, Anyp-1) - (6), for all n. Therefore,
we have D), (an, Ant1) an+p) < ADp(@p_1, U, Apyp—1) - (7)

And so Dy (ay, @y, dpyp) <A™ (Db (a0, ay, ap)) vn,Vp =2 ...(8)

Let M,=D,, (ao, aq, ap) then it follows from (8) that

Db(an, At an+p) < A"M, ...(9)
Using condition (D, 3 ) from definition and (9)

Db (an' On+ps an+p+t) <

S[Db (an+1: Ontp an+p+t) + Db (an» On+1, an+p+t) + Db (an' On+p) an+1)] =< SAnMp + SAnMp+t +
SDb (an+1J an+pJ an+p+t) =

S/lnMp + S/lnMp+t + SZ[Db (an+2' Ontp, an+p+t) + Db (an' Ont2, an+p+t) + Db (an' Ontp an+2)] <
SAM, + SA "My + S2AMy, + S2AMyy 4 + 52Dy (@ntz, Anap Tnapie) < o < (M + My ) (sA™ +
SEAML e SPTAPTY) 4 Dy (g1, @ty Anapre) < SAML+ sA+ (sD)? + - 1(M,, +

2sA™
Mp+t) = 1—s1 (Mp + Mp+t)
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As € [O, %) and s > 1, it follow the above inequality that lim,,_,,, D, (an, Antp) an+p+t) =0,

there for, {a,,} is Cauchy sequence in Y. Since Y is complete, {a,} convergent call the limit
point p. From (2) we shall show that p is fixed point of T. For any n € N, we have

Db (an' Tn+1 Tp) < Amax{Db (an—li an, p); Db (ani Xn+1, Tp)}

Taking the limit as n — oo, then D, (p, p, Tp) < 0 which implies that p = Tp, To prove uniqueness,
assume that w # p is also a fixed point of T. From (2),

Dy (p,w,p) = Dp(Tp, Tw, Tp) < A max{Dy(p,w,p),Dpy(W,w,p)} = ADp(w,w,p) ... (10),

But D, (w,w,p) = D,(w,p,w) = D, (Tw,Tp, Tw) < Amax{D,(w,p,w),Dy(p,Tp,Tw) } =
A max{Db (W, p, W), Db(p' p, W)} = ADb (p: p, W) (11)

Combining (10) and (11) yields D, (p, w,p) < A% D,(p,w, p), a contradiction. Therefore p = w.
3. General partial b-metric spaces
We begin with a new following definition

Definition 3.1. A non-empty setY is said to be general partial b-metric space if there exists a
function Dy,,: Y3 — [0, ) called D,,,, —metric on Y, satisfy the following condition:

pr] pr(ar a, CZ) = pr(d,ﬁ,]/) = pr(ﬁ'ﬁ'ﬁ) = pr()/;y;)/) Sa= ﬂ =Y
Dpb2. Dpp(a, a, ) < Dy (a, B,y)
pr3 pr(a' :81 V) = pr(a' Y, :B) = pr(ﬁ' a, Y) = pr( ﬁ' Y, Cl) = e (Symmetry)
pr4 pr(a ,IB, V) < S[pr(.u' ﬁ' V) + pr(a' W, )/) + pr(a' B' .u)] - pr(lu' U, ,Ll)
Va,B,yand u €Y, the numbers = 1is called the coefficient of (Y, Dpp,).
Remark 3. 2. In a general partial »-metric space(Y, Dpp),

i Ifa,B,y € Yand Dyp(a,B,y) =0, then a= f=, but the converse may not be true.

ii. Every D-metric space is a general partial b-metric space with the coefficient s = 1 and
zero self-distance.

iii. Every D,-metric space is general partial b-metric space with zero self-distance.

Example 3. 3. Let Y = [0,), p > 1a constant and define a function Dy, on Y3
by Dpp(a, B,v) = [max{a,B,y}]? + |a — B|? + |8 —y|? + |y — a|?], then D, is general partial
b-metric space on Y. With coefficient s = 2971

Proof.

i. Since [max{a,B,v}]9+ |la =BT+ | —yI|T+ |y — al|? = [max{a,a,a}]? + |a — a|? +
la —al|?+ |a — al? = [max{B,B, B3+ |B - BT+ |16 —-BI"+ |8 —Bl7 =
[max {y,yv,v}]9+ly—vIT+ly—vyl?+ly—vy|? if and only if a = g =y then
pr(a,ﬁ,y) = pr(a,a,a) = pr(:BuBhB) = pr(y'y')/) ifandonlyif a = :B =Y

ii. Dpp(a,a,a)=[max{e,a,a}]?+|a—al!+|a—al?+|a—al!=a? < max{a,B,y}+

la =B+ 1B —v|? + |y — al? = Dpp(a. B, ¥)
iii. Trivial
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iv. Clearly [max{a, B,y}]? < [max{w,B,y}]? + [max{a, u«,y}]? + [max{a, B, u}]? —
[max{u, u,u}]?... 1
And by the convexity of the function f (@) = @ 9(a¢ > 0) implies that (a + b)? <
2971(a% 4+ b?),leta = |a — u|, b = |u — B| then we get
0<(la—ul+lu—-BNT<29 (la —ul?+|u—pB|) =0 <297 (la —ul? + |u— p|7)
by substitute |a — B|? to both side, we get |a— |7 <29 (Ja —u|? + |lu—B|9) +
la — 17 <297 (la = BIT + la —ul? + |u — B|7)
By the same way we get
IB=yI? <297 =y + 1B —ul+u—-y|D&Ily —al? <27y —al? + |y —ul? +
jw—al?),  then  la—BIT+IB |7+ |y —al? < 297 (Ja— B+ |a—ul? +
lu=BID+UAB —vIT+ 1 —ulf+|u—y|D+(y—al?+ |y —ul? + |u—ul?)..2
From 1&2 we get
[max{a, 8,317 + la — B19+ B —yI? + Iy — al? < 297 [{(max{w, B,yD? + |u - Bl +
1B =717+ ly —u|®} + {(max{a, w0,y D + la —w|? + |u—y|T + |y —al} +
{(max{a, B, u})? + |a — BI7 + | — wl|? + |u — a|?}] — (max{u, u, u})? =
S[pr(/u,, ,8, )/) + pr (a, U, V) + pr (a, ﬁ) /I/L)] - pr (’M" Uu, ’M’)

Definition 3. 4. Let (Y, D,,;,) be a general partial b-metric space, then

i. Fore >0 and a €Y the open-ball with center a and radius € is Bpr(a, e)={B €
Y| Dpp(a,B,B) <Dpp(a,a,a) + €}

ii. A sequence {ap} in (Y,D,p) is said to be converge to a point a €Y if
limy m S o0 Dpp (0, 0, @) = Dy (00, @, )

iii. A sequence {a,}in (Y,Dy) is said to be Cauchy sequence iflimy |0 Dpp (0, 0, ;)
exists (finite)

iv. A general partial b-metric space (Y, Dp),) is said to be complete if every Cauchy sequence
is converge to a pointa in Y.

v. A mappingF:(Y,D,,) = (Y',Dy,")is said to be continuous at a if for each open ball

Bp,,(F(a),€') in (Y',D,,) there exists a ball Bpyy(a,€) in (Y,D,,) such that

F(Bp,,(a,) € Bp,,(F(a), €.
4. Relation between D ,-metric space, pb-metric space and D,,;,-metric space

Theorem 4. 1. Let (Y, D,;,) be a general partial b-metric space, then the functionle;q: Y3 > [0,)
given by Dj(a,B,y)=Dp(a,a,B) + Dpp(a,a,y) + Dpp(B,B,a) + Dpp(B,B.7) +
pr(y,y,a) +pr()/,)/,,8)—ZDPD(C{,C!,C!)—Zpr(ﬁ,ﬁ,,B)— 2pr(V'YJV)' (12)

is D, -metric space on Y, with coefficient s > 1

Proof.

i. Since Dyp(a, a,B)- Dpp(a, a, @) 20, Dpp(a,a,y)- Dpp(a,a,a) =20,
pr(ﬁ,ﬁ,a)— pr(ﬁ:ﬁ 'ﬁ) = O'pr(ﬁ'ﬁ ')/)_ pr(ﬁ'ﬁ :ﬁ) =
0,Dpp(¥,¥, @)= Dpp(¥,¥,¥) 2 0 and Dy, (v, v, B)- Dpp (¥ ,v,¥) 2 0, soDJ(a,B,y) =
0.
ii. If DJ(a,B,y)= 0then
pr(a,a,ﬁ) + pr(a,a,y) + pr(ﬁ' B' CZ) + pr(ﬁ'ﬁl)/) + pr(]/,)/,O()
+ pr(}/,}/ B)_ Zpr(a'a'a)_ Zpr(ﬁ'ﬁ'ﬁ)_ Zpr()/,]/ )/) =0
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Take Dy, (a,a, ) + Dpp(a,a,y) — 2Dpp(a,a,a) =0 = 2D,p(a,a,a) = Dy (a,a, ) +
pr(a, A, Y) een e e 1,
Dyp(a,a,y) + Dpp(B,B,a) — 2Dpp(a, @, ) = 0= 2Dy, (a, a,a) = Dpp( @, a,y) +
Dpp (B, By @) et e 2,
From 1&2 we get Dy, (a, a,B) + Dpp( @, @,v) = Dpp( @, @, v) + Dpp (B, B, )
then D,p(a, @, B) = Dpp (B, B, @) ... 3
Since Dy (a, a, @) = Dpp(a, a, B) + Dpp(a, B, B) = Dpp(a, @, B) + Dpp(a, a, B) =
2Dyp(a, a, B), Dpp(a, @, @) = Dpp(a,a, ) ... 4
Now, take pr(ﬁ:ﬁ»y) + pr(ﬁfﬁr a) - Zpr(ﬁrﬁ'ﬁ) =0= Zpr(ﬁ’ﬁ'ﬁ) =
Dyo(B,B.¥) + Dpp( . B,@) .5
D@ ) + Dy (BL.1) =20 (B.B.) =0 = 200 (B.5.6) = D) +
Dys (BB 1) .-
Fr0m5&6wegetpr(,8 ﬁ CZ)-l-pr(ﬁ [)) V) - pb(a a, ﬁ) +pr(ﬂ ,8 V)
then Dy, (B, B, @) = Dy (@, ) ..7
Since 2pr(ﬁ’ Br B) = pr(ﬁ' B' a) + pr(d, a, ﬁ) = pr(d, a, ﬂ) + pr(a;
0(,,8) = Zpr(Ol, (l,ﬁ = pr(.B'.BMB) = pr(a,a,ﬁ) .. 8
From 4&8 we getD,,(a,a,a) = Dpp(a, @, B) = Dp,(B,B,B), so by definition a =
B..9
and take Dy, (v, v, @) + Dpp (v, ¥, B) = ZDpp (v, ¥,¥) = 0 = 2Dy (v, v, V) = Dpp (v, v, @) +
Dpp(v,v, B)if B =
Then 2Dp,(v,v,v) = Dpp (v, 7,
a) +Dpp(v,v,a) = 2Dpp (v, v, @) = Dpp(v,v,¥) = Dpp(v,v, @) ... 10
and Dy,(a,a,f) + Dpp(a,y,y¥) —2Dpp(a,a,a) =0= 2D p(a,a,a) = Dyp(a,a, ) +
pr(a,y,]/)if B =
then 2D, (a,a,a) = Dpp(a, @, a) + Dpp(a,y,v) = Dpp(a,a,a) = Dpp(a,y,y) ... 11
From 10&11 we getD,,(v,v,v) = Dpp (v, v, @) = Dpp(a, @, ),
so by definition a =y ...12
Then by 9&12we geta = [ =.
iii. Trivial
iv. by definition since
0< Dpp(pt,1t,B8) + Dpp(u,pt,7) — 2Dpp(u, b, 1) < S[Dpp (e, 11, B) + Dpp (e, 0, 7)) —
2Dpp (1, 1, 1)

0 < Dp,(B, B, 1) + Dpp(B, B, 1)~ 2Dy, (B, B, B) <

S[Dpy (B, B, 1) + Dy (B, B, 1)]- 2D (B, B, B)

0 <Dpp (v, ¥, 1) + Dpp (v, ¥, 1) — 2D (v, ¥, ¥) < S[Dpp (v, ¥, 1) + Dpp (v, v, )] —
2Dy (v, v, Y)

0 < Dpp(a, a, ) + Dpp(a, a, )- 2Dy (a, @, @) <
S[pr (af, a, Au) + pr (al a, ‘Ll)]_ Zpr (al a, a)

0 < Dpp(pt, i, @) + Dpp(u, b, ¥)=2Dpp (e, g, ) <
S[Dpp (1, @) + Dpp(u, 1, ¥)1= 2D (1, 1, 1)
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0<Dpp(u,pt,a)+ Dpp(pt, i, B) = 2Dpp(pt,p, 1) < S[Dpp(u,pt,a) + Dpp(pt, i,

ﬁ)]_ 2pr(” iy ,U)
When combined, it is more than and equal to zero and when adding these values

Dpp(a,a,B), Dpp(a,a,y), Dpp (B, B, ), Dpp(B,B,¥), Dpp (v v, ), Dpp (v , v, B),

—2Dpp(a,a,a),—=2Dy, (B, B, ), —2Dy, (v, ,¥) to two parties, we get

pr(a,a,ﬁ) + pr(a,a,y) +pr(ﬁ'ﬁ'a) +pr(ﬁrﬁ'y) + pr(y,y,a) +

pr()’!]/'ﬁ)_ 2pr(a,a,a) - 2pr(ﬁ'ﬁ 'ﬁ)_ Zpr(V,)/,)/) < S[pr(a'a'ﬁ) +

Dpp(a,a,y) +Dypp(B,B,a) + Dpp(B,B,¥) + Dpu(v,v, @) + Dpp (v, v, B) +

Dpp(u,p, B) + Dpp (11, ¥) + Dpp (B, B, 1) + Dpp (B, B, 1) + Dpp (v, v, 1) +

Dpp (v v 1) + Dpp(a,a, 1) + Dypp(a, a, ) + Dpp(u, pt, @) + Dy (p, 11, 7) +

pr(ﬂ)ﬂ'a) + pr(,u,u,ﬁ)]—Zpr(a,a,a)— Zpr(ﬁrﬁ'ﬁ) -

2Dpp (v, ¥, ¥)= 2Dpp (1 1, 1) —

2Dpp (B, B, B) = 2Dpp (v, v, V) = 2Dpp( @, @, ) = 2Dpp (i, 1, 1) = 2Dpp (1, 1, 1) =

S[Dpp (1, B) + Dpp(t, 1, ¥) + Dpp (B, B, 1) + Dy (B, B, ¥) + Dpu (v, v, 1) +

Dpp (v, v, B)] = 2Dpp(u, 1, )= 2Dpp (B, B, B)= 2Dpp (v ,v,¥) + s[Dpp( @, a, ) +

Dpp(a,a,y) + Dpp(p, i, @) + Dpp(u, 0, ¥) + Dpp(y v, a) +

Dpp (v, v, )] = 2Dpp(x, &t &) = 2Dpp (1, pt, 1) = 2Dpp (v, v ,¥) + S[Dpp( @, a, B) +

pr(a;a;ﬂ) + pr(ﬁ)ﬁ:“)"' pr(ﬁlﬁ )+ pr(u,u,a)+

pr(ﬂ)ﬂ'ﬁ)] —Zpr((l,(l,(l) - 2pr(.8 'ﬁrﬁ)_Zpr(:uuurﬂ)) = le’(a,ﬁ,y) <

s[Dy (., B,v) +D)(a,uy) +DJ(a,B, 1] O
Corollary 4. 2. Let (Y,D,;,) be a general partial b-metric space, the function D]:Y? — [0,)
given by

Dl?(arﬁry) = pr(augr)/) + pr(a' C(,ﬁ) + pr(d, a')/) + pr(ﬁ'ﬁ' 0{) + pr(ﬁ'ﬁ'y) +
Dpp (v, 7, @) + Dpp (v, v, B) — 2Dpp (@, @, @) — 2Dy, (B, B, B) — 3Dpp (v, v, V) (13)

is D, —metric space.

Proof. same way of theorem (4.1)
Lemma 4. 3. Let (Y, D) be a general partial b-metric space if {Dpp, (&t , @ , @)} = @ asm —

oo and {Di,q(an, am,a;)}is a Cauchy sequence ,then D, (ay, @m, ;) = « asn,m,l — oo where
g " .

D, define in corollary (4. 2).

Proof. Since D,,(ay, , @, @) = @ as m — oo then from every € > Othere existny € N such that

|pr((xm,am,am)—a| <§ Vvm > ngand D) (ay, dm, ;) < § vn,ml > n,

€

2 > Di,g (an' Am, al) = pr (an' Am, al) + pr (an' an, am) + pr (an' an, al) + pr (am; Am, an) +
pr (am; A, al) +

pr (al» ap, an)+ pr (ab a, am)_ 2pr (an' Ly an)_ 2pr (am' Im, am)_ 3pr (alr ap, al)-

€
= pr (an' A, al) - pr (amr ey am) < >
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So that |D,p (0, am, @) — a| = |Dpp(0ty, tm, 01) = Dyp (o, Gy &) + Dy (G, Oy, ) — @ <
|pr(ocn, O, 01) — Dpp (O, Oy, ocm)| + |pr(ocm,ocm, ay) — oc| < g + g < €
Hence D,p(apn, am, @) = a asn,m,l — o
Theorem 4. 4. Let (Y, D,,;,) be a general partial b-metric space, then
i. A sequence {a,}is a Cauchy sequence in general partial b-metric space (Y, D,;) if and
only if {@,} is a Cauchy sequence in (Y, Dbg).
ii. A general partial metric space (Y, D,,;) is complete if and if (Y, le’) is complete.
Where D,f define in corollary (4.2)

Proof . i. First we must prove that each Cauchy sequence in (Y, D,,;) is Cauchy in (Y, Dl‘)g).
Then, there exist @ € R such that, Ve > 0 there is n, € N with

€
|Dpb (0, i, 1) — | < — Vn,m,1>no. Hence,

|D£ (anr Um» O(l)| = |pr (“n: A, al) + pr (“n' An, am) + pr (an' Uy al) + pr (am: X an) +
pr(amr Ay @) + pr(al' ag, an) + Dyp (ay, ap, a) — 2Dpp (an, an, ay) — 2Dy (@m, Oy ) —
3Dy (ay, ay, al)| < |pr(an, Ay, A1) — a| + |pr(an, Ay, Ay) — a| + |pr(cxn, ap, a;) — a| +
|pr(amr m, an) - 0{| + |pr(amf Am, al) - dl + |pr(al' ag, an) - CZ| + |pr(al'al'am) - al -
2|Dyp (an, o, ) — @ | = 2|Dpp (@, am, ) — a| = 3|Dpp(ay, ay, o)) — i <eVnm,l>no

Hence {@,} is a Cauchy sequence in (Y, D})).
Conversely, now we must prove {a,} is Cauchy sequence in (Y, D)

Since {a,} is Cauchy sequence in (Y, Dl‘?) so Ve > 0,3ny € N such that

€
D) (an, am, al) < 3 vn,m,l > n,

>Di;g (an: Om, al)

pr (an: ey al) + pr (an: an, am) + pr (an' an, al) + pr (amr Y an)
+ pr (am: Om, 0(1) + pr (al' ap, an)

+ pr (al' ay, am) - 2pr (an» an, an) - 2pr (am' A, am) - 3pr (al' a, al)
=

2

€
pr(an’ ey al) - pr (an» an, an) < Di;g (an' ey al) < E

By compensation Dy, (ay, an, @) to two parties, we have
pr(anr Om, al) =< Di? (an: Om, 0(1) + pr (an: Ly an) < g + pr (an' 2y an)
And since Dy (@, O, @) < Dpp(ap, @, ;) SO

€
pr(amr Im, am) < pr (an: Am, al) < Di;g (an' Om, al) + pr (an' An, an) < E + pr (anr Un, an)
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€
= Dpp (@, Aoy A) SE+pr(an,an,an) vn,m > n0

Let a, = Dpp(an, an, an) € Rsuchthat | a - a,| < g

~{ an} is Cauchy sequence, = { @y} = a, Dpp(Qp, Ay, @) > @ € R
Then by lemma (16), D,p (@, @, @) is Cauchy sequence in (Y, Dpp).
ii.

If {a, } is Cauchy sequence in (Y, D,;,) then it is Cauchy sequence in (Y, Df) and since Dy,-metric
(Y, D[f’) is complete then there exists « € Y such that

limy, m —e0 Dy (0, @y, @) = 0, hence

[pr(an' A, O‘) + pr (an' Uy, am) + pr (an' Uy, O() + pr (am' U, an) + pr (am: U, O()

lim, moe + Dpp(o, &, 0) + Dpp (0, a0, oty) = 2Dpp (0, iy, )

= 2Dy (O, O, Q) = 3Dpp(a, 0, )] = 0
There for limy, y;, 00 [Dpp (0, O, @) = Dpp(, 0, )] = 0
=limp moe Dpp (A, 0y, @) = Dyp(a, a, o) hence (Y, Dy, ) is converge
Thus (Y, Dyp) is complete.

Conversely, let {a,}be a Cauchy sequence in (Y, D;) then {a,}is Cauchy sequence in (Y, Dyp)
and so it is convergent to appoint a € Y with limy, ;e Dpp (@, @, @) = Dpp (@, @, @) Vn,m

Then, for given e > 0 there exists my € N such that Dy, (@, @, @) — Dpp(a, @, @) < % and by
condition (D,2) since Dypp(ay, ay, @) < Dpp(ay, @m, @) = Dy (ay, an, @) — Dpp(a, @, @,) <
Dyp(@n, @, @) — Dy (@, @, @) < i by the same way we get

€ €
Dpp () @y @) — Dpp (@, @, @) < v Dpp(an, a,a) — Dpp(a, @, @) < o

€ €

Dyp(am, a, @) — Dpp(a, @, ) < o Dyp @y, ap, an) — Dpp(a, @, @) < o , Dyp(an, ay, o) —
€ € €

pr ((X, a, a) =< 11’ pr(am' Om, am) - pr (a: a, 0{) < 11’ pr (am' Om, am) - pr (a: a, 0() = 117

there for

|Di;g (an' A, Cl)l = |pr (an' Am, a) + pr (an» Ay, am) + pr (an' an, 0() + pr (am; A, an) +

pr(am, A, @) + pr(a,a,an) +
Dyp(a,a,ap) = 2Dy (ap, @y, @y) = 2Dpp (Q, Qn, ) = 3pr(a,a,a)| < |pr(0(n, Ay A) —
Dyp(a, a, a)| + |pr(an, A, Am) — Dpp (@, @, a)| + |pr(an, apn, @) — Dpp(a, a, a)| +
|pr(am, Ay, Oy) — Dyp(a, a, a:)| + |pr(a'm, A, A) — Dyp(a, a, a)| + |pr(a, a,ay) —
Dyp(a, a, a)| + |pr(a, a, Ay) — pr(irl, Q, a)| + 2|pr(a, a,a) — Dpp(an, ay, an)| +

€

2|pr(a, a,a) — Dpp (o, O, am)| < T <e=> Df(an, Ay, @) < €
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Hence D,f (an, am, @) is converge, thus (Y, Dl‘,g) is complete. O

Proposition 4. 5. If {a,} is Cauchy sequence in (Y, le’) then limy, 1, Lo Dpp (A, 0y, Oy)
=limy,_, Dpp (0, 0, 0)in (Y, Dpypy)

Proof. Since {a,} is Cauchy sequence in (Y, le’) then limy, 1500 Dl;q (0, O, y) = 0

and Dl;q(ocn , Om, &1) = Dpp(0tn, an, Qm) + Dpp (Gn, 0n, 01) + Dpp (Om, Om, &n) + Dppy (0tm, 0tm, a1) +
Dy, (au, a1, an) + Dpp, (01, a1, 0tm) = Dpp (Gn, On, @n) = 2Dpp (0m, Om, Qm) = 2Dpp (1, @1, Q1).

and Dy, (tn, 0tn, am)+ Dy (0, 0tn, 0tn)< D} (0tn, ctm, 1) then
limy, m o0 Dpp (Qn, Qn, @m) = Dy (0tn, On, 0n) = 0 ...1, similarity
limy m 0 Dpp (Gn, 0n, 0m) = Dy (Om, Om ,am) = 0 ...2

Since Dpp (0m , 0m , 0m) = Dy (0, Gn , 0n)= Dpp (Qm, Om, &m)+ Dpp (Cn, &, Om)- Dy (Qn, On, Om)-
Dypp, (an, an, an) then limy e [Dpp (Qm, Qm, Qm)- Dpp (A, an, 0n) [=1imMy 100 [Dpp (Om, Om, Om)-
Dy (tn, 0tn, 0m) [4+1imy, 1,00 [Dpp (n, Qn, @m)- Dy, (tn, 0tn, 6tn)] —0

So that limy, ;00 [Dpp (Otm, 0tm, &m) - Dppp (G, 0tn, an)] —0

Let on = Dpp, (0tn, 0tn, Qn)

~| Om - an| = 0 as n, m—oo

Hence {an} is a Cauchy sequence in R, there for {D,;, (an, an, an)} converge to a.

AISO, llmn_)oo pr (an , On , am) =limn’m_)oo [pr (an , On , am) + pr (an , On , an) - pr (an , On ,

an)]

Then [pr ((Xn, Oln, (Xm) 'pr (an, Oln, O(n)]—>0 SO limn’m_,oonb (an, Olm, O(m)=0(
Thus limy m— 00 Dpp (A, 0tn, Om) = limy_, 0 Dy, (A, 0tn, ).

Theorem 4. 6.1f (Y, pb) is partial b-metric space then

Dpp(a,B,v) = pb(a,B) + pb(a,y) + pb(B,y) - pb(a,a)- pb(B,B)- pb(y,y)

is general partial b-metric space. (13)

i. Since pb(a,B) - pb(a,a) 20, pb(a,y)- pb(y,y) 20,pb(B,y)- pb(B,) =0
then D, (a,B,y) =0

ii. LetDyp(a,B,y) = Dpp(a,a,a) = Dpp(B,B,B) = Dpp(¥,v,v)
since Dpp(a,a,a) = Dpp(B,B, B) = Dpp(v,v,¥) = 0= Dpp(a,B,y) =0=
pb(a,B) + pb(B,y) + pb(a,y) - pb(a,a) - pb(B,B) - pb(y,y) = 0=
pb(a,B)- pb(a,a) = 0= pb(a,B)= pb(a,a)..1,
= pb(a,y)- pb(y,y) =0= pb(a,y) = pb(y,y) .2,
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and pb(B,y) - pb(B,B) =0 = pb(B,y) = pb(B, B)..3.
From 1 pb(a, a) = pb(a, B)
and by definition pb(a, a) = pb(a,B) <s[pb(a,y) + pb(y, f)] — pb(y,v)
Since pb(a,y) = pb(y,v) &pb(B,y) = pb(B,B) we get pb(a,a) = pb(B,B)
From2 pb(B, B) = pb(B,v)
and by definition pb(B,B) = pb(B,y) < s[pb(f,a) + pb(a,y)] — pb(a, @)
by 1&2 we get pb(B,8) = pb(y,vy), From 3 pb(y,y) = pb(a,y)
and by definition pb(y,y) = pb(a,y) < s[pb(a,B) + pb(B,y)] — pb(B,B)
by 1&3 we get pb(y,y) = pb(a, a)
Hence pb(a,a) = pb(B, B) = pb(y,v)
Thus pb(a,a) = pb(a,B) = pb(B,B) by definition a = f,and pb(B,B) =
pb(B,y) = pb(y,y) By definition B =y thenwe get a = B =Y.
iii. Trivial
iv. Since 0 <pb(u,y)- pb(y,v) <spb(u,y)- pb(y,y) ,0 <pb(u,B)- pb(u,u) <
spb(u,B)- pb(p,1),0 <pb(a,pw)- pb(a,a) < spb(a,u)- pb(a,a),0 <
pb(u,y)- pb(p,p) < spb(u,y)- pb(u,p),0 <pb(B,uw)- pb(B.B) <
spb(B,w)- pb(B,B),0 <pb(a,uw) - pb(u,u) <spb(a,u)- pb(u,u)
When combined, it is more than and equal to zero and when adding these values
pb(arﬁ)r pb(ﬁ,]/),pb(a,]/),— pb(d,d),—pb(ﬁ 'ﬁ)'_ pb(y,y)to both Said' we get
bp(a,B) +pb(B,y) +pb(a,y)-pb(a,a)-pb(B,B)-pb(y,y)
< slpb(a,p) + pb(B,y) + pb(a,y) + pb(p,y) + pb(a,w) +pb(B, 1)
+ pb(p,B) + pb(a, ) + pb(p,¥)]-pb(u, W)-pb(p, 1)-
pb(p,1)-pb(a,a)-pb(B,B)-pb(y,y) —pb(a,a)-pb(y,y) -pb(B,B).
= Dpp(a, B,7)
< {slpb(u,B) + pb(,y) +pb(y,B)]-pb(1,1)-pb(B, B)-pb(y,v)}
+ {slpb(a,w) + pb(a,y) + pb(p,¥)]-pb(a,a) — pb(u, w)-pb(y,v)}
+{s [pb(a,B) + pb(a,u) + pb(B,1)]-pb(a,a)-pb(B,B)-pb(u, 1)}
Dpp(a,B,v) < s[Dpp(u,B,v) + Dpp(a,u,y) + Dpp(a, B )] - Dpp(p, ) O
Proposition 4. 7. Let (Y, D) be a general partial b-metric space and

Dpp(a,B,B) <s[Dpp(a@,y,¥) + Dpp(¥,B,B)] = Dpr(v,v,7¥) (14)

holds then the function pb: Y? - [0,) which is define by pb(a, ) = Dyp(,pB,pB)isa partial
b-metricon Y.

Proof.

i. Sincepb(a,p) = pb(a,a) = pb(B,B) & Dypy(a, B, B) =Dpp(
a) =Dpp(B,B.B) & a= B.
ii. Since Dpp(a,a,a) < Dp,(a,B,B)then pb(a,a) < pb(a,B) ¥V a, BEY
iii. Trivial
iv. pb(a,B) = Dypp(a,f,B) <[ Dpp(a,¥,¥) + Dpp (v, B, B)1- Doy (v, ) from(14)

= s[pb(a,y) + pb(y,B)] — pb(v,7). O
5. Conclusion
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The key messages of this study are the following: define a new two concept of metric space
generalization namely D;, —metric and general partial b-metric.

REFERENCES

[1] BAKHTIN, IA0748. The contraction mapping principle in quasimetric spaces. Func. An.,
Gos. Ped. Inst. Unianowsk, 1989, 30: 26-37.

[2] CZERWIK, Stefan. Contraction mappings in $ b $-metric spaces. Acta mathematica et
informatica universitatis ostraviensis, 1993, 1.1: 5-11.

[3] ALQAHTANI, Badr; FULGA, Andreea; KARAPINAR, Erdal. Non-unique fixed point results in
extended b-metric space. Mathematics, 2018, 6.5: 68.

[4] CHIFU, Cristian, et al. FIXED POINTS FOR MULTIVALUED CONTRACTIONS IN $ b $-
METRIC SPACES WITH APPLICATIONS TO FRACTALS. Taiwanese Journal of Mathematics,
2014, 18.5: 1365-1375.

[5] KUMARI, Sudesh, et al. Multi fractals of generalized multivalued iterated function systems
in b-metric spaces with applications. Mathematics, 2019, 7.10: 967.

[6] Dhage, B. C. Generalized metric spaces and topological structure. I, Analele Atintifice ale
Universitatii Al I. Cuza din lasi. Serie Noua Mathematica. 2000, 46,3, 24.

[7] FORA, Ali Ahmad Ali; MASSA'DEH, Mourad Oqla; BATAINEH, Mohammad Saleh. A New
Structure and Contribution in D-metric Spaces. Journal of Advances in Mathematics and
Computer Science, 2017, 1-9.

[8] Ramabhadrasarma, I.; Sambaslvarao, S. ON D-METRIC SPACES, Journal of Global Research
in Mathematical Archives. 2013, 1,12.

[9] RHOADES, B. E. A fixed point theorem for generalized metric spaces. /nternational Journal
of Mathematics and Mathematical Sciences, 1996, 19.3: 457-460.

[10] SHUKLA, Satish. Partial b-metric spaces and fixed point theorems. Mediterranean
Journal of Mathematics, 2014, 11.2: 703-711.

[11] AMEER, Eskandar, et al. Hybrid multivalued type contraction mappings in aK-complete
partial b-metric spaces and applications. Symmetry, 2019, 11.1: 86.

[2] VAN DUNG, Nguyen; LE HANG, Vo Thi. Remarks on partial b-metric spaces and fixed point
theorems. Matematicki Vesnik, 2017, 69.4: 231-240.

[13] MUSTAFA, Zead, et al. Some common fixed point results in ordered partial b-metric
spaces. Journal of Inequalities and Applications, 2013, 2013.1: 562.



