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ARTICLEINFO ABSTRACT

In this paper R stand for commutative ring with identity ,and E is a unitary left R-module. The
concept of weakly quasi-2-Absorbing submodule has been generalized in this research to a Wpq-2-
Absorbing submodules ,where a paper submodule H of an R-module E is a Wpqg-2-Absorbiming if
OabcyeH ,for a,b,ceR, yeE , implies that either abyeH+Soc(E) or acyeH+Soc(E) or beyeH+Soc(E)
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1. Introduction

The concept of weakly quasi-2-Absorbing submodules was first introduced and studied by Darani and Soheihnia in 2011 ,where a
proper submodule H of an R-module E is called weakly quasi-2-Absorbing if O#rsteeH ,for r,s,teR, implies that either rseeH or rteeH or
steeH [5].Recontly many generalization of weakly quasi-2-Absorbing submodules are introduced see [9,6].In this research we introduced
a new generalization of weakly quasi-2-Absorbing submodule which we called it Wpq-2-Absorbing submodule where a proper
submodule H of an R-module E is called a Wpq-2-Absorbing if O#rste € H for r,s,teR ,eeE implies that either rse e H+Soc(E) or rte €
H+Soc(E) or steeH+Soc(E) .Soc(E) is the socal of an R-module E defined to the intersection of all essential submodule of E [4]. And a
non-zero submodule A of E is an essential if A N B # (0) for all non-zero submodule B of E[4].1t is clear that Soc(Z)=(0). If His a
submodule of E and J is an ideal of R , then [H:gJ] is a submodule of E containing H, and [H:gR] =H and [[:zxR]=I [4].Recall that an R-
module E is a multiplication if every submodule H of E is of the form H=JE for some ideal J of R .In particular H=[H:zE]E [2] .If H,B
are submodule of a multiplication module E then B=J,E ,H=J,E ,for some ideals J;,J, of R the product BH=J,J,E=J];H. In particular
BE=J,EE=J,E =B and for any yeE B=J,y[3] .Recall that an R-module E is called a Z-regular if for any yeE ,there exists feHom(E,R) such
that y=f(y)y[10]. Recall that an R-module E is a non-singular if Z(E)=(0) where Z(E)={xeE : xI=(0) for some essential I of R}[4]. Recall
that an R-module E is cancellation if IE=JE for any ideals I,J of R ,implies that I=J [1].
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Main result :

In this section we introduce the definition of Wpqg-2-Absorbing submodules and
established same basic properties of this concept

Definition 2.1 A proper submodule H of an R-module E is said to be a weak pseudo quasi-2-
Apsorbing (Breviely Wpg-2-Absorbing )submodule of E if O#abcy €H for a,b,ceR ,yeE
,implies that either abyeH+Soc(E) or acyeH+Soc(E) or bcyeH+Soc(E) .

And an ideal J of a ring R is called a Wpg-2-Absorbing ideal of R , if J is a Wpq-2-
Absorbing R-submodule of an R-module R .

There are several examples , some of which we will mention .

(1).In the Z-module Z,4 the only essential submodules are < 2>,<4>and Zy4 itself. Thus
S0c(Z24)=< 2 > N< 4 > NZy=< 4> .

(2). It is clear that every weakly quasi-2-Absorbing submodule H of an R-module E is a
Wpq-2-Absorbing but not conversely .

The following example explain that . In the Z-module Z,4, and the submodule < 12 >
={0,12} , is a Wpqg-2-Absorbing but not weakly quasi-2-Absorbing .Since Soc(Z4)=< 4 >
,and if 0+ abcy € < 12 > fora,b,c € Z,y €Z,,; implies that either aby €< 12 >
+S0c(Z2)=< 12 > +< 4 >=< 4 >oracy €< 12 > +Soc(Zy)=< 12 > +< 4 >=< 4 >
orbcy €< 12 > +Soc(Zy)=< 12 > +< 4 >=< 4 > .

That is 0+ 2.3.2.1 €< 12 >,for 2,3,2 € Z,1 €Z,4 , implies that 2.2.1 €< 12 >
+S0c(Zy4)=< 4 >. But if 0#£2.3.2.1e<12> ,but 2.2.1=4¢ < 12 > and 2.3.1=6¢< 12 > and
32.1=6¢< 12 > .

(3).If H is a Wpg-2-Absorbing submodule of an R-module E ,then [H:grE] not necessary
Wpqg-2-Absorbing ideal of R .

The following example show that :

The submodule < 12 > of the Z-module Z,4 is a Wpg-2-Absorbing by (2) , but [< 12 >:;
Z4]=12Z is not Wpq-2-Absorbing ideal of Z-module Z ,because 0£3.2.2.1¢[< 12 >:;
Z5,]=127 for 1,2,3¢Z but 3.2.1=6¢ 12Z+Soc(Z) and 2.2.1=4¢12Z+Soc(Z).

(4).If H,K are Wpqg-2-Absorbing submodule of E then HN K need not to be Wpg-2-
Absorbing submodule of E .For example it is clear that the submodules <3>,<4> of the Z-
module Z are Wpq-2-Absorbing (because they are weakly quasi -2-Absorbing ),but
<3>N<4>=<12> are not Wpq-2-Absorbing submodule since 2.3.2.1e<12> ,for 2,3,1€Z but
2.3.1=6¢<12>+ Soc(Z) and 2.2.1=4¢<12>+Soc(Z) and 3.2.1=6 <12>+Soc(Z)
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The first result of this section characterization of Wpq-2-Absorbing submodule .

Proposition 2.2 A proper submodule H of an R-module E is a Wpg-2-Absorbing submodule
E , if and only if ,[H:g abc]< [0:5 abc]JU[H+Soc(E):g ab] U[H+Soc(E):g ac] U [H+Soc(E):gbc]
for everya,b,ceR .

Proof: (= ) Let ye[H:g abc], implies that abcyeH .If abcy=0 ,implies ye[0:x abc] .If
O+#abcyeH and H is a Wpg-2-Absororbing submodule of E , implies that either aby eH
+Soc(E) or acyeH +Soc(E) , or bcyeH+Soc(E) .That is either ye[H+Soc(E):g cb] or
ye[H+Soc(E):g ac]or ye[H+Soc(E):gbc] .Thus is ye[0:g abc]U[H+Soc(E):g ab]U[H+Soc(E):g
ac]U [H+Soc(E):gbc] .Therefore ,[|H:g abc]c [0:x abc]U[H+Soc(E):g ab]U[H+Soc(E):g ac]u
[H+Soc(E):gbc].

(<) Let O#abcyeH , for a,b,c €R, y €E ,then ye[H:g abc]. But O#abcy , it follows that y £[0:g
abc] .Thus ye[H+Soc(E):g ab]U[H+Soc(E):g ac]U [H+Soc(E):gbc].Thus either aby eH
+Soc(E) or acyeH +Soc(E) , or bcyeH+Soc(E) .Hence H is a Wpg-2-Absorbing submodule of
E.

The next result are several characterization of Wpq-2-Absorbing submodule .

Proposition 2.3 A proper submodule H of an R-module E is a Wpg-2-Absorbing submodule
E , if and only if for each a,b €R ,y €E with abygH+Soc(E) we have ,[H:r aby]|c[0:
aby]U[H+Soc(E):r ay]U[H+Soc(E):r by] .

Proof: (=) Let ¢ ¢[H:r aby], then abcy eH .If abcy=0 ,implies ce[0:r aby] .If O£abcyeH
and H is a Wpqg-2-Absororbing submodule of E with aby#H+Soc(E) ,implies that either
acyeH +Soc(E) , or bcyeH+Soc(E) ,it follows that either ce[H+Soc(E):r ay] or
ce[H+Soc(E):r by] .Hence ce[0:r aby]U[H+Soc(E):r ay]U[H+Soc(E):r by].That is [H:r aby]
c [0:r aby]U[H+Soc(E):r ay] U [H+Soc(E):rby].

(<) Let O#abcyeH , for a,b,c €R, y €E ,with abyg H+Soc(E) .Thus ce[H:g aby] < [0:r aby]
U[H+Soc(E):r ay]U [H+Soc(E):rby]. But O£abcy , so c¢[0:r aby] .Therefore either c €
[H+Soc(E):r ay] or c € [H+Soc(E):rby].That is either acy eH +Soc(E) or bcyeH +Soc(E)
.Hence H is a Wpg-2-Absorbing submodule of E.

Proposition 2.4 A proper submodule H of an R-module E is a Wpg-2-Absorbing submodule
of E if and only if , 0#abcL cH , for a,b,ce R, L is a submodule of E , implies that either
abLcH +Soc(E) or ac LcH +Soc(E) or bcLcH +Soc(E).

Proof : (=) Let O#abcLcH . For a,b,c €R , L is a submodule of E . Assume that abLg H+
Soc(E) and ac L H +Soc(E) and bcLz H +Soc(E), it follows that there exist a nonzero
elements y;,y»,y3 €L such that aby; ¢H +Soc(E) and acy, ¢ H +Soc(E) and beys ¢ H
+Soc(E).Now 0#abcy; €H , but H is a Wpg-2-Absorbing and aby, ¢H +Soc(E) , it follows
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that ac y; €eH +Soc(E) or bey e H +Soc(E). Also O#abcy; €H , and H is a Wpq-2-Absorbing,
and acy, ¢H +Soc(E) , then either aby,eH+Soc(E) or and bey, € H +Soc(E). Again 0+#abcys
€H , beys ¢H +Soc(E) , implies that either abys;eH+Soc(E) or and acy; € H +Soc(E). Now ,we
have O#abc(y;+y>+y3)eH and H is Wpg-2-Absorbing ,then either ab(y;+y,+y3)eH +Soc(E) or
ac(y1+y2tys3)eH +Soc(E) or be(yi+ya+ys)eH +Soc(E) . If ab(y,+y,+ys)=ab y,+ aby,+ aby; eH
+Soc(E) it follows that aby,;eH+Soc(E) which is contradiction if ac(y;+y,+ys) =
acy,+acy,+acyseH +Soc(E) implies that acy,eH+Soc(E) which is contradiction if be(y;+y»
+y3)=bc y;+bcy,tbeyseH +Soc(E) then beyseH+Soc(E) which is contradiction .Thus abLcH
+Soc(E) or ac LcH +Soc(E) or bcLcH +Soc(E).

(<) Obvious .

Proposition2.5 A proper submodule H of an R-module E is a Wpq-2-Absorbing submodule
of E if and only if 0£IJKA cH , for I,J,K are ideals of R and A is a submodule of E , implies
that either IJAcCH +Soc(E) or IKAcH +Soc(E) or JKAcCH +Soc(E).

Proof: (= )Let 0AIJKACH . For 1K are ideals of R , and A is a submodule of E . Suppose
that IJAz H+ Soc(E) and IKAz H +Soc(E) and JKz H +Soc(E), that is there exist a nonzero
X1 ,X2,X3 €L and a nonzero ael, bel, ceK ,such that abx; ¢H +Soc(E) and acx, ¢ H +Soc(E)
and bexs ¢ H +Soc(E).Now 0#abex; €H , and H is a Wpg-2-Absorbing and abx; ¢H +Soc(E)
, it follows that either ac x; €eH +Soc(E) or bex e H +Soc(E). Also O#abcx, €H , and H is a
Wpg-2-Absorbing, and acx, ¢H +Soc(E) , then either abx,eH+Soc(E) or bcx; € H +Soc(E).
Again O#abcy; €eH , and H is a Wpg-2-Absorbing, bexs ¢H +Soc(E) ,implies that either
abx3;eH+Soc(E) or and acx; € H +Soc(E). Now , O#abc(x;+x,+x3)eH and H is Wpqg-2-
Absorbing ,then either ab(x;+x,+x3)eH +Soc(E) or ac(x;+x,+x3)eH +Soc(E) or
be(x+x,+x3)eH +Soc(E) . If ab(x;+x,+x3)=ab x;+ abx,+ abx3 €H +Soc(E) , then abx,;eH+
Soc(E) which is contradiction, if ac(x;+x,+x3) = acx;+acx,+acxszeH +Soc(E) implies that
acxpeH+Soc(E)a contradiction if be(x+x; +x3)=bc x;+bcx,+bexseH +Soc(E) implies that
bexseH+Soc(E)a contradiction . Therefore JAcH +Soc(E) or IKAcH +Soc(E) or JKACH
+Soc(E).

(<) Direct .
The following corollaries are direct consequence of proposition (2.4) and proposition (2.5)

Corollary 2.6 A proper submodule H of an R-module E is a Wpqg-2-Absorbing submodule
of E if and only if, for each a,be R , and every ideal I of R and ye E,with (0) #ably cH ,
implies that either abyeH +Soc(E) or alycH +Soc(E) or blycH +Soc(E).

Corollary 2.7 A proper submodule H of an R-module E is a Wpg-2-Absorbing submodule
of E if and only if 0#ally cH for ae R, and every ideals I ,J of R and ye E, implies that
either aly < H +Soc(E) or aly < H +Soc(E) or IJy < H +Soc(E).
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Corollary2.8 A proper submodule H of an R-module E is a Wpg-2-Absorbing submodule of
E ifand only if 0£IJKy cH for all ideals I ,J,K of R and ye E, implies that either IJ y cH
+Soc(E) or IK y cH + Soc(E) or JK y cH +Soc(E).

Corollary 2.9 A proper submodule H of an R-module E is a Wpq-2-Absorbing submodule
of E if and only if 0#ablA < H for a,b € R, and every ideal I of R and A is a submodule of
E, implies that either abA < H +Soc(E) or alA < H +Soc(E) or bIA < H +Soc(E).

Corollary 2.10 A proper submodule H of an R-module E is a Wpg-2-Absorbing submodule
of E if and only if, 0#alJA cH for ac R, I ,J are ideals of R and A is a submodule of E,
implies that either alA < H +Soc(E) or aJA < H +Soc(E) or IJA < H +Soc(E).

The following proposition is characterizations in class multiplication modules .

Proposition2.11 A proper submodule H of cyclic R-module E is a Wpg-2-Absorbing
submodule E , if and only if for each a,b,c €R ,y €E ,[H:r abcy]c[0:g abecy]U[H+Soc(E):r
aby]U[H+Soc(E):r acy] U[H+Soc(E):r bey] .

Proof: (=>)Let de[H:g abcy] , implies that abe(dy)eH .If abcdy=0 ,implies that de[0:x abcy]
If O#£abe(dy)eH and H is a Wpg-2-Absororbing submodule of E, then either ab(dy) eH
+Soc(E) or ac(dy)eH +Soc(E) , or be(dy)eH+Soc(E) .1t follows that either de[H+Soc(E):r
aby] or de[H+Soc(E):r acy] or de[H+Soc(E):r bey] .Hence de[0:r abcy]U[H+Soc(E):r aby]
U [H+Soc(E):r acy]U [H+Soc(E):r bey]. Therefore [H:r abecy] < [0:r abcy]U[H+Soc(E):r
acy|U [H+Soc(E):raby]U[H+Soc(E):r bey] .

(<) Let E be a cyclic R-module , then E=<y,> ,for some y;€E .Let O#abcyeH , for a,b,ceR,
y €E ,that is y=dy, for some deR .Thus 0#abc(dy,;) €H, implies that de[H:g abcy;] < [0:r
abcy;] U[H+Soc(E):r aby;] U [H+Soc(E):racy;] U [H+Soc(E):rbcy;] .Since O#abcdy; ,then
d¢[0:r abcy;] .Thus de[H+Soc(E):r aby;] or de [H+Soc(E):racy,] or de [H+Soc(E):rbcy ]
.That is either abdy; eH +Soc(E) or acdy, €H +Soc(E) or bcdy; eH +Soc(E) .Hence either
aby €eH +Soc(E) or acy €H +Soc(E) or bcy €H +Soc(E). Therefore H is a Wpq-2-Absorbing
submodule of E.

The following proposition shows that Wpg-2-Absorbing submodule weakly quasi-2-
Absorbing submodules are equivalent under contain condition .

Proposition2.12 A proper submodule H of an R-module E with Soc(E)cH is a Wpq-2-
Absorbing submodule E , if and only if H is weakly quasi-2-Absorbing submodule of E.

Proof : (=) Let Oabcy €H for a,b,c €R ,y €E .Since H is a Wpg-2-Absorbing ,then either
abyeH+Soc(E) or acyeH+Soc(E) or bcyeH+Soc(E) .But Soc(E)cH ,then H+Soc(E)=H .1t
follows that either abyeH or acyeH or becyeH . Hence H is a weakly-quasi-2-Absorbing
submodule of E
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(«=) Follows by example page (2 ) number (2) .

Proposition2.13 A proper submodule H of an R-module E with Soc(E) < H is a Wpg-2-
Absorbing submodule E , if and only if [H:gJ] is a Wpq-2-Absorbing submodule of E for
each a non-zero ideal J of R .

Proof: (=) Let 0£abcye[H:g]] ,for a,b,ceR ,y €E ,implies that (0)#abc(Jy)cH .But H is a
Wpg-2-Absorbing then by proposition (2.4) either ab(Jy)cH+Soc(E) or ac(Jy)cH+Soc(E) or
be(Jy)cH+Soc(E) . But Soc(E) < H then H+Soc(E)=H .Thus either ab(Jy)cH or ac(Jy)cH or
be(Jy)cH ,that is either aby €[H:gJ] < [H:gJ] +Soc(E) or acy €[H:gJ] < [H:gJ] +Soc(E) or bey
€ [H:gJ] < [H:gJ] +Soc(E) . Therefore [H:gJ] is a Wpqg-2-Absorbing .

(<) Follows by putting J=R [H:gJ] .

Proposition2.14 Let H, S be Wpg-2-Absorbing submodules of E with S is not contained in
H and either Soc(E) € H or Soc(E) < S .Then HN S is a Wpqg-2-Absorbing submodule E.

Proof: It is clear that HN S is a proper submodule of E .Let (0)#ablycHN S ,for a,beR J is an
ideal of R ,implies that (0) # abJy < H ,and (0) # abJy = S . But H, S are Wpq-2-Absorbing ,
implies that either aby €H +Soc(E) or aly cH+Soc(E) or bJy < H +Soc(E), and either aby €
S+Soc(E) or alJy < S+Soc(E) or bJy = S +Soc(E) . That is either aby e(H +Soc(E)) N
(S+Soc(E)) or aJy c(H+Soc(E)) N (S+Soc(E)) or bly <( H +Soc(E))N (S+Soc(E)) .Suppose
that Soc(E) =S ,then S+Soc(E)=S .Thus either aby €(H +Soc(E)) N S or aJy c(H+Soc(E)) NS
or bly c( H + Soc(E)) N S .Thus by modular law ( H +Soc(E)) N S=( HN S) + Soc(E). It
follows that either aby e(H N S) + Soc(E) or alyc (HN S )+ Soc(E)or bly c(HNS)+
Soc(E) .Therefor H N S is a Wpqg-2-Absorbing submodule of E.

The following properties are characterization of Wpq-2-Absorbing submodules in the class of
multiplication modules .

Proposition2.15 A proper submodule H of a multiplication R-module E is a Wpq-2-
Absorbing submodule of E , if and onlyif 0#£L,L,L;y < H, for some submodules L;, L, ,L3
of E, and yeE implies that either L;L,y cH +Soc(E) or L; Ly y € H+Soc(E) or L)Lz yc
H + Soc(E) .

Proof: (=) Let 0 # L,L,L3y cH , for some submodules L;,L, ,L; of E, and ye E .Since E
is a multiplication then L, =LE, L, =LE , Ls=I:E , for some ideals I;,I;,Is of R, thatis
041 ,Isy < H. But H is a Wpg-2-Absorbing ,then by corollary ( 2.8 ) either I;I,y cH +Soc(E)
or I;13 y cH +Soc(E) or I,1s5y cH +Soc(E) .That is either L;L,y cH +Soc(E) or L; Ly y cH
+Soc(E) or L,L.sy cH +Soc(E) .

(<:) Let 075111213}/ gH , for I] ,Iz ,13 are ideals of R . and y e E .Put L1 =11E , L2 =12E , L3 =I3E
in by hypothesis we get 0#L;L;Ls;y cH ,implies that either L;L,y cH +Soc(E) or L; L3 y cH
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+Soc(E) or L,Lsy cH +Soc(E) .Thus either I;1,y cH +Soc(E) or I; Is y cH +Soc(E) or LIzy
cH +Soc(E) .Therefore by corollary (2.8) H is a Wpg-2-Absorbing submodule of E .

Proposition2.16 A proper submodule H of a multiplication R-module E is a Wpq-2-
Absorbing submodule of E , if and only if 0#L,L,L;Ls cH , for some submodules L;,L, ,L;3
,Ls4 of E , implies that either L;L,L4 < H+ Soc(E) or L;L3Ls € H+ Soc(E) or L,L3Ls c H
+ Soc(E) .

Proof: (=) Let 0 # L;L,L;L4 cH , for some submodules L; ,L,,L;,L4of E.But Eisa
multiplication then L=} E, L, =L E, Ls;=I3E, for some ideals I;,I, ,I; of R. Thus

0+£1 L1314y < H .Since H is a Wpg-2-Absorbing ,then by proposition (2.5) either I; ,L, cH
+Soc(E) or I1I3Ls < H +Soc(E) or L1314 < H +Soc(E) .That is either L;L,L4s cH +Soc(E)
or L;Ls;Ls cH +Soc(E) or L,L3L4 cH +Soc(E) .

(<)Trivial .
It is well-known that if E is a Z-regular R-module , then Soc(E)=Soc(R)E .[7, prop.(3.25)] .

Proposition2.17 A proper submodule H of Z-regular multiplication R-module E is a Wpqg-
2-Absorbing submodule E if and only if [H:g E] is a Wpg-2-Absorbing ideal of R .

Proof: (= )Let O#abclc[H:g E] ,for a,b,ceR , I is an ideal of R .it follows that 0£abc(IE)cH .
But H is a Wpqg-2-Absorbing submodule of E , then by proposition(2.4) either
ab(IE)cH+Soc(E) or ac(IE)cH+Soc(E) or be(IE)cH+Soc(E) . Since E is a Z —regular , then
Soc(E)=Soc(R)E ,and since E is multiplication , then H=[H:r E]E .Thus either
ablEC[H:RE]E+Soc(R)E or acl[EC[H:rE]E+Soc(R)E or bclE c[H:rRE]JE+Soc(R)E . That is,
either abIc[H:rE]+Soc(R) or acl < [H:rE] + Soc(R) or bclc[H:rE]+Soc(R) . Hence by
proposition(2.4) [H:rE] is a Wpq-2-Absorbing ideal of R .

(<) Let 0 #al)B c H, for aeR , and L,J are ideals of R, B is a submodule of E . Since E is a
multiplication , then B =J,E ,for some ideal J; of R , it follows that is 0#allJ; ECH, implies
that 0#allJJ,c[H:r E] . But [H:zE] is a Wpqg-2-Absorbing , then by corollary (2.10 ) either
alJ;c[H:RE]+ Soc(R) or all,c[H:rE]+Soc(R) or JJ,c[H:rE]+Soc(R). Thus either
all,Ec[H:RE]JE+Soc(R)E or alJ;Ec[H:rE]E+Soc(R)E or IJJ;Ec[H:rRE]E+Soc(R)E. But E is
a Z-regular Soc(E)=Soc(R)E .Hence either alBcH+Soc(E) or aIBcH+Soc(E) or
IJBcH+Soc(E).Therefore by corollary (2.10) H is a Wpg-2-Absorbing submodule of E .

It is well-known that if an R-module E finitely generated multiplication R-module and I ,J
are ideals of R . Then IT c JT if and only if I < J+ anng (E) .[8, coro of Theo(9)] .

Proposition2.18 Let E be a finitely generated Z-regular multiplication R-module and I is a
Wpq-2-Absorbing ideal of R with anng (E) < I. Then IE is a Wpqg-2-Absorbing of E.
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Proof: Let O#abJ B c IE , for a,be R, J is an ideal of R and B is a submodule of E. Since E is
a multiplication then B =J; E for some ideal J; of R. It follows that 0#abJJ;E c IE. But E is a
finitely generated , O#ablJ,c I+ anng(E)=I (for anng(E) < I) . Since I is a Wpg-2-Absorbing
ideal R , then by corollary (2.9 ) either abJ,c [+Soc(R) or aJ J,c [+Soc(R) or bJ J, < I+
Soc(R).That is either 0 # ablJJ, E < IE + Soc(R)E or 0 # alJ J,E < IE+ Soc(R)E or bJ J,E ¢
IE+Soc(R)E. But E is a Z-regular then soc(R)E=Soc(E) ,so either abB < IE+Soc(E) or aJ B
IE+Soc(E) or bJ B < [+Soc(R). Therefore by corollary (2.9) IE is a Wpq-2-Absorbing
submodule of E .

It is well-known that ,if an R-module E is a non-singular then Soc(E) = Soc(R)E
[4,Coro(1.26)] .

Proposition2.19 Let E be a non-singular multiplication R-module and H be a proper
submodule of E .Then H is a Wpq-2-Absorbing submodule of E if and only if [H:zE] is a
Wpq-2-Absorbing ideal of R .

Proof: Follows as in proposition (2.17) .

Proposition 2.20 Let E be a non-singular finitely generated multiplication R-module , and I
is a Wpq-2-Absorbing ideal of R with anng(E) < I .Then IE is a Wpg-2-Absorbing ideal of
R.

Proof: Follows as in proposition (2.18).

Proposition2.21 Let E be a finitely generated multiplication Z-regular R-module , and H be
a proper submodule of E . Then the following statements are equivalent :

1. H is a Wpqg-2-Abrosorbing submodule of E .

2. [H:rE] is a Wpg-2-Abrosorbing ideal of R .

3. H =IE for some Wpq-2-Absorbing ideal I of R with anng (E) 1 .
Poof: (1) = (2) Follows by proposition (2.17) .

(2) = (3) Let H be a submodule of E ,then H=[H:gE]E ,by (2) [H:rE] is a Wpq-2-Absorbing
ideal, so we put I=[H:rE], that is H=IE with anng(E)=[0:rE]c[H:rE]=L

(3) = (2) Suppose that H=IE for some a some Wpq-2-Absorbing ideal I of R ,with anng(E) <
I of . But E is a multiplication , then H= [H:gE]E =IE ,also E is finitely generated by
[10,prop.(3-1)), E is cancellation, that is Thus I= [H:rE] which is a Wpg-2-Absorbing ideal .

Proposition2.22 Let E be a non-singular finitely generated multiplication R-module , and H
be a proper submodule of E . Then the following statements are equivalent :

1.H is a Wpq-2-Abrosorbing submodule of E .
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2.[H:rE] is a Wpg-2-Abrosorbing ideal of R .
3.H=IE for some Wpq-2-Absorbing ideal I of R with anng(E)cI .

Poof: Follows as in proposition (2.21) by using proposition (2.19) .
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