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ABSTRACT
In the present article, by making use of fuzzy differential subordination, we establish some

interesting results of fractional derivative related to differential operator defined in the open
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1. Introduction
Let the notation H () stands for the family of holomorphic functions in the unit disk & = {z € C : |3| < 1}. For

n € Nand a € C, we indicate by
Hla,nl={feHW):f(z)=a+a,z"+a,,,2""+ -, €U}
and

A, ={fE€EH) : f(2) =2 + ap 12" + apiz™2 + -, 3 €YU,

with A; = A.
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Definition 1.1 [11]. "Let X be a non-empty set. An application F : X — [0,1] is called fuzzy subset. An alternate
definition, more precise, would be the following:

A pair (S, Fg), where Fg: X - [0,1] and supp(S,Fs) = {x € X: 0 < Fs(x) < 1}
is called fuzzy subset. The function Fs is called membership function of the fuzzy subset (S, F)."

Definition 1.2 [3]. Let two fuzzy subsets of X, (M, F,;) and (N, Fy). "We say that the fuzzy subsets M and N are
equal if and only if F;(x) = Fy(x),x € X and we denote this by (M,Fy) = (N, Fy). The fuzzy subset (M, Fy) is
contained in the fuzzy subset (N, Fy) if and only if Fy;(x) < Fy(x),x € X and we denote the inclusion relation
bY(M!FM) c (N!FN)"'

Assume that D be a setin C and f, g holomorphic functions. We indicate by

f(D) = supp(f(D), Frpy) = {f(2) : 0 < Frpy(f(2)) <1,z € D}

and

g(D) = supp(g(D), Fymy) = {9(2) : 0 < Fy(9(2)) <1,z € D}.
Definition 1.3 [3]. Suppose that D be a set in C, 3, € D be a fixed point and let the functions f,g € # (D). The
function f is named a fuzzy subordinate to g and write f < g or f(3) <r g(z) if satisfies the following:

1) f(z0) = g9(30),
2) Froy(f(2)) < Fymy(9(2)), 5 € D.

Definition 1.4 [4]. Let hbe univalent in2andy : C3 X A — C. IfP is holomorphic in U satisfies the fuzzy
differential subordination:

Fy(csxa) 0 (P(2), 2P (2), 52P" (2); 2)) < Fray (h(2)), .1
i.e.
V(P (2),5P'(2),2°P" (2);2) <r h(2) ,2 €Y,
"then P is called a fuzzy solution of the fuzzy differential subordination. The univalent function q is called a fuzzy
dominant of the fuzzy solutions of the fuzzy differential subordination, or more simple a fuzzy dominant, if
P(z) <r q(2),z € UAfor all P satisfying (1.1). A fuzzy dominant § that satisfies §(2) <y q(z),z € U for all fuzzy
dominant q of (1.1) is said to be the fuzzy best dominant of (1.1)".

For f; € A (i = 1,2) defined by
@) =5+ ) anz" (i =12),
n=2
the convolution product of f; and f, is defined by

)@ =5+ ) ansanaz" = (o £)@)

In,m

Definition 1.5 [6]. The operator I, ; is defined by I;5", ; + A — A
Iygeaf () = MJg,.4(2) *R"f(2), 7 €Y,
where

) o+ @+ P - D) +4d]"
Ma_ﬂ_g_d(Z) =z+ nZZ[ f(l + ‘B(n — 1)) +d

n
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and R*f(z) indicates the Ruscheweyh derivative operator [6] given by
Rff(z) =3+ Z C(k,n)a,z",
n=2

where C(k,n) = (n”;_l),k,mENo =NuU{0}, f=a>0,£>0and?+d > 0.

Simple computations show that

om ~ C 1+ @+ -D)+d|" m+k-1y
Ia,ﬁ,e,af(Z)—Z+nZZ[ {’(1+ﬁ(n—1))+d ] < k )anz'

Definition 1.6 [8]. Let 0 < 3 < 1, the fractional derivative of order } of a function f is defined by

1 dff®

"where the function f is holomorphic in a simply-connected region of the z-plane containing the origin and the
multiplicity of (z — t)™* is removed by requiring log(z — t) to be real, when Re(z — t) > 0".

Now, in the light of Definition 1.5 and Definition 1.6, we conclude that

nl(k + 1) 1+ @+pm-1D)+d]"
Zf(n [

J
D}l peaf () = A DIGED| 2+ fm-D)+d a,z". (1.2)

By making use of (1.2), it is evident that

rP(1 -1 £(1 -1)—-(1-2 d
2 (DERaf (2)) = (+ﬁ(za ) +d DAyRrif (=) — d+p@ ){,a( )2) + D™, f(2). (13)

We will need the following lemmas in investigating "our main results".

Lemma 1.1 [5]. Suppose that the convex function h satisfies h(0) = a, let u € C* = C \ {0} such that Re(u) = 0. If
P € H[a,n] withP(0) =aand : C2 x A > C, Pp(P(3),3P (z)) = P(z) + iz?’(z) is holomorphic in 2, then

1
Fy(een) [P(&) + 7,37 @)| < Fuh(a),

implies
FpanP (3) < Faaq(2) < Fpaph(z), z €Y,
i.e.
P () <r q(2) <r h(2),
where

(2) = —— [ h(t) tn"dt
|

is convex and is the fuzzy best dominant.

Lemma 1.2 [5]. Suppose thatgbe a convex function in¥, leth(z) = q(z) + nvzq'(3),v > 0andn € N. If
P € H[q(0),n] and : C* x A > C, Y(P(2),2zP'(z)) = P(z) + vzP'(z) is holomorphic in U, then
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Fy(c2x)[P (@) + vzP'(2)] < Faanh(2),
implies
FpanP(z) < Feaq(2), z €Y,
ie.
P(2) <r q(2)
and q is the fuzzy best dominant.

"Recently, Oros and Oros [4,5], Magesh [2], Haydar [1] and Wanas and Majeed [9,10] have obtained fuzzy
differential subordination results for certain classes of holomorphic functions".

2. Main Results

Theorem 2.1. Suppose that convex function h satisfies h(0) = 1. Let f € A and G(y, k, a, B, }; 3) is holomorphic in
A, where

O+ DI -3

GO k,mn,a,B,4,d;3) = ([t(1+pn—1)+ d]Dél,’i;Z;’fZ;f(z)

Lazl™
ra ”

~[6(1+B(n— 1) = (1 = Va) + DR, (2)) + Q(Dzla,mf(z)) | 21

If
Fl,b((CZXQI) [G (Jl k! mn,q, )8; f: d; Z)] < Fh(?l)h(z): (22)
then
ra - (D, f@)

F(D%Ifé’};"edf)'(m) ( 77 = ) Fa@a(2) < Faanh(2),

i.e.

(=) (DA, of ()
Z—l

<r q(3) <f h(z),
where q(z) = éfoz h(t) dt is convex and is the fuzzy best dominant.

Proof. Assume that

ra - (DEm, . f(2)
P(z) = (Z_l’”d ) . 2.3)

Then P € #[1,1] and P(0) = 1. Therefore, in view of (1.3) and (2.3), we have

e =NrA-Nrk+n)[(1+ @+ —1) +d]"
?(Z”Z?(Z)‘”; Fa—+DIk+D | 20+pm-D)+d ]“”Z

(n +Dra-ne(1+pm-1)+ d]
gazl >
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r(z —n?

Z nl(k +n) 1+ @+pn—-1))+ d]’”“ -
Fh—+DIk+D| ¢(1+pn—1D)+d n?

O+DEA+B—1D -1 —-Na) +d]+Lad(1—123)
B fa(1—23)

C O+ DI - Nk +n)[EL+ B -1 - 1 -Da) +d] [6(1+@+pn-D)+d]"
- Z taln -3+ DIk + 1) (1+p(n-1) +d ] %

n=2

. Cnn—Nn-3— DA -Vrk+n)[e(1+@+pn-1D)+d|"
2 Tn—3+Drk+ 1D (1+p(n—-1) +d ] %

n=2
where G(3, k,m,n, a, B,%,d; z) is defined as (2.1).
According to (2.2) and (2.4), we deduce that
Fy(c2x)[P (@) + 2P (2)] < Fpanh(2).
Thus applying Lemma 1.1 with 4 = 1, we obtain
FpanP(3) < Faana(z) < Fhanph(2).
From (2.3), we find that

. r( - (DAt af )
(o31m, 7)) 77

< Faanq(2) < Fraph(3),

i.e.

- (D, f ()
Z—J

<r q(3) <r h(2),

where q(z) = ifoz h(t) dt is convex and is "the fuzzy best dominant”.

1+(2p-1)z
1+3

"Puttingm = k = 0 and h(z) = (0 < p < 1) in Theorem 2.1, we obtain the following corollary™":

Corollary 2.1. Let f € A and

G+0Dra-
Lazl™

(

(D’zf (2) +3D3f (@) + ——=— (sz @)"

is holomorphic in 2. If

G+0Dra -
Lazl™

1+ 2p -1z

(D’zf (2) + 3D} f (2)) PRSIk (sz( )" < e

then

ra-»(pif(z) 1+@2p -1z
pom <r q(3) <p T 1tz

where q(z) =2p—1+ @ln(l + 3) is convex and is the "fuzzy best dominant”.

L=G60Okmn,apB,?d;3),

(2.4)
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I
F(1—1)(D§1§${,‘df(z)) ]
— is

Theorem 2.2. Suppose that the convex function h satisfies h(0) = 1. Let f € A and
holomorphic in . If

z

ra-m (Délé,‘:}f},af(Z))’

Fy(coxa) o < Fpanh(2), (2.5)
then
I'(2 =)D g, of (3)
Flobtpna s ( - < Fawd(@) < Froh(2),
i.e.

(2 -3DiyE, .f (=)
Zl =3

<r q(2) <f h(3),
where q(z) = ifoz h(t) dt is convex and is "the fuzzy best dominant".

Proof. Assume that

[@=VDiafeaf @)
Zl )

P(z) = (2.6)

Itis clear that ? € H[1,1] and P(0) = 1.

We find

r-» (D*I",’;”Mf(z))
Z—l

?(Z) + %z?’(z) = (27)

In view of (2.7), the fuzzy differential subordination (2.5) becomes
1 !
Fy(e) [P@) + 727 (3)] < Fawh(2).
Thus applying Lemma 1.1 with ¢ = 1 — 1, we obtain

FpanP(z) < Faaq(z) < Fraph(z).

From (2.6), we get

I'(2 =)Dy g,of (3)
S ) Foaq(3) < Fraph(z),

F(D;dj:gft,’d f)(‘)l)( 217
i.e.

r@ -3y, .f (=)
Zl )

<fr q(z) <f h(3),
where q(z) = ifoz h(t) dt is convex and is "the fuzzy best dominant".

Puttingm = k = 0 and h(z) = e?, |b| < 1 in Theorem 2.2, we obtain the following corollary :

ra-»(pif@)

Corollary 2.2.1f f € A, g is holomorphic in & and
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ra-»(pif(=) )
F

Z—J

’

then

r@-»Dif(z)

210 <r q(z) <p e

~Lis convex and is "the fuzzy best dominant”.

where q(z) =

fa

Theorem 2.3. Suppose that g be a convex function in ¥ such that g(0) = 1, h(z) = q(z) + T Fm-D)ra

2q'(3). Let

ra- J)(Dz g?};f(z))
o

f € Aand is holomorphic in 2. If

ra - (Dkprif @)

Z—l

Flp((CZXQI) < Fh(m)h(z), (2.8)

then

(- (DE, of ()

F ,
(D3R, 4 F) @ z

Faanq(2),

i.e.

r - (D af @)
z—J

<r q(3)
and q is "fuzzy best dominant".
Proof. Assume that

(=) (DA, of ()
z7? ’

P(z) = (2.9)

Itis clear thatp € #[1,1].

Differentiating both sides of (2.9) with respect to z, we have

ta ear(1-3) (DAER,of @)

Pt b)) +d . D T i+ fo—D) + dfla

ra-»[e( +a+pn— 1) +d] (D7, f ()
[(1+B(n—-1)+d]z> '

(2.10)

Using (1.3) and differentiating with respect to z, we obtain

eaz (DK, of (z)) [(1+ax+ (n — 1) +d] (D21ET 4 f(z))'
[f+Bm-D)+d] [e(1+ B —-D) +d]

(D2emie(a) =

So
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ra-x (o ;‘gj;f(z)) ear(1 -3 (D31 ;‘g}df(z))"
z7 T+ B - 1) +d]z1

ra=n[e+a+pm-1)+d] (DR, df(z))
[t(1+p(n—1) +d]|z7

(2.11)

In the light of (2.10) and (2.11), (2.8) becomes

Fy(c2xa) [P(2) + 7P (3)| < Franh(2).

a
(1+p(n-1))+d

ta

m , We obtain

Thus applying Lemma 1.2 with v =

. ra1 -3 (DT, .f (@)
(0315m, 4 1) @ z

Faanq(3),

ie.

r - (D, . f @)

Z—J

<r q(2)

and q is fuzzy "best dominant".

Theorem 2.4. Suppose that q be a convex function in U such that g(0) = 1, h(z) = q(z) + 39’ (). Let f € A and
2 DY R LI (2)
Dzlaﬁ'['df(z)

) is holomorphic in 2. If

km+1
[,’fdf(z)
Fy(c2xu (Mz— < Fpah(2), (2.12)
II’( X ) Dllgglgdf( )
then
- (0; lopiaf (3 )) o,
3 km+l T km . <~ q(?l)
<le7,‘ffdf>(m DIER, of ()
apeal
ie.

Dilapraf 3) _
Délﬁ,;m[df(z) r 4(2)
and q is "fuzzy best dominant".

Proof. Assume that

D}l raf (2)

Dilopeaf )

P(z) = (2.13)

Therefore, we note that P € H[1,1].

Differentiating both sides of (2.13) with respect to 3, it yields
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DM () DT, f (@)
:P’(Z)z( - kl;fd ) —.{P(Z)( kl;fd )
Dilopeaf (2) Délaﬁﬁdf(z)

Then

D} éﬁ;”edf(z)< (D2kmsif @) + DA ?J;f(z)) — SDMETLF (o) (DA, of ()
P(z)+ 3P (2) =

(02157, @)

(z DiIypif (= )) 218

DR, of (3)
Utilizing (2.14) in (2.12), we can get
Flp((szi‘I) [P(z) + 2P (3)] < Fhanh(2).

Thus applying Lemma 1.2 with v = 1, we obtain

k
. (D; apral 3 )) <),
3 km+1 Skm s~ q(QI)
(%W)(m) zla Zan[df( )
a,Bt.d

i.e.
Diypif () -
——%m o <~ =<rqz
D3Iy, of (2)

and q is fuzzy best dominant.
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