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1-Introduction

Cech [2] was the first to present and study the definition of closure spaces. Later, after
Molodtsov introduced the notion of soft sets in 1999 [3], several researchers began to
introduce and study the notion of closure spaces in the soft setting. Gowri and Jegadeesan [4]
proposed and discussed Cech soft closure spaces. Furthermore, in a fuzzy soft situation,
Majeed [5] existing the fundamental construction of Cech fuzzy soft closure spaces. The
notion of soft closure spaces and their fundamental structures was also introduced very
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recently by us in [6, 7]. Our notion of soft closure spaces is an extension of the notion of
closure spaces that are introduced in [2].

Levine [8] introduced the concept of generalized closed sets in topological space. He
applies certain essential properties of closed sets to a larger set’s family. For example,
compactness, normality, and completeness are inherited through generalized closed sets in a
uniform space. Balachandran et al. [9] introduced the notion of generalized continuous maps
and studied some of their properties. Kannan [10] introduced in soft topological spaces the
notion of soft generalized, closed sets. Also, definitions of generalized closed sets and
continuous maps have been applied to closure spaces in [1]. And, in [11] we present the

concepts of soft generalized closed sets and Ji-soft closure spaces. In the present paper, the
2

concept of soft gc-sets are using to introduce a new type of soft mappings, these are
generalized soft continuous mappings and generalized soft closed mappings. Some properties
of these soft mappings are studied and discussed.

2- Preliminaries

In this section, some basic concepts and results described and discussed via various
authors of soft set theory in the literature are listed.

Definition 2.1 [3] Let M be a universal set, R be a set of parameters, and P(M') denote the
power set of M'. A mapping F: R = P(M) is called a soft set over M. The family of all soft
sets over M’ denotes S (M, R).

Definition 2.2 Let F and Gy be two soft sets over M. Then,

1- Fyis said to be a null soft set [12], denoted ®p, is defined as F(R) = @ (empty set)
for all r € R.

2- Fpis said to be an absolute soft set [12], denoted M, is defined as F(R) = M for all
r € R.

3- Fgris called a soft subset of Gy [13], denoted Fr & Gg, if F(r) € G(r) for all r € R.
Fr equals Gg, denoted Fp = Gg if Fgr E Gy and Gy & Fp.

4- The union [12] of Fr and Gy is denoted Fy U Gr = Hy and defined as H(r) =
F(r)UG(r)forallr € R.

5- The intersection [12] of Fr and G is denoted Fi M Gr = Hy and defined as H(r) =
F(r)naG(r)forallr € R.

6- The difference [14] between Fy and Gy over M, denoted Fr — Gr = Hy and defined
asH((r)=F(@)—G(r) forallr €R.

7- The relative complement [14] of a Fg is denoted Ff5, such that F¢: R — P(M)
defined as F¢(r) = M — F(r), for all r € R. Clearly, F§ = M — Fx.
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Definition 2.3 [15] The soft set Fr € (M, R) is called soft point in M, denoted x,., if for
the elementr € R, F(r) = {x} and F(r") = @ foreveryr' € R — {r}.

Definition 2.4 [15] The soft point x, is said to be in the soft set Gg, indicate x,. € Gg, if we
have {x} S G(r) for the parameter r € R.

Definition 2.5 [16] Let S§(M, R) and §§(V, K) be families of soft sets, y: M — N and
£: R — K be mappings. The mapping Y,: SS(M,R) — 8§ (I, K) defined as:

1- If FreSS(M,R), then the image of Fr wunder 1, , written as
Y, (Fr) = (ll)g(TR), E(R)), is a soft set in §§ (N, K) such that:

. -1
Yo(Fr)(k) = {lp(uref_l(k)mq F), ifret (k)NR=*0;
?, otherwise.

2- If Gy € SS(IV, K), then the pre-image of Gy under ), written as ¥, " (Gy) =
W, (Gyo), 3_1(76)) is a soft set in §§ (M, R) such that

0G0 =" (6(e@). if e e %6

o, otherwise.

Definition 2.6 [17] Let Fz € S§(M,R) and Gy € SS(IV,K). The Cartesian product Fp X
Gy 1s defined as (F X G)gxyx Where

(F X 6 poesc (1 k) = F(r) x G(K), for all (r, k) € R x K.

Through this description, the Fr X Gy the soft set is a soft set over M' X N and its
universe parameter is R X K.

The projection pairs pr: M XN — M, qg:R XK — R and ppr: M XN — N,
qx: R X K — K determine morphisms respectively (par,qr) from M XN to M and
(pw> qxc) from M X V' to V', where

(P, Gr) (Fr X G3c) = P (F X G)gprxac) and

P Q3c0) (Fr X Gye) = o (F X G) g (rx30) [18]-

Definition 2.7 [6] An operator #i:SS(M,R) — SS(M, R) is referred to as a soft closure
operator (soft- co, for short) on M, if for all Fg, G € §§ (M, R) the following hold:

(C1) E’R = ﬁ(aSR);
(C2) Fr & w(Fr);

(C3) Fg E Ggr = 1(Fr) E 1(GR).
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The triple (M, i, R) is called a soft closure space (soft-cs, for short). It is said that soft subset
Fr over M is a soft closed set (soft ¢ -set, for short), if Fp = @i(Fg). The relative
complement M — Fy of any soft c-set over M is said to be a soft open set (soft o- set, for
short).

Definition 2.8 [11] A soft set Fy is called a soft generalized closed set (soft gc-set, for short)
in a soft-cs (M, i, R), if ti(Fr) E G whenever Fr E Gy and Gy is a soft o- set in M. A soft
set Fp is called a soft generalized open set (soft go-set, for short), if the relative complement
M — Fp is a soft gc-set in (M, i, R).

Proposition 2.9 [11] Every soft c-set in a soft-cs (M, i, R) is a soft gc-set.

Definition 2.10 [11] A soft-cs (M, i, R) is said to be a Ji-soft-cs, if every soft gc-set is a
2

soft c-set in M.

Definition 2.11 [7] Let (M,#,R) and (NV,7,K) be soft-cs’s. A soft mapping
Ye: (M, 1, R) » (WV,7,XK) is said to be soft continuous, if Y,(ii(Fg)) E T (Y,(Fr)) for
every soft set Fp € SS(M, R).

Proposition 2.12 [7] If Y,: (M, 4%, R) - (WV,7,K) is a soft continuous mapping, then
Y; 1 (Gyo) is a soft c-set of (M, i, R) for every soft c-set Gy of (W, T, K).

Definition 2.13 [7] Let (M,#,R) and (IV,7,K) be soft-cs’s. A soft mapping
Yo: (M, 1, R) = (WV,7,K) is said to be soft closed, if ¥,(Fg) is a soft c-set of (N, 7, K)
whenever Fy, is a soft c-set of (M, 1i, R).

Theorem 2.14 [6] Let {(M,, i, R,): @ € I} be a family of soft-cs’s. Define a soft operator

®tt: S ([Taes Mo s [laes Ra) — SS(Ilaes M, [aes Re) » where [laes M, and [lgesRq
denotes to the Cartesian product of the sets M, and R,, a € 7, respectively as follows:

®ﬁ(Tl'[“egRa) = Hae] ﬁa ((p]\/[a' QRa)(Tl'[aEgRa)) , V T]'[aeg Ry € SS(HO:EJ Ma ’ Hae] Ra) .
Then, the operator Q@i is a soft closure operator on [[,ey M, . The triple

(ITaes M, , ®ti, [14e7 Ry) is said to be the product soft-cs of the family {(M,, iy, R,): a €
73}.

Theorem 2.15 [7] Let {(My, iy, Ry): @ € T} be a family of soft-cs’s and let v € J. Then, Fg_

is a closed set of (My,1i,,R,) if and only if Fr X[lazvM, is a soft c -set in

a€ed
(HaeﬂMar ®ﬂ, HaejRa)~
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Theorem 2.16 [11] Let {(M,, T, R,): @ € I} be a family of soft-cs’s, let v € 7 and let
Fr, E M,. Then, Fpr, is soft gc-set of (M, i, R,) if and only if Fg X [Jazv My is a soft
a€d

gc-set of (HaejMa; ®ﬁ» HaeﬂRa)-

3. Generalized Soft Continuous Mappings

In this section, we introduce the notion of generalized soft continuous mappings and
discussed its relationship with soft continuous mappings. Also, several properties of this new
notion are introduced.

Definition 3.1 Let (M, 1, R) and (IV, 7, K) be soft- cs’s. A soft mapping Y,: (M, 1%, R) =
(IV, 7, X) is called a generalized soft continuous (g-soft continuous, for short), if Y, * (Fy) is
soft gc-set of (M, 1i, R) for every soft c-set Fy of (W, T, K).

The next proposition gives a characterization of Definition 3.1.

Proposition 3.2 A soft mapping Y,: (M, 4, R) — (N, 7, K) is g-soft continuous if and only
if l/)}l(Gg() soft go- set of (M, @, R) for every soft o-set Gy of (W', ¥, K).

Proof. Suppose Y, is a g-soft continuous mapping and let Gy be a soft o-set of (W, ¥, K).
Since Gy is a soft o-set, then V' — Gy is a soft c-set and from 1, is g-soft continuous
mapping, we have ;1 (N — Gy) is a gc- soft set. Since 1/)51(]\7 — Gy) = M — ;1 (Gy).
Therefore, ¥, ' (Gy) is a soft go-set of (M, i, R).

Conversely, let F be a soft c-set of N'. Then N — Fy is a soft o- set of . From
hypothesis, ;1 (W' — Fy ) is a soft go-set of M. Hence 1, * (Fx) is a soft gc-set. Thus, 1,
is a g- soft continuous mapping. O

The next proposition gives the relationship between the concept of soft continuous
and g-soft continuous mappings.

Proposition 3.3 Let ,: (M, 1, R) = (IV, 7, K) be a soft mapping. If ¢, is a soft continuous,
then ¢, is a g-soft continuous mapping.

Proof. Let Fj be a soft c-set of (W, 7, K). Since P, is a soft continuous, then from
Proposition 2.12, ;1 (Fy) is a soft c-set of (M, i, R). This implies ;1 (Fy) is soft gc- set
of (M, %, R). Hence, i, is g-soft continuous mapping. [

In the following example, we explain the converse of Proposition 3.3 maybe not holds.

Example 34 Let M ={a,b,c},R={r,nr} and N ={x,y,z}, K ={ki, k,} . Let
0:8S(M,R) — SS(M,R) and : SS(NV, K) — SS(IV, K) be soft-co’s defined as follows:
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D if Fr = B,
A(Fp) = J {(r, (b))} if Fa= {01, 0]},
{G2,{b,cH} if FRE{(2{b,cH}
\ M otherwise.
3(Gy) = | (R myDY if Gae = (Cly, D),
L {(ki’ o} if Gx ={(k.,{yD}

N otherwise.

Clearly, (M, @, R) and (WV,7,XK) are soft-cs’s. Then, the soft mapping ,: (M, %, R) =
(W, 7,X) defined as Y(a) = x,¥(b) =¢Y(c) =y and (ry) =k, , £(ry) =k, is g -soft
continuous mapping. However, it is not a soft continuous mapping. Since there exists a soft
set Fr = {(1, {a})} € SS(M, R) such that Y, ((Fr)) = N & {(ky, {x, yD} = (1he(Fr)).

Proposition 3.5 Let (M, %, R), (W, 7,X) and (Z,Ww,Q) be soft-cs’s. If Y,: (M,T%,R) =
(IV, 7, K) is g-soft continuous and ¢ : (N, T, X) = (Z,W, Q) is soft continuous, then ¢, 01,

is a g-soft continuous.

Proof. Let Hy be a soft c-set of (Z,Ww, Q). We must prove ((p%m/)g)_l(HQ) is soft gc-set of
(M, 1, R). Since Oy is soft continuous, then (pgl(HQ) is soft c-set of (IV, 7, K). Since Y, is a
g -soft continuous, then ngl(gog 1(HQ)) is soft gc -set of (M,#%,R) . That means
((p(lod),g)_l(HQ) is soft gc-set of (M, 1, R). Hence, ¢,01, is a g-soft continuous mapping.
[]
Proposition 3.6 Let (M, 1, R) and (Z, W, Q) be soft- cs’s and (IV, 7, K) be a Ji-soft-cs. If
2
Ye: (M, 4, R) > (N, 7,X) is a soft continuous and ¢ : (N, 7,K) - (Z,W,Q) is a g-soft

continuous, then ¢,01, is a g- soft continuous.

Proof. Let {y be a soft c-set of (Z,W, Q). Since ¢, is g-soft continuous, then (pczl(HQ) is
soft gc-set of (W, ¥, K). Since (N, ¥, K) is Ji-soft- cs, then <p6;1(HQ) is a soft c-set of
2
~ . . . -1 -1 -1 .

(IV, 7, X). Since 1, is soft continuous, then 1, ((p% (HQ)) = ((p%m/)f) (Hp) is a soft c-
set of (M, @, R). Since every soft c-set is soft gc-set, then ((p%ov,bg)_l(HQ) is a soft gc-set of
(M, @, R). Thus, ¢ 01, is a g- soft continuous. [

Proposition 3.7 Let (M, #%, R) and (Z,W, Q) be soft- cs’s and (W, ¥, K) be a Ji-soft- cs. If

2

Yo: (M, 4, R) > (W,7,X) and @ : (N, 7,K) > (Z,W,Q) are g -soft continuous mapping,
then @01, is a g-soft continuous mapping.
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Proof. Let Hy be a soft c-set of (Z,w, Q). Since ¢ is g-soft continuous, then ¢ 1(HQ) is
soft gc-set of (W, ¥, K). But (W, 7, K) is Ji-soft-cs this implies (pgl(HQ) is a soft c-set.
2

Since 1, is g -soft continuous, then ;* (¢6Z1(HQ)) = ((P¢Ol/){))_1(HQ) is a soft gc-set.

Hence, the result. O

Theorem 3.8 Let {(M,, iy, Ry): @ € T} and {(INV,, @y, K): @ € T} be families of soft- cs’s.
For each a €7, let (Yp)a: (M, iy, Ry) — (N, @4, K,) be a soft mapping and
lpf: (HaeﬂMar ®ﬁr HaEJRa) - (HaeﬂNa» ®5' Haeﬂj(a) be the soft mapping defined as

Vo((Fa, Jaer) = (Po)a(Xa, )aes- If Py is g -soft continuous, then (Pg)q is g -soft
continuous for each o € 7.

Proof. Let v €J and let Fy, be a soft c-set of (W, @,, %, ). Then, from Theorem 2.15,

Fy, X [azv Ny is a soft c-set of ([JaegNa,, ®@, [1aesKe)- Since P, is g-soft continuous,
a€d

then ;! (Tj(‘v X [a=zv Na) = (lp[);l(.’]-‘xv) X[lazvM, is soft gc -set of
a€j a€l
(ITaes M4, i, [1ae7Re)- From Theorem 2.16, (l/)g);l(?g(v) is soft gc-set of (M, i, , R,).

Therefore, (Y,), 1s g-soft continuous mapping. O

4- Generalized Soft Closed Mappings

In this section, we introduce the notion of generalized soft closed mappings and
investigated some of their properties.

Definition 4.1 Let (M, @, R) and (IV, 7, K) be soft-cs’s. A soft mapping ,: (M, 1, R) —
(W, 7,K) is called a generalized soft closed (g-soft closed, for short), if Y,(Fg) is soft gc-
set of (IV, U, K) for every soft c-set Fg of (M, i, R).

Proposition 4.2 Every soft closed mapping is g-soft closed mapping.

Proof Let ¢, be a soft closed mapping from a soft- cs (M, i, R) into a soft- cs (N, ¥, K). Let
Fr be a soft c-set of (M, 1, R). Since , be a soft closed mapping, then y,(Fg) is soft c-set
of (W, 7,K). This implies ,(Fg) is soft gc-set of (N, 7, K). Hence, Y, is g-soft closed
mapping. O

The converse of Proposition 4.2 is not true as the following example shows.

Example 43 Let M ={a,b,c},R={r;,r} and N ={x,y,z}, K ={k; k,} . Let
UW:SS(M,R) — SS(M,R) and 7: SS(INV, K) — SS(IV, K) be soft-co’s defined as follows:
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EISR if Fp = EISR:
u(Fr) = {0, {a}), (o {ad)}  if FrE{(,{a}), (2 {a)},
M otherwise.
7(Gx) = {(ky, {x} if Gy = {(ky, {xD},
N otherwise.

Clearly, (M, #,R) and (WV,7,X) are soft-cs’s. Then, the soft mapping Y,: (M, %, R) =
(W, 7,XK) defined as Y(a) = x,Y(b) = z,Y(c) =y and £(ry) = ky , £(ry) = k, is g-soft
closed mapping. But 1, is not soft closed mapping, because there exists a soft c-set Fp =
{(ri, {a}), (r, {a})} € §§(M, R) such that Y,(Fg) = {(kq, {x}), (k3, {x})} is not soft c-set of
(W, 7,K).

The following theorem gives a characterization for the definition of g-soft closed
mapping.
Theorem 4.4 Let (M, 1, R) and (IV, 7, K) be soft-cs’s. A soft mapping P,: (M, 1, R) =
(W, 7,K) is g-soft closed if and only if for each soft set F5 € SS(INV, K) and each soft o-set
Gg of (M, i, R) with ¥, (Fy) E Gg, there is a soft go -set Hy of (W, %K) such that
Fy E Hy and ;1 (Hy) E Gp.

Proof. Suppose 1, is g -soft closed mapping. Let Gg be a soft o-set of M such that
Y7 (Fx) E Gg. Then M — Gy is soft ¢ -set of M and ¥,(M — Gg) is soft gc -set of
(V,7,K). Let Hye = N — (M — Gg). Then Hy is a soft go -set of (IV,#,K) and
W7 (Hy) = P71 (W = (3T = Gg)) = 7 — 7* (we(I — Gg)) = I — (M = Gg) =
Gg. Therefore, Hy is a soft go-set, Fy E Hye and ;1 (Hy) E Gp.

Conversely, suppose that Fp is a soft c-set of (M, i, R). To prove Y,(Fg) is a soft
gc-set. Then, ¥, * (]\7 — l/)g(TR)) C M —Fr and M — F is a soft o-set of M. From
hypotheses, there exists a soft go-set Hy of (W, ¥, K) such that N —,(Fr) E Hy and
Y; ' (Hy) E M — Fg. Therefore, Fr &M — 1, (Hy). Hence, N — Hy E1p,(Fr) E
V(M — P, (Hy)) E N — Hy this implies ,(Fg) = N — Hy. Thus, 1,(FR) is a soft gc-
set. [

Proposition 4.5 Let (M, %, R), (W, 7,X) and (Z,W,Q) be soft-cs’s. If Y,: (M, 1%, R) =
(W, 7, %) and @ : (W, D, K) = (Z, W, Q) are soft mappings. Then

1. If Y, is soft closed mapping and ¢, is g-soft closed mapping, then ¢ 01, is g-soft
closed mapping.
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2.

Proof.

If ¢ 01, isg-soft closed mapping and 1, is soft continuous and surjective, then ¢, g-
soft closed mapping.

If p 01, is soft closed mapping and ¢, is g-soft continuous and injective, then ¥, is
g-soft closed mapping.

. Let Fg be a soft c-set of (M, 1i, R), since Y, is soft closed, then Y, (Fg) is soft c-set of

(IV, 7, K). Since ¢, is g-soft continuous, then ¢, (1, (Fg)) is soft gc-set of (Z, W, Q).
This implies ¢ 0, (Fg) is a soft gc-set. Therefore, @ 01, is g-soft closed mapping.

Let Gy be a soft c-set of (V, ¥, K). Since ¥, is a soft continuous, then ¥, (Gy) is
soft closed in (M,%,R) . Since ¢g0Y, is g -soft closed mapping, then
0q0we (V71 (G10)) = @ (We (W7 (Gx0))) is soft ge -set in (Z,W,Q). But b, is

surjection, then ¢ 01, (l/)[l(GK)) =@, (t/)e (w;l(Gg())) = ¢, (Gy). Consequently,
©4(Gy) is soft gc-set in (Z,W, Q). Hence, ¢, is g-soft closed mapping.

. Let Fg soft ¢-set in (M, 1,R), to prove P,(Fg) soft gc-set in (N, 7, K). Since

®,0, soft closed mapping, then (g%ow{)) (Fg) is soft c-set in (Z, W, Q) and since ¢,
is g-soft continuous, then ¢ 1((%101/){)) (Fr)) is soft gc-set of (W, ¥, K). That means
@5 (9 (W, (Fr)) is a soft ge-set of (I, 7, K). Since ¢, is one to one, then 1,(F) is
soft gc-set in (IV, ¥, K). Hence, Y, is g-soft closed mapping. 0

5-Conclusion

In the present work, in soft closure spaces, we have introduced the notions of

generalized soft continuous mappings and generalized soft closed mappings and presented
their associated properties. In their description, these soft mappings depend on the notion of
soft generalized closed sets in soft closure spaces. To clarify some outcomes in our work,
some examples are added.
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