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Abstract

In this work, we introduce the class of QC-Continuous and QC-Quasi-
Continuous which are stronger than the class Continuous and Quasi-Continuous
modules . where an R-module M is called QC-Continuous if M is fully Extending
and has (C2) , an R-module M is called QC-Quasi-Continuous if M is fully
Extending and has (C3).

Introduction

Throughout this paper all rings have an identity and modules are unitary. Let R
be a ring and M be a left R-module, a submodule N of M is essential in M (denoted

by N SM Jif NMNL # (0) for any non-zero submodule L of M [6]. An R-module M

is uniform if every submodule of M is essential in M . Also, a submodule N of M is

closed in M if it has no proper essential extensions in M, that is, if N 1» K— M, then
N =K [6]. A submodule N of an R-module M is quasi-closed (for short qc-
submodule) if for each x € M with x & N, there exists a closed submodule L of M
containing N such that x € L | an R-module M is called fully Extending if every

gc-submodule of M is a direct summand of M [7]. An R-module M is semisimple if
every submodule of M is direct summand of M [4], a submodule N of an R-module
M is called stable if f{N) =N for each R-homomorphism f:N — M, an R-

module M is fully stable if every submodule of M is stable [1], an R-module M is
called Strongly Extending if every submodule of M is essential in stable direct
summand of M, equivalently, every closed submodule of M is a stable direct
summand [2]. For a module M consider the following conditions:

( €,): Every closed submodule of M is a direct summand of M.

( €3): Every quasi-closed submodule of M is a direct summand of M.

& &
( €;): For each submodule Nof M such that N % K — M , then N — M.
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& &
(€;): For each submodules N and K such that N =M and K — M with

&
NNK={(0),then NBK—M.

An R-module M is called Extending or CS if it satisfies the condition ( C,),

equivalently, every submodule of M is essential in a direct summand [5]. An R-
module M is called Continuous if it satisfies the conditions { €;) and ( €5), an R-

module M is called Quasi-Continuous, an R-module M is called Continuous if it
satisfies the conditions ( €;) and ( €3) [8]. LM.A.Hadi and M.A.Ahmed

introduced the concept of quasi-closed submodule as a proper generalization of
closed submodule [7]. We introduce and study the class of QC-Continuous and
QC-Quasi-Continuous which are stronger than the class Continuous and Quasi-
Continuous modules.

Definition(1):- An R-module M is called QC-Continuous module if M has ( €3
and ( C;).

Definition(2):- An R-module M is called QC-Quasi-Continuous module if M has
(€})and ( C3).

Remarks and Examples(3):-

1- Every semisimple R-module is QC-Continuous and QC-Quasi-Continuous .
2- The Z-module M = Z@Z, is not fully Extending [7], hence neither QC-

Continuous nor QC-Quasi-Continuous.
3- The Z-module M = Z,BZ, is not fully Extending [7], hence neither QC-

Continuous nor QC-Quasi-Continuous.
4- Every Uniform R-module is QC-Quasi-Continuous. Since if M is a Uniform R-
module, then M is a fully extending module [7,example 3.2]. Let N and K be

& &
two submodule of M such that N = M and K — M with N n K = (0), since the

only direct summand of M are M and (0), then N & K e—a:v M, hence M has ( ;).
However uniform R-module need not be QC-Continuous, for example see (5).

5- S. H. Mohamed and B. J. Muller in [8] show that if an R-module M has ( C; ),
then M has ( €;), therefore every QC-Continuous module is QC-Quasi-

Continuous. The converse is not true in general as the following example show:
The Z-module Z is QC-Quasi-Continuous but not QC-Continuous because the
submodule 2Z isomorphic to Z while 2Z is not a direct summand of Z, therefore
Z not QC-Continuous.
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6- Every QC-Quasi-Continuous module is Quasi-Continuous, the converse is not
true in general, for example, the Z-module M = ZfBZ, is Quasi-Continuous but
not QC-Quasi-Continuous (see (1)).

7- Every Strongly Extending is fully Extending, the converse is not true in general,
for example , the Z-module M = Z,Z, is semisimple module, hence is fully
Extending (QC-Continuous ,QC-Quasi-Continuous), since N = Z,@B(0) is
closed submodule of M which is not stable direct submodule of M. Hence M is
not Strongly Extending.

8- Every QC-Continuous module is Continuous, the converse is not true in general.
Consider M = Z 2% Bz »® as Z-module . Since Z ?,x-is injective Z-module, then
M = Z,=@Z,= is injective, hence M is Continuous [8], but M is not fully
Extending [7], hence M is not QC-Continuous .

9- Direct sum of QC-Continuous ( QC-Quasi-Continuous ) module need not be
QC-Continuous ( QC-Quasi-Continuous ), for example, the Z-module £, and Z,
are QC-Continuous ( QC-Quasi-Continuous ) module, but Z,&EZ, is not QC-

Continuous ( QC-Quasi-Continuous ) module.

Proposition(4) :- Let N be a direct summand of an R-module M then:

(1) N is QC-Continuous if M is Continuous.
(2) N is QC-Quasi-Continuous if M is Quasi-Continuous .

Proof: Direct from [7,proposition 3.3] and [8,proposition 2.7].

Corollary(5) :- If M & M is QC-Continuous ( QC-Quasi-Continuous) module,
then M is QC-Continuous ( QC-Quasi-Continuous ) .

Recall that an R-module M is injective if for each R-monomorphism
f: A — B(where A and B are R-module) and for each R-homomorphism g: 4 — M,

there exists an R-homomorphism h:EB — M such that hef =g [4]. Every

injective R-module is Continuous, hence Quasi-continuous [8], but injective
module need not be QC-Continuous ( QC-Quasi-Continuous) , (see Remarks and
Examples(3),8), an R-module M is called prime if ann(M) = ann(N) for each

nonzero submodule N of M.

Proposition(6) :- Every injective prime module is QC-Continuous( QC-Quasi-

continuous).

Proof: Let M be an injective prime module. By [7,proposition 3.16], M is fully
Extending. On the other hand, every injective module is Continuous [8], therefore
M has ( €5), hence M is QC-Continuous (QC-Quasi-Continuous).
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We conclude from this paper the following chart of implications:

Injective Prime —(QC — Continuous — @C — Quasi — Continuous — fully Extending

4 U 4

Injective =  (Continuous — Quasi —Continuous =  Extending

Proposition(7) :- Let My and M, be two isomorphic R-modules. Then M, is QC-

Continuous R-module if and only if M, is QC-Continuous R-module.

Proof: Suppose M, is QC-Continuous R-module, then M, is fully Extending and
by [7,example (3.2),3] M, is fully Extending. Let N and K two submodule of M,
&
such that N &% K — M, , since M, and M, isomorphic, there exist R-isomorphism
@ _ @ .
f:M; = My then K & f(K)— M, but N & f(N), then f(N) & f(K) — M,, since

2] &
M, is QC-Continuous, then f(N) — M,, hence N = M,.

Proposition(8) :- Let M; and M, be two isomorphic R-modules. Then M, is QC-

Quasi-Continuous R-module if and only if M, is QC-Quasi-Continuous R-module.
Proof: Suppose M, is QC-Continuous R-module, Let N and K are two direct
summand M, with N N K = (0) , since M; and M, isomorphic, there exist R-
@ @
isomorphism  f: M, =+ M, , hence f(N)—=M, and f(K)—=M, with
@ @

F(N)YNn f(K) = (0), then f(N)YBf(K)—=M;,s0 f(N+K)—M,  hence NEK
is a direct summand of M.

An R-module M is called non-singular if Z,, (M) = 0, where Z,,(M)is the set of

all m € M such that ann(m) SR [6], and M is called polyform module if for each
submodule N of M and for each homomorphism f: N — M ,ker (f) is closed
submodule in N [5].

Proposition(9) :- Let M be a polyform R-module, then:

(1) M 1s QC-Continuous if and only if M is Continuous.
(2) M is QC-Quasi-Continuous if and only if M is Quasi-Continuous.

€)
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Proof: If M is polyform module, then the intersection of two summands is again a
summand [3,lemma 11] and by [7,theorem 3.7], M is fully extending.

Corollary(10) :- Let M be a non-singular R-module, then:

(1) M is QC-Continuous if and only if M is Continuous.
(2) M is QC-Quasi-Continuous if and only if M is Quasi-Continuous.

Proposition(11) :- For an indecomposable module M , the following are
equivalent:

(1) M is strongly extending.

(2) M is uniform.

(3) M is QC-Continuous.

(4) M is QC-Quasi-Continuous.
(5) M is fully extending.

(6) M is extending.

Proof: (1)=(2): [2,Remark and Examples 2.1.2]
2)=3), (3)=(4),(4)=(5) and (5)=(6): Clear from definitions.

(6)=(1): for every submodule N of M, there exist a direct summand K of M

such that N essential of K but the only summand of M are M and (0), then N
essential in M.

Proposition(12) :- Let M be a fully stable R-module M, the following are
equivalent:

(1) M is Strongly Extending.
(2) M is fully Extending.

(3) M is QC-Continuous.

(4) M is QC-Quasi-Continuous.
(5) M is Extending.

Proof:
(D=(2): [7]

(2)=(3) : If M is a fully Extending R-module, since every fully stable has { €5 )
[1], hence M is QC-Continuous.

(3)=(4) and (4)=(5): Clear from definitions.
(5)=(1): [7,Corollary 3.11].
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