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ARTICLEINFO ABSTRACT

In a host of mathematical applications, the bounded linear transformation arises. The aim of
the present work is to report the definition of continuous for linear transformation by using
the idea of G-fuzzy normed linear space (GFNLS) with proving the main theorem regarding
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1. Introduction

A generalization the idea of usual metric and D-metric to translate more results from usual metric to D-metric
was attempted by the author B. C. Dhange [1]. But the topological structure of D-metric spaces was proved to be
incorrected [2]. The concept of G-metric space is proposed by Mustafa and Sims [3], in which the tetrahedral
inequality is substituted by an inequality consisting the repetition of indices. Following such new approach, the
concept of Q-fuzzy metric and studied some applications in this space were developed by [4-7].As a result of the
strong correlation between fuzzy normed spaces and fuzzy metric spaces theories. The concept of generalized call
(G-norm) is presented by K. A. Khan [8]. Depending on the concepts of Q-fuzzy metric and G-norm, the space of G-
fuzzy normed is presented in [9]. The fuzzy functional analysis is improved and a wide variety of domains the
concept of the fuzzy norm has been used, for examples one can see [10-18].

The main objective of this article is to suggest a new approach for the space of linear transformation defined on a
GFNLS. In [19], Bag and Samanta introduced the boundedness of a linear operator as a study in this field and
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different types of linear bounded transformation by distinct authors introduced for more details [20- 24]. This
paper is organized as follows: In Section 2, the definition of G-fuzzy norm is recalled and and given as a
generalization with development of the idea of G-norm given by Chatterjee, Bag and Samanta. Some basic notions
and important properties of G-fuzzy normed linear space are also included in section 2. Section 3 introduces
continuous and bounded notions for linear transformation. Moreover, different properties for these notions are
proved. In Section 4, a G-fuzzy norm for the notion of bounded linear transformations is defined in order to prove
that space (G-B(X,Y), Gy, A) is a complete G-fuzzy normed linear. The conclusion is listed in Section 5.

2. Preliminaries

Some basic definitions and are given throughout this section.

Definition 2.1 [25]
A binary operation A: [0,1]% - [0,1] is a triangular norm if for all «, B, p and o € [0,1] the following conditions hold

(1) aAB = BA
(2)Ifa < pand B < o then aAB < pAc
(3) (aAB)Ap = aA(BAW)

(4) all = «

Remark 2.2 [25]

For any o > 3 there is §,0 < § < 1 such that aAd = 3 and for any y there is p with p A p > y where o, 8,3, y, L €
0,1)

The GFNLS definition is given as below
Definition 2.3 [9]

A 3-tuple (X, Gy, A) is GFNLS if X is a linear space, Gy is a fuzzy subset of X X X X X X Rand A represents the
general triangular norm then for each x,y, z € X, c € F, the following properties are satisfied

(GyD) Forallte Rt < 0,Gy(x,y,2,t) =0

(Gy2) Forallte R, t > 0,Gy(x,y,2z,t) = lifandonlyifx =y =2z= 6

(Gn3) Gy(x,¥,7,t) = Gy(P(x,Y,2),t), (symmetry) where P is a permutation function of x,y, z
(Gy4) Forallt € R, t > 0, Gy(cx, ¢y, cz,t) = Gy(x, Y, Z'I_ZI)' ifc#0

(Gy5) Forallt,s € R, x,y,7,X,y,Z € X

GNE+Xy+7,z+Zt+ s) =2Gy(xY,2t)AGN(X ¥,Z,s)

(Gn6) lim, Gn(X,y,Z,t) =1

(Gy7) Forallx,y,z€ XGy(x+ y,0,z,t) = Gy(x,y,2,1)

Example 2.4 [9]

Let X = C[0,1] is the linear space of real-valued continuous function then a function ||.,.,.|: X X XX X - Ris
defined by [If g 1|| = maxo{If(D] + [g(®)| + [I(t)|} wheref,g,1€ C[0,1] . Then (X, ||.,.,.]) is a GFNLS. Define
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Gy(f g1, t) = [exp(lIf, g 1ll/t)] "t for allf,g 1€ C[0,1],t > 0,Gy(f, g 1,t) =0 for allt < 0and aAP = af. Hence the
linear space (X, Gy, A ) is G-fuzzy normed.

Definition 2.5 [9]

Suppose that the linear space (X, Gy, A ) be a GFNLS. For a given X,z belong to X, € € (0,1) and t > 0, we define an
open ellipse Eg (%, 7, & 1) to be a subset of X by

EGN(XlZ’E’t) = {Y EX: GN(X_Y,Y—Z;Z—X;'C) >1- S}
Definition 2.6 [9]

Let the linear space (X, Gy, A ) be a GFNLS. For a given x belong to X, t > 0 and € € (0,1), we define an open ball
Beay (%, &, t) to be a subset of X by

Be,xet) ={y €EX:Gyx—-y,y—x6,0) >1— ¢}
Note that Bg (%, & t) = Eg (%%, &, t) for an open ball Bg (x, €, t).
Definition 2.7 [24]

Let A € X then set A is said to be closed in a GFNLS (X, Gy, A ) iflim,,_,o, Gy (X,, — X, X,, — X, X, — X,t) = 1 implies
thatx € A, forallt > 0.

Definition 2.8 [9]

A sequence {x,.}in a G-fuzzy normed linear space (X,Gy,A)is converges to the element x € Xif for each g,
0<e<1, t>03AN,(gt) €N suchthat Gy(x,, — X, X,, — X, X, — X, t) >1— &Vn,m,{ =N,

Note that the limit of the sequence {x,,} in a GFNLS (X, Gy, A ) is unique if ‘A’ is continuous at (1,1).
3. A G-Fuzzy Norm for the Notion of Transformations

Some essential definitions and properties are studied in this section. The notion of the linear transformation in
terms of a GFNLS is studied and proved. So the definition of a continuous transformation is introduced initially

Definition 3.1

The smallest closed set contains Awhere A € Xin a GFNLS (X, Gy,A) is called the closure of the set A and
denoted by CL(A).

Lemma 3.2

If (X,Gy,A) is a G-fuzzy normed linear space such that Ais continuous at (1,1) and Abe a subset of X, then
a € CL(A) ifand only if there is a sequence {a, } in A with lim,_,, Gy(a,, —a,a, —a,a, —a,t) =1forallt> 0

Proof

Suppose that a € CL(A), Ifa € A, then a is a limit point of A.Since A is continuous at (1,1), this leads to the limit
point a is unique, thus by Gy(a,, —a,a, —a,a,, —a,t) > (1 — 1/n) for each (n = 1,2,3,...) and t > 0 we construct
the sequence {a, } in A. Eg (a,a,¢,t) is the ball that contains the sequence {a,.} in A and this sequence converges to a
because lim,,_,, Gy(a, —a,a, —a,a, —a,t) =1, for all t>0. If a€ A then the sequence of that type
(a,a,3,....,a,... ) istaken

Conversely, let {a, } be a sequence in Aand it converges to athena € A or every neighborhood of a contains
points a,, # a, hence a is the limit point of A and by definition of CL(A), we obtaina € A
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Definition 3.3

Let the linear spaces (X,Gyx,A) and (Y, Gyy, A) are G-fuzzy normed. A transformation H: (D(H), Gyx, A) —
(Y, Gyy, A) where (D(H), Gy, A) is a subspace of (X,Gyx,A) is continuous at the point x, € D(H), if for a
given b € D(H) and 0 < ¢, < 1 there is 6,,0<8, <1 and d € D(H) such that Gyy(Hx — Hx,, Hx, — Hb,Hb —
Hx),t) >1—¢, Vx € D(H),t> 0for which Gyx (x — X,,x, —d,d — x,t) > 1 — §,. His said to be is continuous if it
is continuous at every point in D(H)

The next theorem gives a characterization of the continuous transformation
Theorem 3.4

Let (X, Gyx, A) and (Y, Gyy, A ) are G-fuzzy normed linear spaces. Then H: (D(H), Gyx,A) = (Y, Gny,A) where
(D(H), Gyx,A) is a subspace of (X, Gyx, A ) is continuous transformation at the point x,in D(H) if and only if
whenever a sequence {x, } converges to x,, then the sequence {Hx, } converges to Hx,

Proof

Assume that the Transformation H: (D(H), Gyx, A) — (Y, Gny, A) is continuous at x, and assume that {x, } be a
sequence in D(H) converges to x,. Let 0 <g <1and b € D(H) be given. Hence by the continuity of a
transformation H atx,, there is0 <68, <1 andd € D(H) Such that vxe D(H) 3 t >0 Gyy(Hx — Hx,, Hx, —
Hb,Hb — Hx,t) > 1 —¢, for which Gyx(x —X,,x,—d,d —x,t) >1-8,. Since {x,} converges to x, then
AN, (6.,t ) ENVO <, <1,t>0 such that Gyx(X,, — Xo, X,y — Xy Xp — Xo, t ) > 1 —8,Vn,m,€ = N,. Therefore,
when n, m, € > N, implies Gyy(Hx,, — Hx,, Hx,,, — Hx,, Hx, — Hx,,t) > 1 — ¢,. Hence {Hx, } converges to the point
Hx,. Conversely, suppose that V {x,,} in D(H) converging to x, has the property that {Hx,,} converges to Hx,. Let Hiis
the transformation not continuous at x,, it means there is0 <&, < 1,b € D(H) for which no§,,0 < §, < 1 and
d € D(H) can satisfy the requirement that vx € D(H),t > 0 for which Gyx(X — X, X, —d,d —x,t) >1 -8,
implies Gyy(Hx — Hx,, Hx, — Hb, Hb — Hx,t) > 1 — ¢, .This means that for every §,,0 < 8, < 1,d € D(H) such that
that vx € D(H), for which Gyx(X — X, X, —d,d —x,t) > 1—§, but Gyy(Hx — Hx,, Hx, — Hb,Hb — Hx,t) < 1 —¢,.
The sequence {x,,} converges to x, but the sequence {Hx,,} doesn't converge to Hx,. This contradicts the supposition
that v {x,,} in D(H) converging to x, has the property that {Hx, } converges to Hx,, therefore the transformation H
must be continuous.

The following definition introduces the concept of a bounded linear transformation.
Definition 3.5

Suppose that the linear spaces (X, Gyx,A) and (Y, Gyy, A) are two G-fuzzy normed. A linear transformation
H: (D(H), Gyx, A) = (Y, Gny, A) where (D(H), Gyx, A ) is a subspace of (X, Gyx, A ) is said to be bounded if there is a
number , 0 < a < 1 such that Gyy(Hx, Hx, Hz,t) = (1 — a)AGyx(%,¥,2,t) VX,y,Z€ D(H),t >0
The next example explains the concept of a bounded linear transformation

Example 3.6

Let X = C[0,1] with [If, g 1|l = maxeeo 1) {If(O] + [g®)| + [I(V)]} where f,g1€ C[0,1] . Consider Gyx(f,g1,t) =
lexp(|If, g 1]l/©)] 1 for all f, g,1 € C[0,1], t > 0 and Gyx(f, g 1,t) = 0 for all t < 0. Then by example 2.4 the linear space
(X, Gnx, A) is G-fuzzy normed where aAf = off. Assume that H: X — X defined as h; = Hf,h, = Hg and h; = Hl with

h,(t) = fol K(t,r) f(r) dr, h,(t) = fol K(t,r) g(r) drand h;(t) = fol K(t,r) 1(r) dr where K(t,r) is a continuous function
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on G = [0,1] x [0,1] and K(t,r)is bounded, it means that a positive number c exists such that |[K(t,r)| < cfor all
(tr) e G. This transformation H is linear. Now, to prove that H is bounded

Since {|f(Y)| + 1g®)| + [1(V)[} < max {|f()| + |g®)] + 1)1} = |If, g || forallte [0,1]
Therefore, ||h;, hy, hs || = ||Hf, Hg, HI|| = maxe(o 1 {lfol K(t, 1) f(r)dr| + |f01 K(t, 1) g(r)dr| + |f01 K(t,r) 1(r)dr|}
< maxeepo qy {f; IK(E DIIFIdr + [T1K @, Mllg(ldr + [ 1K (& )11 ar}
< maxeejo ) {J; ¢ IfO)1dr + f c1g()] + [ ¢ 1(r)|dr}
<cllfg]lll
Hence, Gy (HF, Hg, H, t) = [exp(IIHE, Hg HIII/O1™ = (3) allexp (lf g 1I/¢)1™) = (£) A Grx(£ g1 t).
Put 1/c = 1 — a, for some a € [0,1], it follows that Gyx(Hf, Hg, H,t) = (1 — «)AGyx(f, g 1, t)
Definition 3.7

Suppose that (X, Gyx, A) is a GFNLS and A € X. Then A is said to be bounded if there is a numbera, 0 < a < 1
such that Gyx(x,y,z,t) =2 (1 — ) ,Vx,y,ZE At >0

Proposition 3.8
If (X, Gnx, A ) be a GFNLS. Then:
(a) The sum of any two bounded subsets of X is bounded
(b) The scalar multiple of any bounded subset of X by a real number is bounded
Proof
Suppose that the two subsets A, B are bounded of X, we prove that

(@) A+ Bis bounded. According to our assumption, A and B are bounded, so there are two numbers 3
and 6, where 0 < <1 and0<8<1 such that Gyx(x,y,z,t) = (1 —B),Vx,y,z € A,t > 0 and Gyx(d,h,v,s) >
(1-6),vdhveB. Let a be a number such that (1—-a) < (1-B)A(1—39). Let p,q,r € A+ B, then there
exist X,y,z € A,d,h,v € Bsuch that p,q,r=x+d,y+h,z+v. We have that Gyx(p,q r,t+s) =Gyx(x+dy+
h,z+v,t+s) = Gyx(X v,z t)AGyx(d, h,v,s) = (1 — B)A(1 — 8) = (1 — a). Hence Gyx(p,gq,rnt+s) = (1—a), so
A + B is bounded.

(b) cAis bounded. Since the subset Ais bounded ofX, so there isf3, 0 < f3 <t1 such that Gyx(x,y,7z,t) =
(1-B)Vx,y,z€At>0 . Now, Iif c¢0,thenGNx(cx,cy,cz,t)=GNX(x,y,z,m)2(1—B)VtE]R,t>O
Thus Gyx(cx, cy,cz,t) = (1 — ). Hence c A is bounded.

Remark 3.9

Suppose that the linear spaces (X, Gyx, A ) and (Y, Gyy, A ) are two G-fuzzy normed, then the G-B(X,Y) is the set
of all bounded linear transformations in which {H:(D(H),Gyx, A) = (Y,Gyy,A) : Gyy(Hx, Hy, Hz, t) > (1 —
a)AGNX(X’ Y, Z, t ) t> 0}

The following lemma demonstrates the addition transformation of two bounded transformations must be
bounded transformation.

Lemma 3.10

Let H;,H, € G-B(X,Y) then H; + H, € G-B(X,Y), where the linear spaces (X, Gyx,A) and (Y, Gyy,A) are G-fuzzy
normed.
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Proof
Let H; and H, be bounded linear transformations then there are two numbers p,,p,, with 0 < p; < 1and
0<p,<1 such that Gny(Hix, Hyy, Hyz,t) = (1 — p1)AGyx(x, ¥, 2, t) and
Gny(Hzx, Hyy, Hyz,8) = (1 — p)AGyx (%, Y, 7, t) for any x,y,z € D(H;) N D(H,) and t > 0. Now
Gny((H; + Hy)(x,y,2),t) = Gyy( Hix + Hyx, Hyy + Hyy, Hiz 4+ Hyz,t)
> Gy (Hix, Hyy, Hyz,2) AGyy (Hyx, Hay, Hpz,2)
2 (1~ po)AGrx (%y,25) AL = p2)AGnx (xy,2,3)
= (1 = pDAQ = p)AGrx (x,%,23)|
We can find a with 0 < a < 1 such that (1 —p;)A(1 —py) = (1 —a)
So Gyy((H; + Hy)(%,y,2),t) = (1 — a)AGyx(x,V,2,t/2)V Hy, H, € G-B(X, Y).
Therefore, H; + H, € G-B(X,Y)
One more characterization for the bounded transformation is assigned in the following theorem
Theorem 3.11

Let (X, Gyx, A ) and (Y, Gyy, A ) are two G-normed linear spaces. Then H(A) is bounded for every bounded subset
A of D(H) if and only if H: (D(H), Gyx, A ) = (Y, Gyy, A ) is a bounded linear transformation

Proof

Let that D(H) be a bounded then H(D) is bounded, so there is a number p,0 < p <1 such that
Gny(Hx, Hy, Hz, t) = (1 — p)AGyx (%, ¥, 2, t)V X, ¥,z € D(H), t > 0. Hence we can find a number a with (1 —p) < (1 —
a)A Gyx(%,y,Z,t) thus Gyy(Hx, Hy, Hz,t) = (1 — o) A Gyx(X, ¥, Z,t) VX, ¥,z € D(H). Conversely, Let H be bounded, so
there is a number p,0 < p < 1 such that Gyy(Hx, Hy,Hz,t) = (1 — p)AGnx (X, ¥,Z,t) VX,y,Z € D(H),t > 0. Let Abe a
bounded such that A € D(H), then there exists a number q,0 < q < 1 such that Gyx(X,y,z,t) =1 —q,VX,y,Z€ A,
we can find a number a with (1 — a) = (1 — p)A(1 — q). Therefore Gyy(Hx, Hy, Hz,t) = (1 — a) .

4. The Extension of the Bounded Linear Transformation and the Completeness of all Bounded
Linear Transformations Space G-B(X,Y)

This section is devoted to extending the bounded linear transformation according to a GFNLS. The extension of
any bounded linear transformation in the case that complete condition is available for a GFNLS (Y, Gyy, A) is proved.
Moreover, the completeness for the space G-B(X, Y) is proved.

First, a G-fuzzy norm for the space G-B(X,Y) is defined, and that the linear space G-B(X,Y) is proved to be a G-
fuzzy normed as follow:

Theorem 4.1

Suppose that (X, Gyx, A)and (Y, Gyy, A)are two G-fuzzy normed linear spaces, (G-B(X,Y), Gyry,4) is GFNLS
where the function Gypr (Hy, Hp, H3, ) = infy senmy Guy(Hx, Hy, Hz, t) VH € G-B(X,Y), t > 0 where H; = Hx, H, =
Hy and H; = Hz.
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Proof
(Gn1) Gyur (Hy,Hp, Hs ) =0,Vt € Rt < 0, since Gyy(Hx, Hy, Hz,t) = 0 forallx,y,z € D(H) and t < 0.

(GNZ) GNLT (Hl' Hz, H3,t) = 1lifand Only if infx‘y’ZE'D(H) GNY(HX’ Hy, HZ, t) =1 ifand Only if GNy(HX, Hy, HZ, t) =1 if
and only if Hx = Hy = Hz = 6 forall x,y,z € D(H) ifand onlyif H, =H, =H; =0 Vt e R,t >0

(Gn3) Since Gyy(Hx, Hy, Hz, t) = Gyy(Hy, He, Hx, t) = Gyy(Hx, Hz, Hy,t) = - forall x,y,zD € (H).
Therefore, Gyt (Hy, Hy, Hs, t) = Gyur (Ha, Hg, Hy, ©) = Gupr (Hy, Hs, Ha, ).

This means that Gy (Hy, Hy, Hg, t) = Gy (P(Hy, Hy, Hg), t), (symmetry) where P is a permutation function
(G4 If c#0,forallt eR,t >0
Gnir (cHy, cHy, cHs, t) = infyy 2e pary Guy( c(Hx, Hy, Hz), t)
= infyy e ) Gny( cHx, cHy, cHz, t)
= infyy ;e py Gy (Hx, Hy, Hz, t/]c| )
= Guur (Hx Hy, Hz, )
= Gyyr (Hy, Hay Hs, t/c|)
(Gy5) Forallt,s € R,H,, Hy, Hy , Hy, Hy, Hy € G-B(X,Y)
Gnur (Hy + Hy, Hy 4+ Hy, Hg + Hs, t+s) = infyy e pann pan Gny (H + H)X), (H + H)(y), (H+ H)(2), t +s)
= infy y ze payn D) Guy(HX) + H(x),H(y) + H(y),H(z) + H(z),t+s)
> infy e pay Gy (HX), HE), H(2), 1) A infy y e pamy Gny (HX), HE), H(z), s)
= infyy s pary Gny (Hx, Hy, Hz, 1) A infy g e pam Gyy(Hx, Hy, Hz, s)

= GNLT (Hll Hz, H3lt) A GNLT(HII ITIZI ITIS) S)
(Gn6) lim_,o, Gnrr (Hy, Hy, Hg, t) =lim,, inf Gyy(Hx, Hy, Hz, t) = inf lim,_,., Gyy(Hx, Hy, Hz,t) = 1

(Gn7) Forallx,y,z € X, Gy (Hy + Hp, 8,Hj, t) = infy e pny Guy(Hx + Hy, 6, Hz, t)
= infx‘y‘zemH) Gny(Hx, Hy, Hz, t)
= Gy (Hy, Hy, Hs, t)
Therefore, the linear space (G-B(X,Y), Gyit,4) is G-fuzzy normed.
Now we establish that a bounded linear transformation has an extension in the following theorem.
Theorem 4.2

Assume that (X, Gnx, A) be a GFNLS and (Y, Gyy, A) be a complete GFNLS. Let H: (D(H), Gnx,A) — (Y, Gny, A) be a
bounded linear transformation. Then H has an extension H: (CL(D(H), Gnx,A) — (Y, Gny, A) bounded linear with
Gnor (Hy, Hy Ha, t) = Gy (Hp H,, H3:t) vt>0

Proof

Assume that x € CL(D(H)), then by Lemma 3.2 there is a sequence {x,} € CL(D(H)) with {x,,} converges to x.
Since His a bounded linear transformation, then for some 0 < a < 1we have Gy (H;,Hy, Hs, t) = (1 — ) and
since {x,,} converges to x then for eache, 0 <e <1, t>0,IN,(gt) € N such that Gyx(X,, — X, X,,, — X, Xp — X, t) >
1— ¢gVn,m,£>=N,. Thus by remark 2.2, there exists 0 < (1—p)<1 with (1-a)A(1—-¢)>1—-p.So
Gy (g — HXp, HX, — Hxp, Hxp = H,p,£) = Gy (Htn — %), HOtp — %), HOxp = X,),0) 2
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Gnrr (Hy, Hy, Ha, DAGN (X — X X — X Xp — X, t) 2 (1 —a)A(1— &) > 1 —pVn,m,£ = N,, this implies that
the sequence {Hx,} in (Y,Gyy,A)is Cauchy. By our assumption (Y, Gyy,A)is complete for this reason {Hx,}
converges to the pointyinY. Define Hx =y. Suppose that two sequences {x,,} and {X,,} converges to x then
{z,,} = {x1,%1,X3,%,,...} is the sequence that converges to x . Therefore, {Hz,} converges, and the
subsequences{Hx,, }, {HX, } of {Hz, } must have an equal limit by [Remark 1, 24]. This shows that for every xin
CL(D(H)), His well defined. The transformation His linear also for every x in D(H), Hx = Hx hence His an
extension of H. Now, we have

GNY(HIXnv Hzxnv H3X4'L' t) = GNLT (H1: H2! H3! t) A GNX (Xnt X X t)
Let n — oo then Hx,, converges to Hx = y this implies that
Gy (Fyx, Hax, Hsx, t) = Gypp (Hy, Hy, Ha, ©) A Gys(%, %, X, £)

Thus H is bounded transformation and GNLT(Hl, H,, H,, t) > Gyt (Hy, Hy, Hg, t) but by the definition of G-fuzzy
norm which defined by an infimum GNLT(le H,, H3,t) < Gypr (Hy, Hy, Hs, t) , together we obtain that

GNLT(HD Hz,ﬁyt) = Gy (Hy, Hp, Hs, ©)

The following definition gives the notion of bounded linear functional.

Definition 4.3

A linear functional F from the space (X, Gyx, A) into the space (F, Gyp, A) is called bounded if there exist q,
0 < a < 1such that Gyp(Fx, Fy, Fz,t) = (1 — a)AGyx(x,y,2,t) foreachx,y,z,€ D (F),t>0.

Furthermore, a G-fuzzy norm of F isGyyr (Fy, F, F3,t) = infy y , epcr) Gur(FX, Fy, Fz, t) and Gyp(Fx, Fy, Fz,t) >
Gnr(Fx, Fy, Fz, ) AGyx (X, Y, Z, t).

The set of all bounded linear functional is denoted by G-B(X,F)with G-B(X,F) ={F: F is bounded linear
functional}.

The Cauchy sequence in a GFNLS, (X, Gy, A) is given in [9] as follows:

A sequence {x,,} is Cauchy if for eache 0 <e<1, s> 0,3IN,(gs) € Nsuch that Gy(X, — X, Xpm — Xp, Xp —
X, S) > 1— gVn,m,£ = N,InaGFNLS, (X, Gy, A ) every convergent sequence is Cauchy.

The completeness of the G-fuzzy normed linear space (X, Gy, A) is satisfied if Cauchyness implies convergence
in X. The complete property of the space G-B(X, Y) is discussed in the following theorem.

Theorem 4.4

Let the linear spaces (X, Gyx, A) and (Y, Gyy, A) be two G-fuzzy normed. If the linear space (Y, Gyy, A) is complete
G-fuzzy normed where A is continuous on (1,1) then G-B(X, Y) is complete GFNLS.

Proof

Assume that the sequence {H,}be Cauchy in G-B(X,Y), so for eacha, 0 < a < 1,t > 0 3N, (a, t) € N such that
Gny(H, —H,,,,H,, —H,,H, —H,,t) >1— a, Vvn,m,£ = N,. Now, for the vectors x,y,z € Xand each n,m,f = N,
the following formula say (A) is given:

Gny(Hn = H, Hy = Hp Hp —H,, ) > (1 = )

Now forx,y,z € X and n,m,? = N,



Mayada N. Mohammedali etal,, Vol.13(1) 2021, pp Math. 110-119 118

GNY(HnX - mev Hmy - Ht’yr Hfz - HnZv t) = GNY((Hn - Hm)(x)! (Hm - Ht’)(Y)' (Ht’ - Hn)(z)' t) > (1 - O()A
Gnx (%, Y, 2, t).

Hence, for any fixed vectors x,y, z, given 3,0 < < 1 and from formula (A) the following is obtained:
GNY(HnX - H,x,H,y—H,y,Hz—H,z2, t) > (1 - B)A GNX(X: Yzt )

Therefore, {H,,x} is Cauchy in Y, since (Y, Gyy, A) is complete G-fuzzy normed linear space so {H,,x} converges to
d € Y. Defines an operator H: (X, Gyx, A) = (Y, Gy, A) by Hx = d such that the vector d depends on x € X. We will
prove that

1- The transformation H is linear
Since H(c;a + ¢,b) = lim,_,, H,,(c;a + c,;b)
= ¢4limH,a + canAimb
nooo Soo
= c,H() + c,H(b)

2- The transformation H is bounded and the element H is the limit of the sequence {H,, }.

Since the formula (A) holds Vm > N,, H,, x converges to Hx, H,,,y converges to Hy and H,,,z converges to Hz we
may allow m — o

Soforallx,y,z € X,t > 0and n,¢ = N, formula (A) gives:
Gny((Hp = H)(), (H,, = H)(y), H, = H)(2), 1) =
Gny(Hpx —lim,,,_,, H,,x,H,,y — lim,,,_,, H,,y,H,z = lim,,,_,, H,,z,t) =
lim,y, 0 Gy ((Hn = H,,) ), (Hpp, = Hp) (), (He — Hy ) (2),0) =
lim,,_, Gyy((H, — H,,,) (%), (H,,, — H,)(y), (H,, — H,,,) (2), t) by the conditions (Gy3) and (Gy4).
Since (A) is contiuous on (1,1) then the following formula say (B) is obtained

Gny ((Hy — H)(®), (H,,, — H)(y), (H, — H)(2),t) = lim,,, o, Gny((Hy — H,,) (%), (H,,, — Hp) (y), (H,, — H, ) (@), 0) > (1 —
a)A Gyx(x,y,2,t)

Therefore, {H,, — H}is bounded butH,, is bounded hence H = H,, — (H,, — H) is bounded transformation, it
means that H € G-B(X, Y)and from formula (B) by taking the infimum V x, y, z gives:

Gner(H, —H,H,, —H,H, —H,t) > (1 — 0)AGyx(X,y,2,t)
Now, we take € with € € (0,1) with Gyx(x,y,2z,t) = 1 — & for some ¢
Hence (1 — a)A(1 —€) = 1 — & for some 0 < & < 1 this implies that
Gyer(H, —H,H,, —H,H, —H,t) = 1 —& Vn,m,f >N, t> 0. Thatis H is the limit of the sequence {H,, }.
According to the previous theorem, proof of the following corollary immediately follows it
Corollary 4.5

Suppose that (X,Gyx,A) and (F, Gyp, A) are two G-fuzzy normed linear spaces. Then the space G-B(X, [F)is
complete GFNLS when (F, Gy, A) is complete
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5. Conclusion

The continuity property for a linear transformation in terms of GFNLS was introduced; a bounded linear
transformation using the concept of GFNLS was defined. An illustrated example of this definition was given and
some essential properties are proved. Finally, the class G-B(X,Y) that is consisting of all bounded linear
transformations is presented with the proving that this space is complete GFNLS while the space Y is complete. We
believe the results established in this work will help authors to generalize further studies and results like the adjoint
transformation of bounded transformation.

References

[1] B. C. Dhage, "Generalised metric spaces and mappings with fixed point", Bulletin of the Calcutta Mathematical Society, vol. 84 (4), (1992),
pp. 329-336.

[2] Z. Mustafa and B. Sims, "Some remarks concerning D-metric space", Proceedings of the International Conferences on Fixed Point Theory and
Applications”, Valencia (Spain), (2003), pp. 189-198.

[3] Z.Mustafa, and B. Sims, "A new approach to generalized metric spaces", Journal of Nonlinear and convex Analysis, vol. 7 (2), (2006), pp. 289-297.

[4] G. Sun and K. Yang, "Generalized fuzzy metric spaces with properties", Research Journal of Applied Sciences, Engineering and Technology, vol. 2
(7), (2010), pp. 673-678.

[5] A.F. Sayed, A. Alahmari and S. Omran, "On Fuzzy Soft G-Metric Spaces", Journal of Advances in Mathematics and Computer Science, vol. 27 (6),
(2018), pp. 1-15.

[6] M. Jeyaraman, R. Muthuraj, M. Sornavalli and Z. Mustafa, "Common Fixed Point Theorems for W-Compatible maps of type (P) in Intuitionistic
Generalized Fuzzy Metric Spaces", International Journal of Advances in Mathematics, vol. (5), (2018), pp. 34-44.

[71 M. Rajeswari and M. Jeyaraman, "Fixed Point Theorems for Reciprocally Continuous Maps in Generalized Intuitionistic Fuzzy Metric Spaces",
Advances in Mathematics, Scientific Journal, vol. 8 (3), (2019), pp. 73-78.

[8] K. A.Khan, "Generalized normed spaces and fixed point theorems", Journal of Mathematics and Computer Science, vol. 13, (2014), pp. 157-167.

[9]1 S. Chatterjee, T. Bag and S. K. Samanta, "Some results on G-fuzzy normed linear space", Int. J. Pure Appl. Math., vol. 120 (5), (2018), pp. 1295-
1320.

[10] M. Khanehgir, M. M. Khibary, F. Hasanvanda, A. Modabber, "Multi-Generalized 2-Normed Space", Published by Faculty of Sciences and
Mathematics, vol. 31 (3), (2017), pp. 841-851.

[11] J. Xiao and X. Zhu, "Fuzzy normed spaces of operators and it is completeness", Fuzzy sets and Systems, vol. 133, (2004), pp.437-452.

[12] B. Lafuerza-Guillén, J. A. Rodriguez-Lallena and C. Sempi, "A study of boundedness in probabilistic normed spaces", J. Math. Anal. Appl., vol.

232, (1999), pp. 183-196.
13] I Sadeqi, and F. S. Kia, "Fuzzy normed linear space and its topological structure", Chaos Solitons Fractals, vol. 40, (2009), pp. 2576-2589.
4] A. Szabo, T. Binzar, S. N"ad aban and F. Pater, "Some properties of fuzzy bounded sets in fuzzy normed linear space", In Proceedings of the AIP
Conference Proceedings, Thessaloniki, Greece, 25—3"0 September (2017); AIP Publishing: Melville, NY, USA; Vol. 1978.

[15] A. Szabo, T. Binzar, S. Naddban and F. Pater, Some properties of fuzzy bounded sets in fuzzy normed linear spaces", AIP Conference
Proceedings 1978, 390009, (2018), https://doi.org/10.1063/1.5043993.

[16] N. F. Al-Mayahia, and D. S. Farhood, "Separation Theorems For Fuzzy Soft normed space." Journal of Al-Qadisiyah for computer science and
mathematics, vol. 11 (3), (2019), p. 89.

[17] B. T. Bilalov, S. M. Farahani and F. A. Guliyeva, "The Intuitionistic Fuzzy Normed Space of Coefficients", Abstract and Applied Analysis, Article
ID 969313, 11 pages, (2012), https://doi.org/10.1155/2012/969313.

[18] T.Bagand S. Samanta, "Fuzzy bounded linear operators", Fuzzy sets and Systems, vol. 151 (3), (2005), pp. 513-547.

[19] J. Zhao, C. M. Lin and F. Chao, "Wavelet Fuzzy Brain Emotional Learning Control System Design for MIMO Uncertain Nonlinear Systems", Front.
Neurosci, vol. 12, (2018), pp. 918.

[20] M. Janfada, H. Baghani and O. Baghani, "ON FELBIN’S-TYPE FUZZY NORMED LINEAR SPACES ANDFUZZY BOUNDED OPERATORS",
Iranian Journal of Fuzzy Systems, vol. 8 (5), pp. 117-130.

[21] K. Nomura, "Linear transformations that are tridiagonal with respect to the three decompositions for an LR triple", Linear Algebra and its
Applications, vol. 486, (2015), pp. 173-203.

[22] P. Sinha, G. Lal and D. Mishra, "Fuzzy 2-Bounded Linear Operators,” International Journal of Computational Science and Mathematics", vol. 7 (1),
(2015), pp. 1-9.

[23] S. Chatterjee, T. Bag and S. K. Samanta, "Some Fixed Point Theorems in G-fuzzy Normed Linear Spaces", Recent Advances in Intelligent
Information Systems and Applied Mathematics, (2020), 87-101.

[24] T.Bagand S. Samanta, "Finite dimensional fuzzy normed linear spaces", J. Fuzzy Math. Vol. 11 (3), (2003), pp. 687-705.


https://aip.scitation.org/author/N%C4%83d%C4%83ban%2C+Sorin
https://aip.scitation.org/author/Pater%2C+Flavius
https://aip.scitation.org/doi/abs/10.1063/1.5043993
https://aip.scitation.org/journal/apc
https://aip.scitation.org/journal/apc
https://doi.org/10.1063/1.5043993
https://doi.org/10.1155/2012/969313

