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1. Introduction

In [1], “let M be an R-module and let W: M — M. If W(N') € IV, then IV is called fully invariant (FI) such that
N < M. Note that if M equal IV, this means M is also fully invariant. In [2], “the right R-module M is called a duo
module provided every submodule ' < M is fully invariant”. Moreover; M and {0} are called Duo submodule. In
[3], “the heart submodule of M, denoted by H(M), is defined by the intersection of all nonzero submodules of M.
However H (M) is a minimal submodule contained in every submodule is non zero when H (M) is nonzero. In [4],
“the right R-module M is called a multiplication module if for every submodule < M,3 an ideal l of R3 NV =
IM”. In [5], “an R-module M is a projective module if there exists an R-module @ such that M @ Q is a free R-
module”. In [6], “a module M is called uniform if V1 and V', are non-zero submodules of M’; N; NV, # 0 the
intersection of any two non-zero submodules is nonzero, equivalently, M is uniform if 0 # NV <,,;c M". In [7], an R-
module M is called extending (C;-module) if every submodule of M is essential in a direct summand of M.
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2. The Main Results
In this paper, we study duo property of any submodule V' of C;-module.

Lemma (2.1):

Consider M as a submodule of M over ring R. If g: M - M and x € M, there exist r € R, then M is a duo
submodule of M.

Proof:

Note that g(M) € M such that M < M. Thus M is a duo submodule and so is duo-C;-module.

Examples (2.2): [2]

1- Simple module is Duo module.

2- Multiplication module with projective module is Duo module.

Theorem (2.3):

Let as M is C;-module. Consider M < M. If M has (A.C.C.) property on cyclic submodule, then a submodule M is

duo. So a C;-module M is duo.

Proof:
Suppose that M has (A.C.C.) property on cyclic submodule. Let x E M 3x #0 and let g¢M - M be a
homomorphism. If g(x) € xR, then x € g(x)R and so x = g(x)r, r € R. Hence g"(x) = g"**(x)r; n is positive
integer. So

xR S g(x)R S g*(X)R S v ve e ey

Jinteger k* 3 gF(x)R = g¥**(x)R.
There exists 17 € R such that

g () = g*(om = g*(xmy).
g g(x) = g*(xm).
g(x) — xry € ker(g").

If ker(g*) € xR, then g*(x) = 0 and so x = g*(x)r* = 0. ...C!
Therefore ker(g*) € xR and hence g(x) — xr; € xR(g(x) € xR). So g(x) € xR. Then a submodule M is a duo, so a
C;-module M is duo.
Remark (2.4):
We can show that some submodules not duo, so a C;-module M is not duo, for example:
If R; subring of R,, then any right Ri-module R; is not duo module because if , € R, 3 1, € R. So ¢: R, = R, defined
by: ¢(d) = r,d Vd € R, is an R;-homomorphism. We have r, = ¢(1), then a submodule R, is not fully-invariant of
Ri-module R:.

Definition (2.5): [3]
“Let WV be a submodule of an R-module M. Then M is called an essential extension of N If N "M # 0 or
NNM =0,thenM = 0".
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Definition (2.6): [3]
“A submodule IV of an R-module M which has no proper essential extension in M is called a closed submodule of

Now we study another property of submodule namely heart submodule H(M), is defined by the intersection of all
non-zero submodules of M.

H(M) is a minimal submodule contained in every submodule # 0 when H(M) # 0.

Theorem (2.7):

Let as M be a C;-R-module. Consider H (M) is heart submodule of M. Then H(M) is fully invariant and so M is duo
(M is duo-C;-module).

Proof:
From definition of H(M) we get H(M') < M. Take any homomorphism g € End(M), g: M - M. To prove
gHM)) € HM).
If HM) = 0, then H(M) already invariant submodule.
Let H(M) # 0. Therefore H(M) is simple and hence H(M') = soc(H(M)). So
gHM)) = g(soc(H(M))) & soc(H(M)) = H(M).
Then H(M) is fully invariant. Thus a C;-module M is duo.

Recall that if M is any R-module, then the socle of M can defined by
soc(M) = Z{N < M: NV is simple}.

Remark (2.8):
B H(M) S soc(M) for any right R-module M.
B H(M) = soc(M) if M has simple socle.

Theorem (2.9):
Let as M be a C;-module. If H(M) € M is intersection of all submodules of M 3 every submodule is fully invariant,

then a C;-module M is duo.
Proof:

Suppose that H(M') = 0, then M has a submodule is fully invariant (M is duo) also is closed. Thus M is closed duo-
C;-module.
Now suppose that H(M') # 0. Then
HM/HM)) =n (B;/("NB;)),i €IV0*B;, <M.
Then
H(M/H(V)) = 0.
So H(M) is h-closed (M is closed duo-C;-module).
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Remark (2.10): [3]

“Let M be an R-module and V' < M. We called IV is h-closed submodule of M if H(M /N) = 0.

Corollary (2.11):

Let as M be a C;-R-module and M, M, < M. If HM /M;) =0 and H(M /M) =0, then H(MR/M;) =0 (h-

closed) and so M is duo-C;-module.

Proof:
Assume that M; be a h-closed submodule of M, (H(M,/M;) = 0) and
H(M /M) = 0.But (M, /M) € (M /M,).SoHM /M) € HM /M)
(by def. of H(M)) © H(M,/M;) = 0.
Hence M is a h-closed submodule of M, (H(M /M)) = 0. Therefore,
H(M /M) is fully invariant. Thus M is duo-C;-module.

Example (2.12):
Let F be a field and V a vector space over F such that dim (V) = 2. Consider R subring of M, (F);
_[F V1_([f v]_ }
R_[O 4 _{0 i fervevy
There are only three submodules of R:
_[0 wnf _[0 vof _[0 wif +vf
Nl—[o 0],Nz—[0 0],]\@_[0 ' ]avl,vzeV,feF.

We have H(R) = 0 and H(R/R) = 0, therefore 0 and R are h-closed submodule and then H(R/R) is fully invariant.
Thus M is duo-C;-module.

Remark (2.13):
Note that V;, NV, and JV; not imply M is duo-C;-module, because
H(R/N3) = H(F) # 0,

and
HR/N:) = (R/Ny) 0 (N3/Ny)
= N3/M
* 0.
Also
H(R/N,) # 0.

Example (2.14):

LetV; = [g v(l)f] be R-submodule of Rj. Clear that V; not complement submodule of Ry, therefore it is not h-
closed and so not fully invariant. Then a C;-module M is not duo.

Example (2.15):

Let M, = Zand V' = 6Z be a submodules of M. So HM /N) = H(Z/6Z) = 0 and then it is h-closed {H(Z/6Z) fully

invariant}. Thus M is duo-C;-module.
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The next theorem explain that a direct summand of h-closed submodule gives duo-C;-module.

Theorem (2.16):

Let M be a C;-module. Then direct summand of h-closed submodules is fully invariant and so a C;-module M is duo.

Proof:
Suppose that M is a direct summand of h-closed. So
M =D;+D,vD,,D, <M.

Assume that K < D; 3itis h-closed of D; (H(D;/K) = 0). Then

M/(KDDy)=D;/K.SoHM /K & D,)) =0
Because if X =Y - H(X) = H(Y). Hence K @ D, is h-closed submodule,
(H(K @ D,)) is fully invariant and so a C;-module M is duo.
Corollary (2.17):
Let M be a C;-module. If M has a socle not equal zero, then C;-module M is duo.
Proof:
Assume that soc(M) # 0. Since ' < M is a simple, then soc(M) = H(M). but H(M) is a fully-invariant, then a C;-
module M is duo.
Corollary (2.18):
Let M be a multiplication C;-module. If VN < M; R-monomorphism g:N' — M can be extended to an R-
endomorphism of M (h: M —» M), then a C;-module M is duo.
Proof:
Suppose that ' < M such that R-monomorphism g: ' — M can be extended to an R-endomorphism of M. Let M’
be a multiplication module over R. So V' = IM. Let f: M — M be a R-endomorphism. If f(N) = f(IM), then
If(M) € IM =XN. Hence (V) =N (f(N) € N). Then a submodule V' of M is fully invariant. Thus a C;-module
M is duo.

Recall that a submodule V' of a module M is essential in case A N V' # 0 for every submodule A # 0.
Corollary (2.19):
Let M be a C;-module. If V' <o M 3 R-monomorphism from ' — M can be extended to an R-endomorphism of
M, then a C;-module M is duo.
Proof:
Let f: M — M be a monomorphismand H = {x € \V: f(x) € N'}. Then
H = f~Y(). Since ' < M is pseudo-injective, then 3 an R-homomorphism g: N' > N 3 extends f. Also, we have M
is pseudo-injective, then 3 an R-homomorphism h: M — M 3 extends g. Let us claim that (h — f) (V') = 0. Assume
that (h— ) (W) NN #= 0. But V<50 M. So
(h=FHW) NN =0.
Hence

(h=—fHm) =1 nle.
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So
(h=H) =L
Therefore
G—-Hm)=f,sof(n) =gmn) -L
Hencen € H. Thenl = (h — f)(n) = 0; which is contradicts with assumption, then (h — f) = 0. Hence
h(NV) = f(V).
But
fV)=h(N) = gV) € N.
So
fv) c w.
Hence IV is a fully-invariant. Thus a C;-module M is duo.
Definition (2.20): [4]
“any module ' € g[M] is called M -multiplication module if for every submodule of V', 31 < M 3 L = [, V', where
o[M]is all multiplication modules”.
Theorem (2.21):
Letas M be D;-module and V' € o[M]. If V is an M -multiplication module, then a C;-module M is duo.
Proof:
Since M is D,-module, then M has a decomposition M = M; @M, 3 M; < N and M, NN K M, where N' <M
(M is a lifting). So M is C;-module. Assume that L < V. Since NV is an M -multiplication module, then there exists
K<M>3f(k)€K and Ky N =L ( £M->M). KN=Xf(K)=>L=3Xf(K). Then if B:N >N = p(L) =
BY f(K)=X(B e f)(K) S L, then L is fully invariant of (f(L) € L). Then M is duo-C;-module.
Example (2.22): [4]
“Let M = Z, 0. Let N <, M (proper), then V' is a duo submodule”.
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