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A B S T R A C T 

In this paper, we will give high priority to some important results about the duality property 
of submodule. The main reason for choosing this property is that duo is one of the important 
applications of extending modules. Note that any module ℳ will be chosen we will deal with 
it as a submodule on itself. 
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1. Introduction 

In [1], “let ℳ be an R-module and let W: ℳ → ℳ. If W(𝒩) ⊆ 𝒩, then 𝒩 is called fully invariant (FI) such that 
𝒩 ≤ ℳ”. Note that if ℳ 𝑒𝑞𝑢𝑎𝑙 𝒩, this means ℳ is also fully invariant. In [2], “the right R-module ℳ is called a duo 
module provided every submodule 𝒩 ≤ ℳ is fully invariant”. Moreover; ℳ and {0} are called Duo submodule. In 
[3], “the heart submodule of ℳ, denoted by 𝐻(ℳ), is defined by the intersection of all nonzero submodules of ℳ”. 
However 𝐻(ℳ) is a minimal submodule contained in every submodule is non zero when 𝐻(ℳ) is nonzero. In [4], 
“the right R-module ℳ is called a multiplication module if for every submodule 𝒩 ≤ ℳ, ∃ an ideal 𝐼 of R ∋ 𝒩 =
𝐼ℳ”. In [5], “an R-module ℳ is a projective module if there exists an R-module 𝑄 such that ℳ ⊕ 𝑄 is a free R-
module”. In [6], “a module ℳ is called uniform if 𝒩1 and 𝒩2 are non-zero submodules of ℳ; 𝒩1 ∩ 𝒩2 ≠ 0 the 
intersection of any two non-zero submodules is nonzero, equivalently, ℳ is uniform if 0 ≠ 𝒩 ≤𝑒𝑠𝑠 ℳ”. In [7], an R-
module ℳ is called extending (𝐶1-module) if every submodule of ℳ is essential in a direct summand of ℳ. 
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2. The Main Results 

In this paper, we study duo property of any submodule 𝒩 of 𝐶1-module. 

Lemma (2.1): 

Consider ℳ as a submodule of ℳ over ring R. If 𝑔: ℳ → ℳ and 𝑥 ∈ ℳ, there exist 𝑟 ∈ 𝑅, then ℳ is a duo 

submodule of  ℳ. 

Proof: 

Note that 𝑔(ℳ) ⊆ ℳ such that ℳ ≤ ℳ. Thus ℳ is a duo submodule and so is duo-𝐶1-module. 

Examples (2.2): [2] 

1- Simple module is Duo module. 

2- Multiplication module with projective module is Duo module. 

Theorem (2.3): 

Let as ℳ is C1-module. Consider ℳ ≤ ℳ. If ℳ has (A.C.C.) property on cyclic submodule, then a submodule ℳ is  

duo. So a 𝐶1-module ℳ is duo. 

Proof: 

Suppose that ℳ has (A.C.C.) property on cyclic submodule. Let 𝑥 ∈ ℳ ∋ 𝑥 ≠ 0 and let 𝑔: ℳ → ℳ be a 

homomorphism. If 𝑔(𝑥) ∉ 𝑥𝑅, then 𝑥 ∈ 𝑔(𝑥)𝑅 and so 𝑥 = 𝑔(𝑥)𝑟, 𝑟 ∈ 𝑅. Hence 𝑔𝑛(𝑥) = 𝑔𝑛+1(𝑥)𝑟; n is positive 

integer. So 

𝑥𝑅 ⊆ 𝑔(𝑥)𝑅 ⊆ 𝑔2(𝑥)𝑅 ⊆  … … … …, 

∃ 𝑖𝑛𝑡𝑒𝑔𝑒𝑟 𝑘+ ∋ 𝑔𝑘(𝑥)𝑅 = 𝑔𝑘+1(𝑥)𝑅. 

There exists 𝑟1 ∈ 𝑅 such that 

𝑔𝑘+1(𝑥) = 𝑔𝑘(𝑥)𝑟1 = 𝑔𝑘(𝑥𝑟1). 

𝑔𝑘𝑔(𝑥) = 𝑔𝑘(𝑥𝑟1). 

𝑔(𝑥) − 𝑥𝑟1 ∈ 𝑘𝑒𝑟(𝑔𝑘). 

If 𝑘𝑒𝑟(𝑔𝑘) ⊆ 𝑥𝑅, then 𝑔𝑘(𝑥) = 0 and so 𝑥 = 𝑔𝑘(𝑥)𝑟𝑘 = 0. ….C! 

Therefore 𝑘𝑒𝑟(𝑔𝑘) ⊆ 𝑥𝑅 and hence 𝑔(𝑥) − 𝑥𝑟1 ∈ 𝑥𝑅(𝑔(𝑥) ∈ 𝑥𝑅). So 𝑔(𝑥) ∈ 𝑥𝑅. Then a submodule ℳ is a duo, so a 

𝐶1-module ℳ is duo. 

Remark (2.4): 

We can show that some submodules not duo, so a 𝐶1-module ℳ is not duo, for example: 

If 𝑅1 subring of 𝑅2, then any right R1-module R2 is not duo module because if 𝑟2 ∈ 𝑅2 ∋ 𝑟2 ∉ 𝑅. So 𝜑: 𝑅2 → 𝑅2 defined 

by: 𝜑(𝑑) = 𝑟2𝑑 ∀𝑑 ∈ 𝑅2 is an 𝑅1-homomorphism. We have 𝑟2 = 𝜑(1), then a submodule 𝑅1 is not fully-invariant of 

R1-module R2. 

Definition (2.5): [3] 

“Let 𝒩 be a submodule of an R-module ℳ. Then ℳ is called an essential extension of 𝒩 If 𝒩 ∩ ℳ ≠ 0 or 

𝒩 ∩ ℳ = 0, then ℳ = 0”. 
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Definition (2.6): [3] 

“A submodule 𝒩 of an R-module ℳ which has no proper essential extension in ℳ is called a closed submodule of 

ℳ”. 

 

Now we study another property of submodule namely heart submodule 𝐻(ℳ), is defined by the intersection of all 

non-zero submodules of ℳ. 

𝐻(ℳ) is a minimal submodule contained in every submodule ≠ 0 when 𝐻(ℳ) ≠ 0. 

Theorem (2.7): 

Let as ℳ be a 𝐶1-R-module. Consider 𝐻(ℳ) is heart submodule of ℳ. Then 𝐻(ℳ) is fully invariant and so ℳ is duo 

(ℳ is duo-𝐶1-module). 

Proof: 

From definition of 𝐻(ℳ) we get 𝐻(ℳ) ≤ ℳ. Take any homomorphism 𝑔 ∈ 𝐸𝑛𝑑(ℳ), 𝑔: ℳ → ℳ. To prove 

𝑔(𝐻(ℳ))  ⊆  𝐻(ℳ). 

If 𝐻(ℳ) = 0, then 𝐻(ℳ) already invariant submodule. 

Let 𝐻(ℳ) ≠ 0. Therefore 𝐻(ℳ) is simple and hence 𝐻(ℳ) = 𝑠𝑜𝑐(𝐻(ℳ)). So 

𝑔(𝐻(ℳ)) = 𝑔(𝑠𝑜𝑐(𝐻(ℳ))) ⊆ 𝑠𝑜𝑐(𝐻(ℳ)) = 𝐻(ℳ). 

Then 𝐻(ℳ) is fully invariant. Thus a 𝐶1-module ℳ is duo. 

 

Recall that if ℳ is any R-module, then the socle of ℳ can defined by 

soc(ℳ) = ∑{𝒩 ≤ ℳ: 𝒩 is simple}. 

Remark (2.8): 

∎  𝐻(ℳ) ⊆ 𝑠𝑜𝑐(ℳ) for any right R-module ℳ. 

∎  𝐻(ℳ) = 𝑠𝑜𝑐(ℳ) if ℳ has simple socle. 

Theorem (2.9): 

Let as ℳ be a 𝐶1-module. If 𝐻(ℳ) ⊆ ℳ is intersection of all submodules of ℳ ∋ every submodule is fully invariant, 

then a 𝐶1-module ℳ is duo. 

Proof: 

Suppose that 𝐻(ℳ) = 0, then ℳ has a submodule is fully invariant (ℳ is duo) also is closed. Thus ℳ is closed duo-

𝐶1-module. 

Now suppose that 𝐻(ℳ) ≠ 0. Then 

𝐻(ℳ/𝐻(ℳ)) =∩ (𝐵𝑖/(∩ 𝐵𝑖)), 𝑖 ∈ 𝐼 ∀ 0 ≠ 𝐵𝑖 ≤ ℳ. 

Then 

𝐻(ℳ/𝐻(ℳ)) = 0. 

So 𝐻(ℳ) is h-closed (ℳ is closed duo-C1-module). 
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Remark (2.10): [3] 

“Let ℳ be an R-module and 𝒩 ≤ ℳ. We called 𝒩 is h-closed submodule of ℳ if 𝐻(ℳ/𝒩) = 0”. 

Corollary (2.11): 

Let as ℳ be a 𝐶1-R-module and ℳ1, ℳ2 ≤ ℳ. If 𝐻(ℳ/ℳ1) = 0 and 𝐻(ℳ/ℳ2) = 0, then 𝐻(ℳ𝑅/ℳ1) = 0 (h-

closed) and so ℳ is duo-𝐶1-module. 

Proof: 

Assume that ℳ1 be a h-closed submodule of ℳ2 (H(ℳ2 ℳ1) = 0)⁄  and 

𝐻(ℳ/ℳ2) = 0. But (ℳ2/ℳ1) ⊆ (ℳ/ℳ1). So 𝐻(ℳ/ℳ)  ⊆  𝐻(ℳ/ℳ) 

(by def. of 𝐻(ℳ))  ∋  𝐻(ℳ2/ℳ1) = 0. 

Hence ℳ1 is a h-closed submodule of ℳ, (𝐻(ℳ/ℳ1)) = 0. Therefore, 

𝐻(ℳ/ℳ1) is fully invariant. Thus ℳ is duo-C1-module. 

Example (2.12): 

Let F be a field and 𝑉𝐹  a vector space over F such that 𝑑𝑖𝑚(𝑉𝐹) = 2. Consider R subring of ℳ2(F); 

𝑅 = [
𝐹 𝑉
0 𝐹

] = {[
𝑓 𝑣
0 𝑓

] ; 𝑓 ∈ 𝐹, 𝑣 ∈ 𝑉}. 

There are only three submodules of R: 

𝒩1 = [
0 𝑣1𝑓
0 0

] , 𝒩2 = [
0 𝑣2𝑓
0 0

] , 𝒩3 = [
0 𝑣1𝑓 + 𝑣2𝑓
0 0

] ∋ 𝑣1, 𝑣2 ∈ 𝑉, 𝑓 ∈ 𝐹. 

We have 𝐻(𝑅) = 0 and 𝐻(𝑅/𝑅) = 0, therefore 0 and R are h-closed submodule and then 𝐻(𝑅/𝑅) is fully invariant. 

Thus ℳ is duo-𝐶1-module. 

Remark (2.13): 

Note that 𝒩1, 𝒩2 and 𝒩3 not imply ℳ is duo-𝐶1-module, because 

𝐻(𝑅/𝑁3) ≅ 𝐻(𝐹) ≠ 0, 

and 

𝐻(𝑅/𝒩1) = (𝑅/𝒩1) ∩ (𝒩3/𝒩1) 

=  𝒩3/𝒩1 

≠ 0. 

Also 

𝐻(𝑅/𝒩2) ≠ 0. 

Example (2.14): 

Let 𝒩1 = [
0 𝑣1𝑓
0 0

] be R-submodule of 𝑅𝑅. Clear that 𝒩1 not complement submodule of 𝑅𝑅, therefore it is not h-

closed and so not fully invariant. Then a 𝐶1-module ℳ is not duo. 

Example (2.15): 

Let ℳ𝑧 = 𝑍 and 𝒩 = 6𝑍 be a submodules of ℳ. So 𝐻(ℳ/𝒩) = 𝐻(𝑍/6𝑍) = 0 and then it is h-closed {𝐻(𝑍/6𝑍) fully 

invariant}. Thus ℳ is duo-𝐶1-module. 



Abdulsalam F. Talak et al.,                                         Vol.13(1) 2021 , pp  Math.   155–160                  159 

 

 

 

 

The next theorem explain that a direct summand of h-closed submodule gives duo-𝐶1-module. 

Theorem (2.16): 

Let ℳ be a 𝐶1-module. Then direct summand of h-closed submodules is fully invariant and so a 𝐶1-module ℳ is duo. 

Proof: 

Suppose that ℳ is a direct summand of h-closed. So 

ℳ = 𝐷1 + 𝐷2 ∀𝐷1 , 𝐷2 ≤ ℳ. 

Assume that 𝐾 ≤ 𝐷1 ∋ it is h-closed of 𝐷1 (𝐻(𝐷1 𝐾⁄ ) = 0). Then 

ℳ/(𝐾 ⊕ 𝐷2) ≅ 𝐷1/𝐾. 𝑆𝑜 𝐻(ℳ/𝐾 ⊕ 𝐷2)) = 0 

Because 𝑖𝑓 𝑋 ≅ 𝑌 → 𝐻(𝑋) ≅ 𝐻(𝑌). Hence 𝐾 ⊕ 𝐷2 is h-closed submodule, 

(𝐻(𝐾 ⊕ 𝐷2)) is fully invariant and so a 𝐶1-module ℳ is duo. 

Corollary (2.17): 

Let ℳ be a 𝐶1-module. If ℳ has a socle not equal zero, then 𝐶1-module ℳ is duo. 

Proof: 

Assume that 𝑠𝑜𝑐(ℳ) ≠ 0. Since 𝒩 ≤ ℳ is a simple, then 𝑠𝑜𝑐(ℳ) = 𝐻(ℳ). but 𝐻(ℳ) is a fully-invariant, then a 𝐶1-

module ℳ is duo. 

Corollary (2.18): 

Let ℳ be a multiplication 𝐶1-module. If ∀ 𝒩 ≤ ℳ; R-monomorphism 𝑔: 𝒩 →  ℳ can be extended to an R-

endomorphism of ℳ (ℎ: ℳ → ℳ), then a 𝐶1-module ℳ is duo. 

Proof: 

Suppose that 𝒩 ≤ ℳ such that R-monomorphism 𝑔: 𝒩 →  ℳ can be extended to an R-endomorphism of ℳ. Let ℳ 

be a multiplication module over R. So 𝒩 = 𝐼ℳ. Let 𝑓: ℳ → ℳ be a R-endomorphism. If 𝑓(𝒩) = 𝑓(𝐼ℳ), then 

𝐼𝑓(ℳ) ⊆ 𝐼ℳ = 𝒩. Hence (𝒩) = 𝒩 (𝑓(𝒩) ⊆ 𝒩). Then a submodule 𝒩 of ℳ is fully invariant. Thus a 𝐶1-module 

ℳ is duo. 

 

Recall that a submodule 𝒩 of a module ℳ is essential in case A ∩ 𝒩 ≠ 0 for every submodule A ≠ 0. 

Corollary (2.19): 

Let ℳ be a 𝐶1-module. If 𝒩 ≤𝑒𝑠𝑠 ℳ ∋ R-monomorphism from 𝒩  →  ℳ can be extended to an R-endomorphism of 

ℳ, then a 𝐶1-module ℳ is duo. 

Proof: 

Let 𝑓: ℳ →  ℳ be a monomorphism and 𝐻 = {𝑥 ∈ 𝒩: 𝑓(𝑥) ∈ 𝒩}. Then 

𝐻 = 𝑓−1(𝒩). Since 𝒩 ≤ ℳ is pseudo-injective, then ∃ an R-homomorphism 𝑔: 𝒩 → 𝒩 ∋ extends f. Also, we have ℳ 

is pseudo-injective, then ∃ an R-homomorphism ℎ: ℳ →  ℳ ∋ extends g. Let us claim that (ℎ − 𝑓)(𝒩) = 0. Assume 

that (ℎ − 𝑓)(𝒩) ∩ 𝒩 ≠ 0. But 𝒩 ≤𝑒𝑠𝑠 ℳ. So 

(ℎ − 𝑓)(𝒩) ∩ 𝒩 ≠ 0. 

Hence 

(ℎ − 𝑓)(𝑛) = 𝑙, 𝑛, 𝑙 ∈ 𝒩. 
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So 

(ℎ − 𝑓)(𝑛) = 𝑙. 

Therefore 

(𝑔 − 𝑓)(𝑛) = 𝑓, 𝑠𝑜 𝑓(𝑛) = 𝑔(𝑛) − 𝑙. 

Hence 𝑛 ∈ 𝐻. Then 𝑙 = (ℎ − 𝑓)(𝑛) = 0; which is contradicts with assumption, then (ℎ − 𝑓) = 0. Hence 

ℎ(𝒩) = 𝑓(𝒩). 

But 

𝑓(𝒩) = ℎ(𝒩)  =  𝑔(𝒩)  ⊆  𝒩. 

So 

𝑓(𝒩)  ⊆  𝒩. 

Hence 𝒩 is a fully-invariant. Thus a 𝐶1-module ℳ is duo. 

Definition (2.20): [4] 

“any module 𝒩 ∈ 𝜎[ℳ] is called ℳ-multiplication module if for every submodule of 𝒩, ∃ 𝐼 ≤ ℳ ∋ 𝐿 = 𝐼ℳ𝒩, where 

𝜎[ℳ] is  all multiplication modules”. 

Theorem (2.21): 

Let as ℳ be 𝐷1-module and 𝒩 ∈ σ[ℳ]. If 𝒩 is an ℳ-multiplication module, then a 𝐶1-module ℳ is duo. 

Proof: 

Since ℳ is 𝐷1-module, then ℳ has a decomposition ℳ = ℳ1 ⊕ ℳ2  ∋  ℳ1 ≤ 𝒩 and ℳ2 ∩ 𝒩 ≪ ℳ2 where 𝒩 ≤ ℳ 

(ℳ is a lifting). So ℳ is 𝐶1-module. Assume that 𝐿 ≤ 𝒩. Since 𝒩 is an ℳ-multiplication module, then there exists 

𝐾 ≤ ℳ ∋ 𝑓(𝑘) ⊆ 𝐾 and Kℳ𝒩 = L ( f: ℳ → ℳ). KN = ∑ f(K) ⇒ L = ∑ f(K). Then if 𝛽: 𝒩 → 𝒩 ⇒ 𝛽(𝐿) =

𝛽 ∑ 𝑓(𝐾) = ∑(𝛽 ∘ 𝑓)(𝐾) ⊆ 𝐿, then L is fully invariant of  (𝑓(𝐿) ⊆ 𝐿). Then ℳ is duo-𝐶1-module. 

Example (2.22): [4] 

“Let ℳ = 𝑍𝑝∞. Let 𝒩 ≤𝑝 ℳ (proper), then 𝒩 is a duo submodule”. 
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