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A B S T R A C T 

   In this article we provide that several relationships between some concepts and injective 
module. We investigate, if 𝑀 is a cyclic and regular module is injective. Also, if 𝑀 is regular 
with N≤ 𝑀 is finitely generated submodule, so 𝑀 is injective. Finally, some relationships have 
been studied about injective module in details.  
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1- Introduction: 

All ring in this article are commutative and all modules with unit. In [1], “any module 𝑀 is called regular if (mg)m=m, 

g:𝑀→R and 𝑚 ∊ 𝑀”. From [2], “if R has no infinite direct sum of ideals, so R is called finite dimensional”. Also, by [3], 

“a module 𝑀 is called finitely generated if it has finite set of generators”. In [4], “we found that every projective module is 

an injective”. Also, from [5], “every direct limits of projective module is a projective”. From [6], “any module 𝑀 over 

prufer domain is linearly compact”. In [7], “prufer domain means R integral domain and f-generated ideal of R is 

projective”. “Any ring 𝑅 is called 𝑄𝐹(quasi-Frobenius) if every projective module is injective; or every injective module is 

discrete”. In this paper, we present a new result about injective module depending on other concepts, namely Noetherian, 

Artinian and regular modules. 
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2- The Main Result 

In this section, we present some new results about the relationship between Noetherian, Artinian and regular rings and 

injective module. We should start with the following definitions. 

Definition (2.1). [1]. “Any module 𝑀 is called regular if Ɐ𝑚 ∊ 𝑀, ∃ g∊𝐻𝑜𝑚(𝑀,R), then(mg)m=m”. 

More details of regular property can find it in [2].  

In the beginning, we need a basic preliminary in order to proceed from it towards then main objective of the current paper. 

See the following lemma: 

Lemma (2.2). Every Noetherian or Artinian Regular module over abelian ring R with unity is injective module. 

Proof.  

Any module 𝑀 fulfills all the conditions in theory, this means 𝑀 is a finite direct sum of projective module have only two 

submodule are {0} and 𝑀. Since R is a commutative ring with identity element, so 𝑀 is a flat module  iff it is injective and 

a finite direct sum of injective is also injective.(see[8]). 

Definition (2.3). An R-module 𝑀 is called projective if and only if for any 𝑒𝑝𝑖𝑚𝑜𝑟𝑝ℎ𝑖𝑠𝑚 𝑓:C→V such that C,V are any 

R-modules and for any homomorphism g:𝑀→V ∃ a homomorphism  h:𝑀→C such that f∘h=g [9]. 

Remark (2.4). A ring R is called finite–dimensional if R have no infinite direct sums of ideals. [1] 

Theorem (2.5). Let R be a (QF) and perfect ring or finite–dimensional ring. If 𝑀 is a regular R-module, then 𝑀 is injective. 

Proof. 

Let R is a perfect ring. Let T=direct limits of projective-module. Then T projective (see [5]). But 𝑀 is a direct limit of 𝑁𝑖    ∋ 

𝑁𝑖    f. submodules. So 𝑀 is a projective. But from [4], “for a QF-ring. every projective module is an injective module”. Now 

if R have no infinite direct sums of ideals. Let 𝑀 be a regular and Г={ ∑ ⨁ Rmα : mα∊𝑀} is a partially ordered and ∑ ⨁ 

Rmα ≤ ∑ ⨁ Rmβ 𝑖𝑓𝑓 {mα }  ⊆ {mβ }.So ∃ 𝑁=∑ ⨁ Rmα is a maximal in Г (By Zorn’s Lemma). Then 𝑁∩Rm≠0, 0 ≠ m ∊

𝑀. If N = 𝑀, suppose that m ∊ 𝑀. Rm≈ 𝐼; 𝐼 is an ideal of R. So have no infinite direct sums of 𝑁𝑖. But 

Rm=Rn1⨁……⨁ Rnt ∋ 𝑅𝑛𝑖  simple , 𝑅𝑛𝑖 ∩ 𝑁 ≠0 Ɐ𝑖. so 𝑅𝑛𝑖 ∩ 𝑁 =  𝑅𝑛𝑖 

𝑅𝑚 ∩ 𝑁=( Rn1⨁……⨁ Rnt) ∩N⊇ ∑⨁( 𝑅𝑛𝑖 ∩ 𝑁) =  ∑⨁ 𝑅𝑛𝑖 = 𝑅𝑚 

Hence 𝑅𝑚 ⊆ 𝑁 and then 𝑀=𝑁. Therefor 𝑀 is a projective. Thus it is injective module [4]. 

Lemma (2.6). “Every f-generated regular R-module is a projective”. [1] 

 

Recall that for all 𝑚𝑖 ∊ 𝑀, 𝑖∊𝐽 ∋ 𝐽 is a some of several generators of 𝑀. So we can present a definition of finitely generated 

module 𝑀 by the following way: 

Definition (2.7). “If 𝑀 has a f-set of generators, so 𝑀 is called f-generated  

R-module”.[3] 

Example (2.8). Any f-dimensional vector space is a f-generated over a field K. 
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Proposition (2.9). Let 𝐸 be a regular R-module. If 𝐸≅
𝑅𝑛

𝑁
, then 𝐸 is injective module. 

Proof. 

 Since 𝐸≅
𝑅𝑛

𝑁
 , 𝑛 ∊ 𝑍+ , 𝑁 ≤ 𝑅𝑛 ,so there is a homo. 

 𝛾: R
n
→

𝑅𝑛

𝑁
 ≅𝐸 ∋𝛾 (r1,.....,𝑟𝑛)→ (r1,....., 𝑟𝑛)+N. 

Take 𝑒𝑖  =(0,….,0,1,…,0) ∋ (1 being at the 𝑖 − 𝑡ℎ place).Hence 𝑒𝑖    generate R
n
, 1≤ 𝑖 ≤n. so 𝛾 (𝑒𝑖) generate 𝐸 over R, (1≤ 𝑖 

≤n).Therefor 𝐸 is f. g. module. But 𝐸 is regular module. So 𝐸 is a projective (Lemma 2.6). Thus 𝐸 is injective module. 

Corollary (2.10). Every cyclic regular R-module over QF-ring is injective. 

Proof. 

Since 𝑀 is cyclic regular R-module then it is  f-generated and by (Lemma 2.6), 𝑀 is injective. 

Corollary (2.11).  Let 𝑀1 and 𝑀2 be an R-modules over (QF)-ring and let  

𝛿: 𝑀1 →𝑀2  be an onto  homomorphism such that 𝑀2 is a regular and 𝑀1 is  

f-generated, so 𝑀2 is injective module. 

Proof. 

Suppose that 𝑀1 and 𝑀2 are two modules over the ring R. Also suppose 𝑀1is f-generated module. To prove that 𝑀2  is 

injective. 

Since 𝑀1 is a f-generated. R-module, so 𝑀 has a generating set {m1,….,𝑚𝑘}. Therefore, we need to show that 𝑀1 generated 

by the set  {𝛿(m1),…, 𝛿(mk)}. Ɐ m2∊𝑀2  , we have 𝛿 is onto, ∃ m1∊𝑀1 ∋ 𝛿(m1)=m2.  But 𝑀1 is a f-generated module, 

m1=r1a1+………+ 𝑟𝑘 𝑎𝑘 , r1,…..,  𝑟𝑘 ∊R. So m2=  𝛿 (r1a1)+………+  𝛿 ( 𝑟𝑘 𝑎𝑘 ) =  𝑟1 𝛿 (a1)+…… 𝑟𝑘  𝛿(𝑎 k). Hence 𝑀2 =<  𝛿 (a1) , 

……., 𝛿(𝑎k)>. Then 𝑀2 is a f-generated with regular property imply 𝑀2  is “projective and hence is injective” [6]. 

Theorem (2.12). Let 𝑀 be regular module over P.I.D. If 𝑀 is acyclic module, then it is a Noetherian and is injective 

module. 

Proof. 

Since 𝑀  is a cyclic, then it is a f-generated. So 𝑀  have a generators m1,…...mk. Hence ∃ 𝜑: 𝑅𝑘 → 𝑀  defined by 

𝜑(b1,……,𝑏𝑘)=b1m1+……,+𝑏𝑘𝑚𝑘, then 𝑀 ≅  
𝑅𝑘

𝑁
 , But R is a P.I.D, so R is a Noetherian R-module. We have 𝑀 is a regular 

module. Thus 𝑀 is injective (Lemma 2.2). 

Corollary (2.13). Let 𝑀 be a regular R-module. If 𝑁 and 
𝑀

𝑁
 are Noetherian ∋ N is a submodule of 𝑀, so 𝑀 is injective 

module.  

Proof. 

Assume that 𝐾≤ 𝑀. So 𝐼𝑚𝑔(𝐾) in 
𝑀

𝑁
 is  f-generated. Hence 𝐾 ∩ 𝑁 is also f. generated. Let k1,……𝑘𝑛  ∊𝐾 generate 𝐼𝑚𝑔(𝐾) 

in 
𝑀

𝑁
 and let b1,……,𝑏𝑚   generate 𝐾 ∩ 𝑁. Ɐ 𝑘 ∊ 𝐾 , 𝑘 ≡r1k1+……+𝑟𝑛𝑘𝑛 , 𝑟𝑖∊R. So K-∑𝑟𝑖𝑘𝑖 ∊𝐾 ∩ 𝑁. Then 𝐾-∑𝑟𝑖𝑘𝑖=∑𝑡𝑖𝑏𝑗 , 

𝑡𝑖∊R. Hence 𝐾=∑𝑟𝑖𝑘𝑖+∑𝑡𝑖𝑏𝑗 .(K f. g in 𝑀) therefore 𝑀 is Noetherian module with regular property imply 𝑀 is injective 

module (Lemma 2.2). 
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Recall that any R-module 𝑀 is satisfy the maximal condition for submodules if 𝜑≠ Г of submodules have a maximal (Г⸧ 

H0 ∋  ∄ number containing H0).  Therefore it easy present a definition of Noetherian R-module, any module 𝑀 satisfy the 

maximal condition (𝑎. 𝑐. 𝑐) is Noetherian. 

The next theorem shows the relationship between Noetherian module and injective module. But before that we need to 

present the following lemma: 

Lemma (2.14). If N≤ 𝑀 is f-generated, then 𝑀 is a Noetherian. 

Proof. 

Suppose that N≤𝑀 is a f-generated. Assume H1⊆ H2 ⊆H3⊆…. is a submodules of 𝑀 

Take    H=∪𝐻𝑖 , 𝑖=1,……,∞. So H≤ 𝑀 and hence H is a f-generated. 

Let H=Rh1+……+𝑅ℎ𝑛. all hi in one of Hi, ∃ m ∋ h1,…….hn ∊Hm. But H=𝐻𝑚, 𝑛 ≥ 𝑚. So 𝑀 is a Noetherian module. 

Theorem (2.15). Let 𝑀 be an R-module. If 𝑀 is a regular module and have N is a f-generated submodule of 𝑀, then 𝑀 is 

injective.  

Proof. 

By Lemma 2.14, 𝑀 is Noetherian-module (N≤ 𝑀 is a f-generated). But 𝑀 is a regular module. Then from(Lemma 2.2), 𝑀 

is injective. 

Theorem (2.16). Let 𝑀 be a regular module and let  

0→𝑀1→𝑀→𝑀2→0 be an exact seq. If 𝑀1 and 𝑀2 are Noetherian, then 𝑀 is injective module. 

Proof. 

Suppose 𝑀1≤𝑀, 𝑀2 = 
𝑀

𝑀1
 and assume that 𝑀1 and  

𝑀

𝑀1
 are Noetherian.                           

Let  H1⊆ H2 ⊆…....., 
(𝐻1+𝑀1)

𝑀1
  ⊆ 

(𝐻2+𝑀1)

𝑀1
 ⊆ 

(𝐻3+𝑀1)

𝑀1
 ⊆…….. 

of  𝑀1 and 
𝑀

𝑀1
, ∃ m ∋ 𝐻𝑛 ∩ 𝑀 =Hm∩𝑀1  and 𝐻𝑛+𝑀1=𝐻𝑚+𝑀1, n ≥ m. 

So 𝐻𝑛=𝐻𝑚∩(𝐻𝑛+𝑀1) = 𝐻𝑛∩(𝐻𝑚+𝑀1)= 𝐻𝑚+(𝐻𝑛∩𝑀1) by Modular law, 

(Let H, Y, L ≤ 𝑀 and Y⊆ H. So H∩(Y+L) = Y+(H∩L)). 

= 𝐻𝑚+(𝐻𝑛∩𝑀1) = 𝐻𝑚. 

So 𝑀 is Noetherian module with regular property, we get 𝑀 is injective.  

Example (2.17). Any module over division ring is injective, because division ring R has only 2 ideals 0 and R itself.  

Proposition (2.18).  Let 𝑀 be a regular module. If: 

1. S1 is the set of f-generated submodules of 𝑀 is Noetherian,  

2. 𝜑 ≠N1 is f-generated and N1 ≤ 𝑀 ∋ N1 has maximal element, 

3. N ≤ 𝑀 is  a f-generated, then 𝑀 is injective, 
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Proof. 

Let S1≠ 𝜑 be a set of  f -generated (S1 ≤ 𝑀) If S1 has no maximal element, so any s∊S1   {S2∊S1 : S2 ⸧ S1 ,  S2≠S1 } ≠ 𝜑,thus 

we get 𝑎. 𝑐. 𝑐 of submodules which is infinite. 

Now let N ≤ 𝑀, there is a maximal element N1. then N1=N.  Now let  

H1 ⸦ H2⸦…….  Be 𝑎. 𝑐. 𝑐 of submodules of 𝑀. So ∪𝐻𝑖  ⸦ 𝑀 is a f-generated and all generating elements in 𝐻𝑖 , 𝑖 ∊ 𝐻. 

Thus 𝐻𝑖=𝐻𝑖+𝑟 Ɐ 𝑟 ∊ 𝑁. So 𝑀 is Noetherian module But every Noetherian module is Artinian with regular property 𝑀 is 

injective module.(Lemma2.2).  

 

Recall that if proper f-generated submodule of 𝑀 is a small in 𝑀 (P. f-generated N<<𝑀), so 𝑀 is called semi hollow 

module such that 𝑀 is hollow if P-submodule N is small in 𝑀. Therefore we present the following theorem. 

Theorem (2.19). Let 𝑀 be a regular R-module. If 𝑀 is semi hollow and Rad(𝑀) is a Noetherian module, so 𝑀 is injective. 

Proof. 

Assume 𝑀 is semi hollow-module. Let Radical of 𝑀 not equal 𝑀. there are Max(N) ∋ N≤ 𝑀. This means 𝑀 is also module. 

Hence Rad(𝑀) is a maximal and Rad<<𝑀.  

Hence 
𝑀

𝑅𝑎𝑑(𝑀)
 is a simple module and hence is Noetherian. 

since 

0→Rad(𝑀)→𝑀→ 
𝑀

𝑅𝑎𝑑(𝑀)
→0 

is a short exact seq. Then 𝑀 is a Noetherian (𝑀 is Artinian-module) with regular property imply 𝑀 is injective module. 

It is possible to rely on the previous example to discuss its content in another way, follows: 

Proposition (2.20).  Let R be a division ring if: 

1- 𝑀 is a regular module over R. 

2-  𝑀 is a divisible-module; then 𝑀 is injective.  

Proof.   

Assume R is a division ring and 𝑀 is a divisible-module. Let N≤ 𝑀 such that K is a basis for N. So ∃ a basis k1  of 𝑀 ∋ k1 

⊃ K. Assume that k2 = K1∩k and N1 is a span of k2. 

Then N1⨁N= 𝑀. Hence 𝑀 is a semi simple (𝑀 is Artinian). But 𝑀 is a regular. Thus 𝑀 is injective.  

Example (2.21). Any regular module 𝑀 of the ring R which has only two ideals {0} and R is Artinian, because R have 

only two ideals {0} and R imply R is division and hence 𝑀 is Artinian with regular property we get 𝑀 is injective. 

Proposition (2.22). Let 𝑀1, 𝑀2 and 𝑀3 are three modules if 

1- 0→𝑀1→ 𝑀2→𝑀3→0 is short exact of R-modules. 

2- 𝑀1 and 𝑀3 are Artinian modules.  
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3- 𝑀2 is a regular module. Then 𝑀2  is injective. 

Proof. 

Take a chain 𝑀2𝑚
 such that 𝑀2𝑚

are submodules of 𝑀2. From the projecting to 𝑀3, 𝐼𝑚(𝑀2𝑚
) is a stabilizes, so if  

f:𝑀2𝑚
→ 𝑀3, the 𝑘𝑒𝑟(𝑓) from chain submodules of 𝑀1 . Hence it is stabilizes. Then 𝑀2 is Artinian module with condition 

(3), we get 𝑀2 is injective(Lemma2.2). 

 Remark (2.23).  Every homomorphic image of Artinian ring is Artinian. 

Theorem (2.24). Let R be Artinian ring. If 𝑀 is a f-generated. R-module and regular, so 𝑀 is injective module.  

Proof. 

We know that 𝑀≅
𝑅𝑛

𝑁
  such that N≤ 𝑅𝑛and n

+
.  

But 𝑅𝑛  is Artinian ring, so a direct sum of  Artinian modules. Hence 𝑀 is Artinian module (Remark2.23). But 𝑀 is a 

regular. Thus it is injective module.  

Definition (2.25). The ring R is called 𝑝𝑟𝑢𝑓𝑒𝑟  domain if R is integral domain and every f-generated. ideal of R is 

projective (invertible). [7] In the theorem(2.27), we study some conditions over 𝑝𝑟𝑢𝑓𝑒𝑟 domain in order to get injective 

module.  

Remark (2.26). Any ideal I is injective if I⋅I-1
=R ∋ I

-1
={𝑟𝐼 ⊆ R: 𝑟 ∊ 𝑞(𝑅) and 𝑞(R) is the field of fractions is the smallest 

field can be embedded.  

(⋆) Let R2 be a unitary extension ring of R1. We say R2 is a p-extension of R1 if Ɐ r1∊ R2 satisfies R1[X] one whose 

coefficients is a unit of R1(whose coefficients generate a unit ideal of R1) 

Theorem (2.27). Let R is a ring. If 

1. R is a prufer domain Krull domain 1,  

2. 𝑀 is a divisible R-module,  

3. 𝑀 is Artinian R-module; 𝑀 is injective. 

Proof. 

 “Over prufer domain any module is linearly compact and divisible is injective or, Artinian module is linearly compact with 

divisible property 𝑀 is injective”. From [6]. 

Proposition (2.28). Let 𝑀 be an R-module. If: 

1. 𝑀 satisfies (𝑑. 𝑐. 𝑐), 

2. Every element 𝑚 ∊ 𝑀 is a divisible, 

3. R is integrally closed domain has quotient field K, 

4. K is a p-extension of R, 𝑀 is injective. 
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Proof. 

Assume that K is P-extension of R. and Let I⋌ be a maximal ideals in the ring R1.  

Let H=all elements f in R1[X] ∋ 𝐴𝑓=R1. So H is a regular multiplicative in R1[X]. 

Hence H= R1[X] - ∪ I⋌[X]. So if I1 is an ideals of R1[X]⊆∪ I⋌[X]. then I1 contained in one of I⋌[X]. So {I⋌[X]} is the set of 

prime ideals of R1[X]. Hence R is a 𝑝𝑟𝑢𝑓𝑒𝑟 domain. Thus 𝑀 is injective module because from condition (1), 𝑀 is Artinian 

and by condition (2), 𝑀 is a divisible module. 

 

 

 

Conclusion: 

Throughout this paper, we used several concepts of module theory in order to obtain injective module. We proved that any 

regular module 𝑀 over perfect ring R is injective module. Also, we investigated that a cyclic regular module 𝑀  over 

principal ideal domain satisfies (𝑎. 𝑐. 𝑐) property and finally this mean 𝑀 is injective. Another result say when 𝑀  is a 

regular and semi-hollow module with radical of 𝑀  is a Noetherian, this mean 𝑀  is injective module. Finally, if R is 

Artinian and 𝑀 is a finitely  generated with regular property give 𝑀 is injective. 
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