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A B S T R A C T 

In this paper we investigate new definitions called Partial Modular (P.M) and Convex Partial 
Modular (C.P.M) which are generalized of the definitions Modular and Convex Modular 
respectively . We can satisfy some results and properties of a partial modular (P.M) and we 
deduced some result in convex partial modular (C.P.M) . Finally we get a new study of relation 

between (P.M) and modular. 

MSC. 41A25; 41A35; 41A36. 

 

 

DOI : https://doi.org/10.29304/jqcm.2021.13.2.789 

1. Introduction 

 Study of modular spaces, was initiated by Nakano [1] in connection with the theory of order spaces which was further generalized by Musielak and 

Orlicz [2], the fixed point theory for nonlinear mapping functional analysis of modular spaces was initiated by Khamsi [3] and He can widely applied to 

nonlinear integral equations and differential equations . Modular metric spaces were initiated by Chistyakov [4] , He introduced the notion of modular 

metric space generated by F-norm and Develop the theory of this spaces , on the same idea he was defined the notion of a modular an arbitrary set and 

developed the theory of metric spaces generated by modular such that called the modular metric spaces in 2010 [5] , in 2020 Meir- Keeler are introduce 

the notion of Partial modular metric space and established some fixed point result in this new spaces [6] . Finally Meir-Keeler also introduced the 

notion modular p-metric ( an extended modular b-metric space ) and established some fixed point results for a^ - v –Meir-Keeler contractions in this 

new space, they using these results and deduced some new fixed point theorems in extended modular metric spaces endowed with a graph and in 

Partially ordered extended modular metric spaces in 2021 [7].     

Modular can be define as[8]: let   be a real or complex vector space, a mapping ℘: ℝ → [0, ∞]  is called Modular if satisfy the following 

1- ℘(𝑥) = 0 iff 𝑥 = 0 

2- ℘(𝛼𝑥) = ℘(𝑥),∀|𝛼| = 1 or ( ℘(−𝑥) = ℘(𝑥) if  is Real vector space, ℘(𝑒𝑖𝑡𝑥) = ℘(𝑥) if  is Complex vector space[9])       
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3- ℘(𝛼𝑥 + 𝛽𝑦) ≤ ℘(𝑥) + ℘(𝑦) where 𝛼, 𝛽 ≥ 0 & 𝛼 + 𝛽 = 1 

If replay condition (3) by ℘(𝛼𝑥 + 𝛽𝑦) ≤ 𝛼℘(𝑥) + 𝛽℘(𝑦) where 𝛼, 𝛽 ≥ 0 & 𝛼 + 𝛽 = 1 

 Then ℘ is called convex modular 

The vector space 
 given by }00)(:{   asxx is called modular space. Generally the modular  is not  sub additive 

and therefore does not behave as a norm or distance. 

Modular space 
 can be equipped with an F-norm define by })(:0inf{ 


 



x
x  if  is convex modular, then

}1)(:0inf{ 
 


x

x defines a norm on the modular space 
  and called the Luxemburg norm. 

define the -ball Centered with radius r , as  })(:{),( rxhhrxB    .                                   

In our study we investigate a new definitions, we discuss some statement by replay first condition of modular space and called it a Partial Modular 
(P.M) and define a new vector space, finally we can get the relation between modular and partial modular (P.M) . 

Through this paper  denoted to real or complex vector space (Ϝ = ℝ 𝑜𝑟 ℂ) ." 

  

Preliminaries 

     Define(2.1) A mapping ℘: 𝜒 → [0, ∞] is called Partial Modular (P.M) if satisfy the following 

1- ℘(𝑥) = ℘(0) iff 𝑥 = 0 

2- ℘(𝛼𝑥) = ℘(𝑥),∀|𝛼| = 1       

3- ℘(𝛼𝑥 + 𝛽𝑦) ≤ ℘(𝑥) + ℘(𝑦) where 𝛼, 𝛽 ≥ 0 & 𝛼 + 𝛽 = 1 

 

replace (3) by by ℘(𝛼𝑥 + 𝛽𝑦) ≤ 𝛼℘(𝑥) + 𝛽℘(𝑦) where 𝛼, 𝛽 ≥ 0 & 𝛼 + 𝛽 = 1 

then ℘ is called convex partial modular (C.P.M) 

      Lemma(2.2) If ℘ is(C.P.M) then ℘(0) ≤ ℘(𝑥) , ∀𝑥 ∈ 𝜒 

Proof: let " 𝑥 ∈ 𝜒 

℘(0) = ℘ (
1

2
𝑥 −

1

2
𝑥) = ℘ (

1

2
𝑥 + (−

1

2
𝑥)) ≤

1

2
℘(𝑥) +

1

2
℘(−𝑥) =

1

2
℘(𝑥) +

1

2
℘(𝑥) = ℘(𝑥) 

∴ ℘(0) ≤ ℘(𝑥) , ∀𝑥 ∈ 𝜒  

Theorem (2.3)  

 if ℘ is (C.P.M) then 𝜒℘ = {𝑥 ∈ 𝜒: ℘(𝜆𝑥) → ℘(0), 𝑎𝑠 𝜆 → 0} is subspace of 𝜒 

Proof: 

suppose 𝑥1 , 𝑥2 ∈ 𝜒℘ to show 𝑥1 + 𝑥2 ∈ 𝜒℘ 

let ℇ > 0 

∵ 𝑥1 ∈ 𝜒℘ ⟹ ∃𝛿1 > 0 such that if  then |𝜆| < 𝛿1  |℘(𝜆𝑥1) − ℘(0)| < ℇ 

also ∵ 𝑥2 ∈ 𝜒℘ ⟹ ∃𝛿2 > 0 such that if  then |𝜆| < 𝛿2  |℘(𝜆𝑥2) − ℘(0)| < ℇ 
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))(()0( 21 xx   for all )2)....(0())((0 21  xxx   

From (1) & (2) we have   wherexxxx ,)0())(()0())(( 2121
" 

 21 xx  

Let Fx    &  To show x     ei.    )0()(lim 0  x  

Let  0   0   such that if    to prove that   )0()( x  

a) if 0  take "  0 
  0)0()0()0()( x " 

b) if 0  take  








   if0  

  )0()( x  

 x  

 is subspace of  . 

If is (C.P.M) on  then  is called convex partial modular space (C.P.M.S) 

Proposition(2.4) 

 if is (C.P.M) and 210    then   xxx ),()( 21  

Proof: 

 if 21   it is clear the inequality is satisfy 
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Lemma (2.5) let be a (C.P.M) on  , then 

a)   xFxx ,),()(  

b)   xxx ,1),()(  

c) 




...

111

1&0,2,)()(
n

i

ii

n

i

ii

n

i

ii inxx   

Proof:- a) if 0  then " )()0()( xx   " 

If " )()()(0 xxx 



  " 

b) " )0)1(()()(   xxx " 

" )()0()0()()0())0()(()0()1()( xxxx   " 

" 1)()(   xx "  

c) we prove by mathematical induction 

when n=2 then ℘(∑ 𝛼𝑖𝑥𝑖) = ℘(𝛼1𝑥1 + 𝛼2𝑥2) ≤ 𝛼1℘(𝑥1)2
𝑖=1 + 𝛼2℘(𝑥2) 

                                              = ∑ 𝛼𝑖℘(𝑥𝑖)2
𝑖=1  for every 𝛼1, 𝛼2 ≥ 0     as 𝛼1 + 𝛼2 = 1 

the statement is true when n=2 

"we assume the statement is true as n=k , to show n=k+1 is true" 

℘(∑ 𝛼𝑖𝑥𝑖) = ℘(𝛼1𝑥1 + 𝛼2𝑥2 + ⋯ + 𝛼𝑘𝑥𝑘 + 𝛼𝑘+1𝑥𝑘+1)

𝑘+1

𝑖=1

 

℘(∑ 𝛼𝑖𝑥𝑖
𝑘+1
𝑖=1 ) = ℘ (∑ 𝛼𝑖

𝑘
𝑖=1 (

𝛼1

∑ 𝛼𝑖
𝑘
𝑖=1

𝑥1 +
𝛼2

∑ 𝛼𝑖
𝑘
𝑖=1

𝑥2 … +
𝛼𝑘

∑ 𝛼𝑖
𝑘
𝑖=1

𝑥𝑘) + 𝛼𝑘+1𝑥𝑘+1 ) , Since  ∑ 𝛼𝑖
𝑘
𝑖=1 + 𝛼𝑘+1 = 1 then 

℘ (∑ 𝛼𝑖𝑥𝑖

𝑘+1

𝑖=1

) ≤ ∑ 𝛼𝑖

𝑘

𝑖=1

℘ (
𝛼1

∑ 𝛼𝑖
𝑘
𝑖=1

𝑥1 +
𝛼2

∑ 𝛼𝑖
𝑘
𝑖=1

𝑥2 … +
𝛼𝑘

∑ 𝛼𝑖
𝑘
𝑖=1

𝑥𝑘) + 𝛼𝑘+1℘(𝑥𝑘+1) 
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= ∑ 𝛼𝑖℘
𝑘
𝑖=1 (∝1 𝑥1 +∝2 𝑥2 + ⋯ +∝𝑘 𝑥𝑘) + 𝛼𝑘+1℘(𝑥𝑘+1) Where ∝𝑖=

𝛼𝑖

∑ 𝛼𝑖
𝑘
𝑖=1

 .Since ∑ ∝𝑖= 1𝑘
𝑖=1  

Then ℘(∑ 𝛼𝑖𝑥𝑖
𝑘+1
𝑖=1 ) ≤ ∑ 𝛼𝑖

𝑘
𝑖=1 (∝1 ℘(𝑥1) +∝2 ℘(𝑥2) + ⋯ +∝𝑘 ℘(𝑥𝑘)) + 𝛼𝑘+1℘(𝑥𝑘+1)  

Because  ∝𝑖=
𝛼𝑖

∑ 𝛼𝑖
𝑘
𝑖=1

 . 

Then ℘(∑ 𝛼𝑖𝑥𝑖
𝑘+1
𝑖=1 ) = ∑ 𝛼𝑖

𝑘
𝑖=1 (

𝛼1

∑ 𝛼𝑖
𝑘
𝑖=1

℘(𝑥1) +
𝛼2

∑ 𝛼𝑖
𝑘
𝑖=1

℘(𝑥2) … +
𝛼𝑘

∑ 𝛼𝑖
𝑘
𝑖=1

℘(𝑥𝑘)) + 𝛼𝑘+1℘(𝑥𝑘+1) 

 = ∑ 𝛼𝑖
𝑘
𝑖=1 (

1

∑ 𝛼𝑖
𝑘
𝑖=1

(𝛼1℘(𝑥1) + 𝛼2℘(𝑥2) + ⋯ + 𝛼𝑘℘(𝑥𝑘))) + 𝛼𝑘+1℘(𝑥𝑘+1) 

              = 𝛼1℘(𝑥1) + 𝛼2℘(𝑥2) + ⋯ + 𝛼𝑘℘(𝑥𝑘) + 𝛼𝑘+1℘(𝑥𝑘+1) =   ∑ 𝛼𝑖℘(𝑥𝑖)𝑘+1
𝑖=1  

then ℘(∑ 𝛼𝑖𝑥𝑖)𝑘+1
𝑖=1 ≤  ∑ 𝛼𝑖℘(𝑥𝑖)   𝑘+1

𝑖=1   is true for n = k + 1 & ∑ 𝛼𝑖
𝑘+1
𝑖=1 = 1 

∴ ℘(∑ 𝛼𝑖𝑥𝑖
𝑛
𝑖=1 ) ≤  ∑ 𝛼𝑖℘(𝑥𝑖), ∀𝑖   𝑛

𝑖=1  where n ≥ 2 & ∑ 𝛼𝑖
𝑛
𝑖=1 = 1 

 

3-Some properties of 

x  

Theorem (3.1) 

 if is (C.P.M) on  and ],0[: 
  is define by })(:0inf{ 


 



x
x then 

a)    
 xx)0(   " b)  


x exist x         c)    0)0( 


xx " 

d) if " 1 then 


 xx    "
 x  

e) 
 yxyxyx ,,              f) "if ℕ is positive integer then 

 xxNNx " 

proof: 

 a) "  


 ,)()0(),()0(
x

xx })(:0{ 


 
x

" 

" 
 


 xx

x
,)0(})(:0inf{)0( " 

b) let 1     0  x such that if   then )0(1)(  x  

℘ (
𝑥

𝑛 + ℘(0)
) < 1 + ℘(0) < 𝑛 + ℘(0) ⟹ 𝑛 + ℘(0) ∈ {𝛼 > 0: ℘(

𝑥

𝛼
) ≤ 𝛼} 

" Nn 0  such that 



nn

1

)0(

1
0  

From (a) we have 

xxx )0( " 
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 x  exist 

c) )  if 0x  then  )0(})
0
(:0inf{0 





x  

)0(0 


 

  ) let )0(

x  to show 0x  

)0(

x then from definition of n

n

nn

x
ts 


 


)(&)0(}{.0,  

Since }{ n converge then 0k  such nk n  ,1  

)0)1(()()( ....

n

n

n

n

n k
x

k
x

kxk 





   

)0()]0()([)0()1()( ... 
n

nn

n

n

x
kk

x
k





  

)0()0()]0([)0()]0([.   nnnk as 0  

)()0( kx  

But  0)0()()()0( ..  xkxkkx  

0x  since ( 0. k ) 

d) })(:0inf{})(:0inf{ 








 



xx
x  ( lemma 1.5 (a)) 

=


 x
x

})(:0inf{ 


   )since  =1 ) 

" 1, 


 xx " 

e) "let  yx,  then from definition of 

x  0,0   s.t 


 


)(&
x

x   

)0()
)(

1()(
)(

)0)
)(

1(
)(

()
)(

()
)(

( 
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x
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Similarly  





 y
y

y
)(  

Let  0,, 


 yvxu  




 2})(:0{

)()()()()()(

























yxvuyx

yx
vu

vu
v

y

u

x

v

y

vu

v

u

x

vu

u

v

y

vu

v

u

x

vu

u

vu

yx

 

0as we have 


 yxyx  

f) 


 xxxNx ...  N-times 


 xNxxx ...    from (e) 


 xNNx " 

Proposition (3.2)  

let ℘ be (C.P.M) 

a) "if 
21, xx  such that Fxx   )()( 21  then 


 21 xx " 

b) if 210    then 


 xx 21   

Proof: 

 a) let })(:0{},)(:0{ 12 





 
x

B
x

A  to show  BA  

let 


  )(&0 2xA  

" 





 )()()( 121 xxx
 " 

BAB   therefore 


 21 )inf()inf( xABx  

Thus 


 21 xx  

b) To prove })(:0{})(:0{ 12 








 

xx
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Let 0)(&0})(:0{ 22 










xx
 

since )()(0 21
21










xx
  (proposition 1.4) 














 )()()( 121 xxx

 

})(:0{})(:0{})(:0{ 121 













 

xxx
 

})(:0{})(:0inf{ 21 








 

xx
 


 xx 21   

Definition (3.3) 

 let  be (C.P.M) on  and kxk  , then
k

x is bounded if kMxtsM k 


,.0  

Theorem (3.4) 

 let be (C.P.M) 

a) if )0(,0}{ 
kk xa then )0(

kk xa  

b) if 0}{ ka then )0(

xak  

c) if 


 kk xa &0}{ bounded , then )0(
kk xa  

Proof:  

 a) since lkatsNla kk  1.,0}{  

let .0 Since )0(
k

x then mkxtNsm k 


,)0(.   

hence lkxxa kkk 


 (proposition 2.2 (b)) 

there is 


kxxa kkk ,)0()0(  max },{ ml  

Thus )0(
kk xa  

b) let 0   since 0
)0(

& 


 


 kax then )0()
)0(

( 





xak  
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there exist Nl   such " lk
xak 


 ,)0()

)0(
( 


" 

" lkxalk
xa

kk
k 





),0(),0()
)0(

( 


" 

Also lkxalkxa kk 


,)0()0()0(   

)0(

xak  

c) 
k

x  bounded 0 M  s.t kMxk 


, , therefore from definition of 

x , there exist 

Mk  0 such that k
x

k

k

k  

)(  

Let 0  

)
)0(

()
)0(

()
)0(

()
)0(

(
k

kk

k

kkkkkkk xMaxaxaxa





 









  (proposition 1.4 ) 

)0)
)0(

1(
)0(

(
..

.

 





MaxMa k
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)0()
)0(

1()(
)0(

.

.

.

.










MaxMa k

k

kk
where 1

)0(
(

.


 

Mak
for sufficient large )k  

)0()]0()([
)0(

...

.





k

kk xMa


 

since lk
xMa

tNslakM
x

k

kk

kk

k

k 


 ,)]0()([
)0(

.,0&,)( ..

.

. 





 

so that lk
xa kk




 )0()
)0(

( 


 

therefore lk
xa kk




 )0()
)0(

( .

.

. 


)0(.. 


kk xa as lk   

)0(.. 
kk xa  

4- The Relation Between Modular& (P.M) 

Theorem (4.1)  

 Every (C.P.M) on 𝜒 is (P.M) on 𝜒.  
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Proof: 

  let  ℘ be a (C.P.M) on 𝜒 then  

℘(𝛼𝑥 + 𝛽𝑦) ≤ 𝛼℘(𝑥) + 𝛽℘(𝑦) where 𝛼, 𝛽 ≥ 0 & 𝛼 + 𝛽 = 1 

But 𝛼℘(𝑥) + 𝛽℘(𝑦) ≤ ℘(𝑥) + ℘(𝑦) since 𝛼, 𝛽 ≤ 1 

𝛼℘(𝑥) + 𝛽℘(𝑦) ≤ ℘(𝑥) + ℘(𝑦) where 𝛼, 𝛽 ≥ 0 & 𝛼 + 𝛽 = 1  

The first & second conditions are satisfy from define of (C.P.M) 

∴ ℘ is (P.M) on 𝜒 

The converse not true ( (P.M) is not (C.P.M) ), for example:- a mapping ℘: ℝ → [0, ∞] define by ℘(𝑥) = √|𝑥| + 1 is 
(P.M) as 

1) ℘(𝑥) = ℘(0) ⟺ √|𝑥| + 1 = √0 + 1 ⟺ |𝑥| + 1 = 0 + 1 ⟺ |𝑥| = 0 ⟺ 𝑥 = 0 

2) ℘(𝛼𝑥) = √|𝛼𝑥| + 1 = √|𝛼||𝑥| + 1 = √|𝑥| + 1 = ℘(𝑥), ∀|𝛼| = 1 

3) ℘(𝛼𝑥 + 𝛽𝑦) = √|𝛼𝑥 + 𝛽𝑦| + 1 ≤ √𝛼|𝑥| + 𝛽|𝑦| + (𝛼 + 𝛽) = √𝛼|𝑥| + 𝛼 + 𝛽|𝑦| + 𝛽 

                          = √𝛼(|𝑥| + 1) + 𝛽(|𝑦| + 1) ≤ √𝛼(|𝑥| + 1) + √𝛽(|𝑦| + 1) 

                          = 𝛼
1

2√|𝑥| + 1 + 𝛽
1

2√|𝑦| + 1 = 𝛼
1

2℘(𝑥) + 𝛽
1

2℘(𝑦) 

Where 𝛼, 𝛽 ≤ 1 ⟹ 𝛼
1

2℘(𝑥) + 𝛽
1

2℘(𝑦) ≤ ℘(𝑥) + ℘(𝑦) then ℘ is (P.M) 

to show ℘ not (C.P.M) take 𝛼 =
1

4
, 𝛽 =

3

4
& ℘(𝑥) = 2, ℘(𝑦) = 1  

now 𝛼 + 𝛽 = 1 thus 𝛼℘(𝑥) + 𝛽℘(𝑦) =
1

4
(2) +

3

4
(1) =

5

4
  , But 

𝛼
1

2℘(𝑥) + 𝛽
1

2℘(𝑦) = √
1

4
(2) + √

3

4
(1) =

1

2
(2) +

√3

2
= 1 +

√3

2
⟹ 𝛼

1

2℘(𝑥) + 𝛽
1

2℘(𝑦) > 𝛼℘(𝑥) + 𝛽℘(𝑦) 

hence ℘ not (C.P.M). 

Theorem (4.2) 

 Every Convex Modular is (C.P.M) 

Proof: 

 since ℘ is convex modular mapping then ℘(𝑥) = 0 iff 𝑥 = 0 

So that ℘(0) = 0 hence ℘(𝑥) = ℘(0) iff 𝑥 = 0 

The second & third conditions of (C.P.M) are clearly satisfy from define. 

 ∴ ℘ is partial modular (C.P.M). 

The converse is not true ( (C.P.M) not convex modular) for Example : let ℘: ℝ → [0, ∞]  be a mapping define by 
℘(𝑥) = 𝑒|𝑥| 

1)" ℘(𝑥) = ℘(0)  ⟺ 𝑒|𝑥| = 𝑒|0| ⟺ |𝑥| = |0| ⟺ 𝑥 = 0 " 
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2)  ℘(𝛼𝑥) = 𝑒|𝛼𝑥| = 𝑒|𝛼||𝑥| = 𝑒|𝑥| = )(. x ,  1 

3) ℘(𝛼𝑥 + 𝛽𝑦) = 𝑒|𝛼𝑥+𝛽𝑦| ≤ 𝑒𝛼|𝑥|+𝛽|𝑦| ≤ 𝛼𝑒|𝑥| + 𝛽𝑒|𝑦| = 𝛼℘(𝑥) + 𝛽℘(𝑦) 

𝑤ℎ𝑒𝑟𝑒 𝛼, 𝛽 ≥ 0 & 𝛼 + 𝛽 = 1 

  ∴ ℘  is (C.P.M) . 

Now ℘ not convex modular since ℘(0) = 𝑒|0| = 1 0  

Theorem (4.3) 

 Every modular  is (P.M) 

Proof: 

 since ℘ is modular then  ℘(𝑥) = 0 iff 𝑥 = 0 

So that ℘(0) = 0  hence ℘(𝑥) = ℘(0) iff  𝑥 = 0 

The other conditions of (P.M) is clearly satisfy from definition of modular 

  ∴ ℘ is (P.M) 

The Converse is not true. as follows  from above example, a mapping ℘: ℝ → [0, ∞] whose define by ℘(𝑥) = 𝑒|𝑥|  is 
(P.M) from (4.1).  

Then ℘ is not modular, since ℘(0) = 𝑒|0| = 1 ≠ 0 . 

Theorem (4.4) 

 Every Convex Modular is Modular 

Proof : 

 suppose  ℘ is convex modular  from definition the first & second conditions are satisfy 

Now from convex modular we have " ℘(𝛼𝑥 + 𝛽𝑦) ≤ 𝛼℘(𝑥) + 𝛽℘(𝑦)" 

But " 𝛼℘(𝑥) + 𝛽℘(𝑦) ≤ ℘(𝑥) + ℘(𝑦)" since 𝛼, 𝛽 ≤ 1  

⟹ ℘(𝛼𝑥 + 𝛽𝑦) ≤ ℘(𝑥) + ℘(𝑦)  where 𝛼, 𝛽 ≥ 0 & 𝛼 + 𝛽 = 1   

 ∴ ℘ modular. 

The converse is not true as follows a mapping "℘: ℝ → [0, ∞]  define by ℘(𝑥) = √|𝑥| is modular " as 

1) ℘(𝑥) = ℘(0) ⟺ √|𝑥| = √0 ⟺ |𝑥| = 0 ⟺ 𝑥 = 0   

2) ℘(𝛼𝑥) = √|𝛼𝑥| = √|𝛼||𝑥| = √|𝑥| = ℘(𝑥), ∀|𝛼| = 1 

3) ℘(𝛼𝑥 + 𝛽𝑦) = √|𝛼𝑥 + 𝛽𝑦| ≤ √𝛼|𝑥| + 𝛽|𝑦 | 

                             ≤ √𝛼|𝑥| + √𝛽|𝑦| = 𝛼
1

2√|𝑥| + 𝛽
1

2√|𝑦| = 𝛼
1

2℘(𝑥) + 𝛽
1

2℘(𝑦) 

℘ is modular but not convex modular since "𝛼
1

2℘(𝑥) + 𝛽
1

2℘(𝑦) > 𝛼℘(𝑥) + 𝛽℘(𝑦) (converse of theorem 4.1). 
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5-Counclusion 

This article has presented the formulae of some result whose toke about (P.M) and (C.P.M), by addition some 
conditions in the article we can found some properties about (C.P.M), some theory described the relation between 
(P.M) and modular , we can prove the modular is (P.M) but the converse not true , and (C.P.M) is (P.M) but the 
converse not true also we can given an examples of the converse.  
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