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ARTICLEINFO ABSTRACT

In this paper we investigate new definitions called Partial Modular (P.M) and Convex Partial
Modular (C.P.M) which are generalized of the definitions Modular and Convex Modular
respectively . We can satisfy some results and properties of a partial modular (P.M) and we
deduced some result in convex partial modular (C.P.M) . Finally we get a new study of relation

between (P.M) and modular.
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1. Introduction

Study of modular spaces, was initiated by Nakano [1] in connection with the theory of order spaces which was further generalized by Musielak and
Orlicz [2], the fixed point theory for nonlinear mapping functional analysis of modular spaces was initiated by Khamsi [3] and He can widely applied to
nonlinear integral equations and differential equations . Modular metric spaces were initiated by Chistyakov [4], He introduced the notion of modular
metric space generated by F-norm and Develop the theory of this spaces, on the same idea he was defined the notion of a modular an arbitrary set and
developed the theory of metric spaces generated by modular such that called the modular metric spaces in 2010 [5], in 2020 Meir- Keeler are introduce
the notion of Partial modular metric space and established some fixed point result in this new spaces [6] . Finally Meir-Keeler also introduced the
notion modular p-metric ( an extended modular b-metric space ) and established some fixed point results for a" - v -Meir-Keeler contractions in this
new space, they using these results and deduced some new fixed point theorems in extended modular metric spaces endowed with a graph and in
Partially ordered extended modular metric spaces in 2021 [7].

Modular can be define as[8]:let } be a real or complex vector space, a mapping : R — [0, o] is called Modular if satisfy the following
1-p(x) =0iffx =0

2- p(ax) = p(x),Y|a| = 1 or (p(—x) = p(x) if } is Real vector space, f2(e'*x) = g (x) if } is Complex vector space[9])
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3-plax+ By) < p(x) + p(y) wherea, 2 0&a+ =1
If replay condition (3) by g (ax + By) < agp(x) + B (y) wherea, = 0&a+ B =1

Then g is called convex modular

The vector space given by = Xey. Ax) — 0asA — 0} is called modular space. Generally the modular is not sub additive
Xo o X

and therefore does not behave as a norm or distance.
. X
Modular space X, can be equipped with an F-norm define by ||x||p = 1nf{a >0: 5{)(—) < a} if §9 is convex modular, then
o
. X
”x”KJ = 1nf{05 >0: @(—) < 1} defines a norm on the modular space KXo and called the Luxemburg norm.
o

define the {9 -ball Centered with radius 7, as Bgo (x,r) = {h €X,: go(h - x) < 7‘} .

In our study we investigate a new definitions, we discuss some statement by replay first condition of modular space and called it a Partial Modular
(P.M) and define a new vector space, finally we can get the relation between modular and partial modular (P.M) .

Through this paper } denoted to real or complex vector space (F = R or C).

Preliminaries

Define(2.1) A mapping : y — [0, o] is called Partial Modular (P.M) if satisfy the following
1- p(x) = (0) iffx =0
2- p(ax) = p(x),¥|a| =1

3-plax+ By) < p(x) + p(y) wherea, 3 =2 0&a+ =1

replace (3) by by go(ax + By) < agp(x) + fo(y) wherea,F 20&a+ =1

then  is called convex partial modular (C.P.M)
Lemma(2.2) If g is(C.P.M) then (0) < g(x),Vx € y

Proof:let x € y

1 1 1 1 1 1 1 1
Pp0) = p(31-37) =p (51 + (—50) S50 +50(-1) = 39 +390) = ()

~ $(0) < p(x),Vx € x

Theorem (2.3)

if o is (C.P.M) then y,, = {x € x: (Ax) - #(0),as 1 - 0} is subspace of y
Proof:

suppose x; , X, € ¥y, toshow x; +x;, € x,,

let€>0

v X, € Xp = 36; > O such thatif then |A] < &; [p(Ax;) — #(0)] < E
also = x, € x, = 36, > 0 such thatif then [1] < &, [p(1x;) —p(0)| <€
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in{s,,o.
Take 5=%"2} then 26 = min{J,, 5, }

Now if |l| <= |2ﬂ| <26 =min{s,,d, }
1 1 1 1
P(A(x, +x,)) = o(Ax, + Ax,) = SO(E 2Ax, + 52/1)62) < 580(2/1’51) + 580(2/1952)

- %[@(Mxl ) - (0)]+ %[so(uxz )~ (0)]+ 0(0)

<%8+%8+5@(0)=8+§0(0):>go(lx1 + Ax,) < &+ ¢(0)

= P(A(x, +x,))—p(0) < ¢....(1)

~0(0) < o(A(x, +x,)) forall x € y = —¢ <0< (A(x, +x,))—$(0)....(2)

From (1) & (2) we have — & < @(A(x, + x,)) — £(0) < & = |P(A(x, + x,)) — 9(0)| < &, where|A| < &
XX, €,

Let x€ y, & a e F Toshow ax € y, ie lim,_,@(Aax)=(0)

Let £>0 ..30" >0 such thatif |ft| <0 to prove that |<@(/10£x) —go(0)| <&

a)if ¢=0 take &' =&>0=>|p(1ax)—(0) = [p(0) - p(0)| = 0 < &

b)if o #0 take 5’=£>0—>if|ﬂ|<5’=£:>|ﬂa|<5
o] o]

[9(Aox) — (0)] < &

> ax ey,

. X,,1s subspace of ¥ .

If g2is (C.P.M) on ¥ then y  is called convex partial modular space (C.P.M.S)

Proposition(2.4)

if gis (C.P.M)and 0 < A, < A, then (4x) < po(A,x),Vx e y
Proof:

if ﬂ.l = ﬂz itis clear the inequality is satisfy
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If/ll<ﬂ.2 then %<1

2

= p(A) = sO(% 2x) = m% A+l —%)m < %gomzx) A —%)50(0)

- %(sou?x) — p(0)) + 9(0) < P(2,x) — 9(0) + 9(0) = (A1)

-~ p(Ax) < p(4,x)

Lemma (2.5) let ) bea (C.P.M) on y, then

a) po(ox) = go(|a|x),Va eF,Vxey

b) go(ax) < go(x),Va| <lLVxey

) PO ax) <D apx)n=2,0,20Vi&) a =1
i=1 i=1 i=1

Proof:- a) if @ =0 then g (ax) = @(0) = p(|0{|x)
If a#0= p(ax)= go(|Z—||a|x) )

b) p(ax) = p(alx) = p(lajx+ (1 —|a])0)
< lafp(x) + (1= |aDp(0) = |a|(p(x) — £(0) + £(0) < @(x) — (0) + ©(0) = P(x)
So(ax) < p(x)‘v’|a| <1

c) we prove by mathematical induction

when n=2 then p(X7_; a;x;) = p(a1x; + a,%;) < a1(x1) + a(x,)
=YY% ap(x;) foreverya;,a, >0 asa; +a, =1

the statement is true when n=2

we assume the statement is true as n=k, to show n=k+1 is true

k+1
JO(Z a;x;) = (a1x; + axx; + -+ A + A1 Xper1)

i=1

P(Zf:ll aixi) = p( K (ﬁxl + ﬁxz + = xk) + App1Xp41 ) ,Since ¥¥ , a; + ay,, = 1then
i=1"1 i=1%i

-t
k+1 k
a a; 495
» ax; | < ) a;P| Sk X1+ 5% Xy ot o X | + Apr 180 (K1)
b= b= i=1 %i Y1 @ i=1 i
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a;
k.

= Yh_ oo (X x; +0¢ Xy + -+ +0¢ xp) + App1 62 (Xper1) Where o= Since ¥, ;=1

1%

Then 80(25:11 aixi) < YK (o Px) +¢ P(x) + -+ 90(x)) + Apes1 80 Kper1)

Because o¢;= —i—.
i=1%i
a a a
Then (I @) = Ty @ (- 900) + 52 00) v+ 5 000 + a0 Ciesn)
lelal lelal lelal

k
Xic1

=Yl ( : p (a10(x1) + az0(x) + - + ak@(’%))) + A1 (Xp1)

= 0, 0061) + 00(x) + - + P () + Qi1 0 (K1) = T @i ()
then (Xl ax) < Y lap(x;) istrueforn=k+1& Y la, =1

S ax) < Yy aip(x), Vi wheren>2& YL a; =1

3-Some properties of ||x|| o

Theorem (3.1)

if ois (C.P.M)on y and ” ”/@ : X, = [0,00] is define by ”)C”p =inf{a >0: go(g) < o} then

a) (0)< ”x”so Vxey, b) ||x pexist Vxey o) ”X”@ =p(0)e=x=0

d)if |a|=1then || =[x| ~ vxeg,
e) ||x+y . < ”x ot ”y @,Vx,y € X f) if N is positive integer then ”Nx”‘g < N”x pVx € X,
proof:

a) = 0(0) < p(x),Vx € y = (0) < @(g) <aVaela>0: go(g) <al

L pO)<infla>0: () <at= p0) <[] . Vre g,
o «
b)let =1 " x€ y,= 36> 0suchthatif |1| <& then @(Ax) <1+ (0)
X X
“/J(r@(o))< 1+ (0) <n+go(0)=>n+go(0)e{a>0:go(a)s(x}

co0>0=>dneN suchthat0<;<l<5
n+o0) n

From (a) we have §(0) < ||x||pVx €Y, = 0= ”x”K) S o0
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||x|| exist
(2

. 0
¢) =) if x=0 then ||x||p = ||0||p =inf{a >0: go(;) <aj=p(0)

= (0)

<)let ||x||p =(0) toshow x=0

||x||p = §(0) then from definition of ||;(||K ,da, > 0st{a,} > 0(0) & go( al )< a,
§ o a

n

Since {a, } converge then 3k >0 such ke, <1,Vn

%) = p(ka, —+(1-ka,)0)

n n

ok x) = pka,

< k'an@(ai) +(1-ka,)p(0)= k'a,,[mai) — (0)]+ 9(0)

<kala,—00)]+00)<[a,-00)]+p0)<e+p0)as € >0
= (0) < (k)
But (0) < p(kx) = (k' x) = (0) = kx=0

5. x=0since (kK >0)

d) ||ooc|| =inf{1>0: p(—) <A}=inf{1>0: 5@(| alx )< A} (lemma 1.5 (a))

—inf{1>0: go(%) <Ap =[], (since [a]=1)

cead, =, e =1

@’

e) let x,y € y,, then from definition of ||x|| Ve>0,da>0sta < ||x||50 +e& go(i) <a

X X

)~ " Hroa = o a

+(1- )0) < o =)+ (1-

(04 o
(ko™ (i +2) (x ||

T 19C) =901+ p(0) < ER ” [ @~ 9(0)]+ 9(0) < & —2(0) + 9(0) = < | + &

G ||+8

)@( )
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Similarly ((0(” ” )< ”y” +é&

Let u = ||x||p +ev= ||y||p +&,Ve>0

(“y) (L 22

u+tvu u+vv u+
+y

so( )+—5o( )<so( )+so( )Su+v

su+ve{a>0: p( )<a}:>||x+y|| Su+v= +25

ase — 0 we have o T ||y||p
f) ||N)c||p = ||x +x+..+ )c”P N-times
< ||x||p + ”x”p +...+ ||)c||p = N”x”p from (e)

- N, < N,

Proposition (3.2)

let ¢ be (C.P.M)

a) if x;,x, € g,, suchthat (Ax,) < @(Ax,)VA € F then ”xl”@ <

b)if 0< A, <A, then ||ﬂqx||p < ||/12x||50

Proof:

Dlet A={a>0:p(2)<a),B={a>0:p(1)<a} toshow A= B
(04 o
letaeA:>a>O&go(&)£a
(04

80( )<80( )<052>80( H<a
..o € B= A C B therefore ”xl”p =1inf(B) < inf(4) = ”xz”p

thus [, < |,

b) To prove {& >0 p(—)<a}c{a>0 go(ﬂl )< a}
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Let e fa>0: (2 <ot = a > 08 (225 <0
(04 (04
since 0< 4 <A, = go(ﬂ) < go(@) (proposition 1.4)
(04 [04
o) <o) <o = ph) <a
(94 [04 [94
deta>0: o) <at = a0 o) <at < fa > 0: p(C5) <)
o (04 (04

:>inf{a>0:go(ﬁ)£a}é{a>0:go(@)£a}
a a

~ad, <A,
Definition (3.3)
let 0 be (CP.M)on yand x;, € 7,,, Vk then ||xk||p is bounded if M > OS.t”xk”p <M.,Vk

Theorem (3.4)

let ¢ be (C.P.M)

a)if {a,} =0,

%[, = ©(0) then [la,x, || — ©(0)
b)if {a, } — Othen [a, x| — (0)
Qif {a,} >0& ||xk||pbounded , then ||akxk||p — (0)

Proof:

a) since {a, } —)0:>E|leN,s.t|ak|<l‘v’k >

let &> 0.Since ||x, ||g — (0) then Im e Ns.1x, ||p <p0)+¢,Vk>m
hence [la, x| <|x.]| Yk > (proposition 2.2 (b))

thereis (0) < ||akxk||p < ||xk||@ < 0(0)+&,Vk >max {/,m}

Thus ||akxk||p — (0)

b)let £>0 si &—% 50t -l
)le since x € 7, =1 0(0) en 80(8+50(0)

)= 9(0)
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9

there exist / € N such go(

(0)) 00)<e,Vk>1

80(

(O))<g+p(0) Vk>l:>||akxk|| <e+p(0),Vk>1

Also ((0) —& < ¢2(0) < ||akx||p Vk>1=

Ja,d, - 900 < &,k >
||akx||p — 0(0)

Q" ||xk|| bounded = 3IM >0 st ||xk|| < M ,Vk, therefore from definition of ”)C” , there exist
o o o

0 <A, <M such that go(z—k) <AVk

k

Let £>0
GXe N _ |ak|xk _ | k|ﬁ' X, | k| X,
SO(SO(O)‘FE)_p(SO(O)"‘g)_SO(SO(O)"‘ ﬂ,) (go(O) )(prop051t10n14)
ML L T L
£ 0)+¢ /1 P (0)+¢
AL R A ;
@'(O)+8p(ﬂk)+(l o (0)+ )go( ) where (———— o (0)+e <1f0rsuff1c1entlargek)
_ OO+
PO +e poIre

smcegO( Ly< A, <MVk&ak—>0316Nst%[ ( EY— o (0)]<e,Vk>1
A o

sothatgo( |"| )<6+g0(0)‘v’k>l

|ak|xk
@ (0)+¢e

therefore (o ( )<e+g (0)Vk>1 ”akxk”xn' <e+p(0)as k>

||akxk||p — 0'(0)

4- The Relation Between Modular& (P.M)
Theorem (4.1)

Every (C.P.M) on y is (P.M) on y.
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Proof:

let o be a (C.P.M) on y then
plax + By) < ago(x) + B(y) wherea, =0&a+ =1
But ap(x) + B (y) < p(x) + o(y) sincea, f < 1
ap(x) + Bp(y) < p(x) + p(y) wherea,f 20 & a + 5 =1
The first & second conditions are satisfy from define of (C.P.M)
~ g is (P.M)on y

The converse not true ( (P.M) is not (C.P.M) ), for example:- a mapping : R — [0, o] define by o(x) = /|x| + 1is
(P.M) as

D) =p0) = /lx|+1=V0+1l=x|+1=0+1=|x|=0x=0

2) o (ax) =\/|ax| +1 =\/|a||x| +1= \/lxl +1=gpx),val =1

3) plax + By) = Jlax + Byl + 1 < Jalx| + Blyl + (a + B) = Jalx| + a + Bly| + B

= Ja(x|+ D + Byl + D < Ja(x| + D) + /Byl + D)

_ a%\/|x| T14 'Bé\/m 1= a%ga(x) +,3%@O’)

Wherea,f <1= a%go(x) + ,8%50()/) < p(x) + () then g is (P.M)

to show @ not (C.P.M) take @ = i,ﬁ = ;& Px)=2,pH)=1

now @ + 8 = 1 thus agp(x) + B (y) = i(Z) +Z(1) = ; , But

1 1 1 3 1 V3 V3 1 1
@GP0 + BP0 = [;@+ [[1)=5@) + 5 = 1+ = aip() + Fp0) > ap() + fp0)

hence g not (C.P.M).

Theorem (4.2)

Every Convex Modular is (C.P.M)

Proof:

since g is convex modular mapping then g(x) = 0iff x = 0

So that (0) = 0 hence p(x) = #(0) iff x = 0

The second & third conditions of (C.P.M) are clearly satisfy from define.
- g is partial modular (C.P.M).

The converse is not true ( (C.P.M) not convex modular) for Example : let o: R = [0, o] be a mapping define by

p(x) = e

1) px)=p0) el =ells |x|=10lx=0
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2) p(ax) = el = elalixl = oIl = 5 (x), ‘v’|a| =1

wherea,f 20&a+ [ =1

~ o is (C.P.M).

Now g not convex modular since (0) = e®l =120

Theorem (4.3)

Every modular is (P.M)

Proof:

since g is modular then p(x) = 0iffx =0

So that (0) = 0 hence p(x) = (0)iff x =0

The other conditions of (P.M) is clearly satisfy from definition of modular
=~ g is (P.M)

The Converse is not true. as follows from above example, a mapping #: R — [0, ] whose define by g (x) = el is
(P.M) from (4.1).

Then g is not modular, since g(0) = e/® =1 #0.

Theorem (4.4)

Every Convex Modular is Modular

Proof:

suppose  is convex modular from definition the first & second conditions are satisfy

Now from convex modular we have g (ax + By) < ap(x) + B (y)

But ap(x) + Bp(y) < p(x) + p(y) sincea,pf <1
= p(ax + By) < p(x) + p(y) wherea,F =20&a+ =1

-~ % modular.

The converse is not true as follows a mapping : R — [0, ] define by g (x) = \/m is modular as
Dpx) =p0) = /lx|=V0= x| =0=x=0

2) po(ax) = flax| = Jlallx] = /x| = p(x), Vlal = 1

3) p(ax + By) = /lax + Byl < Jalx| + Bly |

< Jalxl + /Byl = a2y/Txl + B2y/Ty] = aip(x) + Fip(y)

1
§ is modular but not convex modular since a%go(x) + B20(y) > agp(x) + B (y) (converse of theorem 4.1).
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5-Counclusion

This article has presented the formulae of some result whose toke about (P.M) and (C.P.M), by addition some
conditions in the article we can found some properties about (C.P.M), some theory described the relation between
(P.M) and modular, we can prove the modular is (P.M) but the converse not true, and (C.P.M) is (P.M) but the
converse not true also we can given an examples of the converse.
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