
  

1 

 

Journal of AL-Qadisiyah for computer science and mathematics 

Vol.7   No.1   Year  2015 

Showq.M\Intissar.A 

                                                                                                                                     

On  3-semiprime Ideal With Respect To An element Of A near ring 

 

Assis –lecturer Showq  M.Ibrahem 

AL-Kufa university 

College of Education for Girls 

Department of Mathematics 

 

And Assis –lecturer Intissar Abd AL- Hur Kadum 

AL-Kufa university 

College of Education for Girls 

Department of Mathematics 

Email: intesara.kadhim@uokufa.edu.iq 

 

 

 

Abstract  
In this paper ,we introduce the notions 3-semiprime ideal with respect to an element x 

denoted by  (x-3-S-P-I )  of a near ring  and  the 3-semiprime ideal  near ring with respect 

to an element x denoted by  (x-3-S-P-I near ring  ),and we studied the image and inverse 

image of x-3-S-P-I under epimomorphism and the direct product of  x-3-S-P-I  of near 

ring and we extension to fuzzify this notions and give some properties and examples 

about this . 

 الخلاصة
وانخي   Nباننسبت نعنصز ما في انحهقت انقزيبت   semiprime ideal-3قذمنا في هذا انبحث مفهىمي انمثانيت       

باننسبت نعنصز ما    semiprime ideal-3(, وأيضا حــــهقـــــت انمثانياث  انقزيبت x-3-S-P-Iيزمــــز نها بانزمز )

ىرة ـصان انمباشــــزة ومعكــــىس. كما ودرسنا انصــىر   (  x-3-S-P-I near ring)وانخي يزمز نها بانزمز N في 

نهمثانيــــت ححج انخشاكم انشامم  وأعطينا بعض انخىاص انخي حخعهق بهذه انمثانيت .بالإضافت إنى دراست انحانت 

 انضبابيت نهذه انمثانيت مع بعض انخصائض والأمثهت حىل انمىضىع .

Mathematics Subject Classification  : 08A72 

Introduction 
     We will refer that all near rings and ideal in this paper are left .In 1905 ,L.E Dickson 

began the study of a near ring and later in 1930,Wieland has investigated it .Furth 

material about a near ring can be found [1].In 1965,L.A.Zadeh introduced the concept of 

fuzzy subset [7] .In 1982 W.Liu introduced the notion of a fuzzy ideal of  near ring 

[13].In 1989 the notion of completely semi prime ideal(C.S.P.I) was introduced by 

P.DHeena[5].In 1991 N.J .Groenewald introduced the notion 3-semiprime of ideal near 

ring N [2] and in this year he introduced the notion 3-prime ideal of  a near ring . The 

purpose of this paper is as mention in the abstract . 
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1.Preliminaries  

    In this section we give some basic concepts that we need in second section . 

 

Definition  (1.1) [1] 

     A left near ring is a set N together with two binary operations "+" and "." such that 

 (1) (N,+) is a group (not necessarily abelian ) 

(2) (N, .) is a semigroup. 

(3) (n1 + n2) . n3 = n1 . n3 + n2 . n3  For 1 2 3all n , n , n   N.  

 

Definition   (1.2) [1]: 

     Let N be a near ring. A normal subgroup I of (N,+) is called a left   ideal of N if 

 

  1 1 1

1  I.N  I.

2   n, n  N and for all i  I ,(n )i n n I



      
 

 

Definition   (1.3) [2]: 

    An ideal I of near ring N is called  a 3-prime ideal  for all a,b  N , IbNa ..  implies 

a I b I   . 

 

Definition  (1.4 ) [ 3]    

     Let 2( N   ,+ ,. )   and ( N1,+,.) be two near rings  

The mapping f : N1 →N2 is called a near ring homomorphism if for all m, n  N1 

f(m+ n) = f(m) + f(n)  and  f(m. n) = f(m) . f(n). 

Theorem (1.5)  [4]   

 Let 1 2: ( , ,.) ( , ,. )f N N      be homomorphism  

(1) If I is ideal of a near ring N1 , then f(I)  is ideal of a near ring N2. 

  (2) If J is ideal of a near ring N2 , then   f
-1

(J)  is ideal of  a near ring.  

Theorem (1.6)[2] 

 Let }{ jI be a family of ideals of a near ring N ,then 

(1)  
Jj

jI


  is an ideal of N. 

(2)  if }{ jI  is a chain, then 
Jj

jI


  is an ideal of N. 
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Definition  (1.7) [5]   

       Let Jj{Nj  be a family of near rings , J  is  an index  set and  

{( ) : , }j j j

j J

N x x for all j J



    be the directed product of Nj with the component wise 

defined operations "+" and "."  is called the direct product near ring of the near  rings Nj . 

Definition  (1. 8(  [ 5]    

    A near ring N  is called  integral domain if has no zero divisions.  

Definition  (1. 9(  [6]    

The factor near ring N/I  is defined as in case of ring . 

 Definition (1.10) [7] 

 Let X be a non- empty set .A function ]1,0[: X  is called a fuzzy subset                                    

of X ( a fuzzy set in X), where [0,1] is a closed interval  of numbers . 

Definition (1.11)[7] 

Let  be a fuzzy subset of  a non empty set X .If 0)( y ,for every Xy then   is 

called empty fuzzy set . 

 

Definition (1.12)[7] 

Let   be a non- empty fuzzy subset of a near ring N, that ( 0)( y  for some Ny

).then   is said  to be fuzzy ideal of N if it satisfies that following conditions : 

(1) ( ) min{ ( ), ( )}

(2) ( . )  min{ ( ), ( )} 

(3) ( ) ( )

(4) ( . )  ( ) ,  y,z N. 

z y z y

z y z y

y z y z

z y y

  

  

 

 

 



  

  

   

when the subset of N satisfies 1,2  is called fuzzy sub near ring . 

Remark (1.13) [8] 

   If    is a fuzzy  ideal of  near ring N then 

 
(1)  ( ) = ( ) 

(2)  (0)  ( ) ,  y,z N.

z y y z

z

 

 

 

    
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Definition (1.14) [9] 

, ,.) ,+ ,. )      Let f : (N  (N  be a function. For a fuzzy set µ in N , we define
1 2 2

-1(f (µ)) (x) = µ (f(x) for every x  N . For a fuzzy set  in X, f( ) is defined 
1

by

sup (x)  if  f(x)= y 

(f( ))(y) =

 





  



,y N   
1

0          otherwise y

  











 

Definition (1.15) [8] 

    Let   be fuzzy ideal  of a near ring N and f be a function from the near ring N1 into a 

near ring N2 . Then we call   is f-invariant  if and only if  for all )()(,, yfzfNzy   

implies )()( yz   . 

 

Definition (1.16) [10] 

  Let     be a fuzzy ideal of a near ring N then  * is a fuzzy subset in N defined by 

Nyyy  ),0(1)()(*  . 

 

Definition (1.17) [9] 

  Let   be a fuzzy subset of a near ring N and  

[0, ] defined { : ( ) }  called -cut .t n N n t is tt       

 

Definition (1.18)  [11] 

   The fuzzy subset nt  of a near ring defined by 








Ny n    y       0

ny        t
   is called a fuzzy 

singleton   , where t ]1,0[   . 

Definition (1.19) [12] 

    let  be a fuzzy ideal of N . then the set   is defined by 

 )0()(:   yNy  where 0 is the zero element of N . 
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Remark [1.20] [13] 

 let   is a fuzzy ideal of N if and only if    is an ideal of N .  

 

2.   3-semiprime ideal  with respect to an element 

     This section is devoted to study 3-semiprime ideal  with respect to an element of a 

near ring ,and x-3-S-P-I  near ring .  

  Definition (2.1) 

     An ideal I of near ring  N is called  3-semiprime ideal with respect to an element  of 

near ring denoted by (x-3-S-P-I )  if for all Na  IaxIaNax  .)...( . 

Example(2.2)   

  Considers the set N={ 0,a,b,c} be a  near ring with addition and multiplication  defined 

by the following tables    

 

+  0 a  b  c   . 0 a b C 

0 0 a b c 0 0 a 0 a 

a a 0 c b a 0 a a 0 

b b c 0 a b 0 a b c 

c c b a 0 c 0 a c b 

Let I={0,a} is c-3-semiprime ideal since IacIaNac  .)...( . 

 

 Proposition (2.3)  

 

 

         Let  
JjjI


 be a family of x- 3-semiprime ideal  of  a near ring N for all Jj , 

Nx  Then     
Jj

jI


is  a      x- 3-semiprime ideal  of N . 

Proof  

     Let Nax ,  
Jj

jI


 is an ideal [1.7] since jI  is  x- 3-semiprime ideal  of N, 

NII jj  , , .let  IaNax )..(  

IaNax )..( , 
Jj

jIaNax


)..( since jI  is x- 3-semiprime ideal Iax .  


Jj

jIax


. implies  
Jj

jI


is an  x- 3-semiprime ideal of N.  

Proposition (2.4) 

     Let   JjjI }{  be chain  of  a  x-3-S-P-I  of a  near ring N ,then    
Jj

jI


is  x-3-S-P-I of 

N  where  j J . 
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Proof  

    Let  JjjI }{ Be  chain of  x-3-S-P-I  of near ring  . 
Jj

jI


 is  an ideal of N [1.7]  Now let 


Jj

jIaNax


)...(  , jIaNax )...( Jj  since jI  is x-3-S-P-I jIax . 
Jj

jIax


 .


Jj

jI


  is an  x- 3-semiprime ideal  of N. 

 

Definition (2.5) 

      The  near ring N is  called  3-semiprime ideal  near ring with respect to an element x  

denoted by (x-3-S-P-I  near ring ),  if every ideal of a near ring N  is an   x- 3-semiprime 

ideal   of  N ,where Nx . 

Example (2.6) 

    considers the near ring  N={ 0,a,b,c} with addition and multiplication  defined by the 

following tables    

 

+ 0  A  b  c   . 0 a b c 

0 0 A b c 0 0 0 0 0 

A a 0 c b a 0 a b c 

B b C 0 a b 0 a b c 

C c B a 0 c 0 a b c 

N is  c-3-semi prime ideal near ring  since all ideals of N ,I1{0} and I2=N are c-3-semi 

prime ideal  . 

 

Proposition (2.7) 

    Let N be a near ring with multiplicative identity e   then I  is  e  - 3-S-P-I of near ring 

N  if and only if  I is a 3-semiprime ideal N. 

 

Proof  

  

        Let eNy  ,  is the identity IyNye  )..(  implies that   IyNy ..  since I is 3-S-

P-I of  N hence   Iy implies Iye . there for I is e  - 3-S-P-I of N. 

  

 

    Let Ny  and I is  e  -3-S-P-I of N   let  IyNy .. , IyNye  )..(  since I is    e  - 3-

S-P-I of N Iye  ..  implies  Iy
 
since e   the identity of N   I  is 3-S-P-I of  N. 
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Remark (2.8)   

     In general not all x-3-S-P-I  are 3-prime ideal .  

Example (2.9)  

    considers the near ring  N={ 0,1,2,3} be a  near ring with addition and multiplication   

defined by the following tables    

 

+ 0  1  2  3   . 0 1 2 3 

0 0 1 2 3 0 0 0 0 0 

1 1 0 3 2 1 0 1 2 3 

2 2 3 0 1 2 0 0 0 0 

3 3 2 1 0 3 0 1 2 3 

 

Let  1I ={0,1}  be 2-3-semiprime ideal  of N but I  is not C.P.I  of N, since 

 I2but   I02.N.2  . 

 

   Theorem (2.10) 

    Let ,.),( 1 N and   ).,,( 2
N be two near ring , 21: NNf    be epimomorphism  and  

I   be x- 3-S-P-I  of N1 .Then f(I ) is f(x)- 3-S-P-I  of N2  . 

Proof  

   Let I be - 3-S-P-I  of N1  f(I) is an ideal of N2 by using theorem [1.6] 

Let 2, Nyc   , 1Na  such that cxfyaf  )(,)( ,hence  

)())(.).((.)( 2 IfafNafxf   since f be an epimomorphism )())...(( 1 IfaNaxf   since I 

is x-3-S-P-I of  N1       

IaNax )...( 1  Iax  . )().( Ifaxf   )()(.)( Ifafxf   

 

f(x) is f(x)- 3-S-P-I  of N2  . 

Theorem  (2.11)  

  Let ,.),( 1 N and   ).,,( 2
N be two near ring , 21: NNf    be epimomorphism  and J   

be a f(x)- 3-semiprime ideal  of  N2   . Then f
-1

(J) is   a   x-3-S-P-I of N1 , where y= f(x) , 

)()ker( 1 Iff   . 

Proof 

  Let 1N  ax,  , such that f
-1

 (J) is an ideal by using theorem [1.6] , 

 JafNafxfJaNaxfJfaNax   ))(..)((.)())...(()()...( 21

1

1  

since J is f(x)- 3-S-P-I  of  N2   

)(.).()(.)( 1 JfaxJaxfJafxf   

  f
-1

(J) is   a   x-3-S-P-I of N1. 
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Proposition (2.12) 

   If N is non zero near ring then I is 0-3-semiprime ideal of N.  

Theorem  (2.13) 

      Let JjjN }{  be  a family  of a near rings, jj Nx  and Ij be  xj- 3-S-P-I of  Nj for all 

Jj . Then 
Jj

jI  is ( xj)- 3-S-P-I of the direct product near ring  
Jj

jN  . 

Proof  

   Let 



Jj

jjj Nxa )(),( ,and 
Jj

jI  is an ideal of 
Jj

jN by using definition (1.9) such 

that  





Jj

jj

Jj

jjj IaNax .).().).((  for all j J  

jjjjj IaNax ....    since Ij is xj - 3-S-P-I  of  Nj for all j J  

j

Jj

jjj

Jj

jjjjj IaxIaxIax 


 )).(( ).(Jj     .   

 j
i J

I


  is ( xj)- 3-S-P-I of the direct product near ring  j
i J

N


  . 

Theorem (2.14) 

      Let I be an ideal of the x- 3-semiprime ideal   near ring N .Then the factor near ring 

I
N  is       x+I - 3-semiprime ideal near ring . 

 

 

proof  

  The natural homomorphism 
I

NN: nat I  which is defined by    natI (x) =x+I , for all 

Nx ,is an  epimomorphism .Now let J be an ideal of the factor near ring 
I

N  .Then by 

theorem (1.6) we have )(
1

JnatI


is an ideal of the near ring N. )(1 JnatI

 is   a x-3-S-P-I 

of N  [since N is x-3-S-P-I near ring .By theorem (2-18) we have JJnatnat I  ))(( 1 is natI 

(x) -3-semiprime ideal of  
I

N J is  x+I –3-semiprime ideal of  factor near ring .Then 

I
N  is x+I - 3-semiprime ideal near ring . 

3.  3-semiprime fuzzy ideal  with respect to an element 

     This section is devoted to study 3-semiprime fuzzy ideal  with respect to an element of 

a near ring.  
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Definition (3.1) 

  A fuzzy ideal   of a near ring  N  is called 3-  semi prime fuzzy ideal  with respect 

to an element of anear ring N denoted by x-3-P–F-I  for all Na

)....(inf).( anaxax
Nn




  

Example (3.2) 

 Consider the nar ring N={0,1,b,2} with addition and multiplication  defind by the 

following tables . 

+ 0 1 b 2  . 0 1 b 2 

0 0 1 b 2 0 0 0 0 0 

1 1 0 2 b 1 0 1 0 1 

b b 2 0 1 b 0 b 0 b 

2 2 b 1 0 2 0 2 0 2 

The fuzzy ideal   of N denoted by 
 
 









2,1y   if     0

b0,y if      1
)(y       is an  b-3-S-P-F-I . 

Theorem  (3.3) 

    Let   be a fuzzy ideal of a near ring N ,and   is a x-3-S-P-F-I  of N then t                                

is x-3-S-P-I of N for all )].0(,0[ t  

Proof  

       Let Nnax ,,, , x.(a.N.a) t   t x.(a.n.a)  by using  definition .(1.11), 

tanax ))...((  tanax
Nn




))...((inf   since  is  x-3-S-P-F-I of N  ).( ax

tanax
Nn




))...((inf   

 ).( ax t, tx.a     t is  x-3-S-P-I of N.  

 

Remark (3.4) 

     let f be an aepimomorphisem from the near ring N1 onto the near ring N2 and let 

  be               x-3-S-P-F-I of N1  ,then f( t ) is a f(x)-3-S-P-I  of N2 . 
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proof                                                                                                  

by  proposition (3.3) we have t  is x-3-S-P- I of N1  .By theorem (2.10) we get f( t ) 

is                   a f(x) -3-S-P-I  of N2. 

 

Theorem (3.5) 

  Let    be fuzzy subset of a near ring  N , if    is x-3-S-P-I of N, then    is x-3-S-

P-I of N. 

 

Proof  

     Let Nxca ,,   such that    is an ideal of N *... aNax  

)0())...(()...( *   anaxanax by using definition  since  is x-3-S-P-F-I  

of N 

N. of I-P-S-3- xis  
**

.

)0().(  ,   sin,),()0( ,  )0())...((inf).({












bx

bxoridealfuzzyceNyyanax
Nn

ax

 

Theorem (3.6) 

    Let f be an a epimorphism from the near ring N1 onto the near ring N2 .Then   is 

f(x)-3-S-P-F-I  of N2 if )(1 f is x-3-S-P-F-I  of N1,for all .Nx  

 

Proof  

Let  , Nanx ,, , 2)(),(),( Nafnfxf  ,since   is (x)-3-S-P-F-I  of N2 then  

))...((1inf).(1

)))..(.((inf)).((

)))().().().(((inf))().((

anaxf
n

axf

anaxf
n

axf

afnfafxf
n

afxf


















 

)(1  f  is x-3-S-P-F-I  of N1 
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Corollary (3.7) 

 Let f be an a epimorphism from the near ring N1 onto the near ring N2 .Then the 

mapping )( f  defines a onto correspondence between the set of all   f-invariant 

x-3-S-P-F-I  of N1 the set of all   f(x)-3-S-P-F-I of N2.  

Proof  

Directly from theorem (3.6) . 

Corollary (3.8) 

 Let f be an a epimorphism from the near ring N1 onto the near ring N2 .Then *  

Is f(x)-3-S-P-F-I  of N2 if and only if )(1 f is an  x-3-S-P-F-I of N1.  

 

Proof  

By  from theorem (3.6) 

 

proposition (3.9) 

 let  be a fuzzy subset of a near ring N ,then  is x-3-S-P-F-I of N if and only if                  

* is x-3-S-P-F-I of N. 

proof  

  let Nnax ,,  since    is x-3-S-P-F-I  of N  

).( ax .)),...((inf Nnanax
Nn



  since  )0(1).(  ax ).0(1))...((inf  


anax

Nn
 

).(* ax ))...((*inf anax
Nn



  *  is x-3-S-P-F-I of N. 

 let *  is x-3-P-F-I  of N. 

))...((*inf).(* anaxyx
Nn



  

by using definition of *  

 )0(1).(  ax ).0(1))...((inf  


anax
Nn

 

).( ax .)),...((inf Nnanax
Nn



  

    is x-3-S-P-F-I of N. 
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 Theorem (3.10) 

    A fuzzy ideal   of a near ring N is an x-3-S-P-F-I of N if and only if 

)
t

.a
t

.n
t

.(a 
t

x  implies t.at x   for all fuzzy singleton .
t

n,
t

a, 
t

x N  

 

 

 

Proof  

 Let .
t

n,
t

a, 
t

x N  , )]0(,0[ t , )
t

.a
t

.n
t

.(a 
t

x 

t  .(a.n.a)x .(a.n.a))x ( t    

t.(a.n.a))(x   since  is x-3-S-P-F-I of N , tanaxax
Nn




))...((inf).(   

 . ).().(   ttt axaxtax  

 let .
t

n,
t

a, 
t

x N  suppose that 

  
t

)).(a.n.ax (t.a tx))t.at.nt.(a tx  

.(a.n.a))(x  inft .(a.n.a))(x t 
Nn

  

tax  ).(  ,).a.n.(a x.a x tttttt   

.(a.n.a))(x  inf).( 
Nn

ax


   is x-3-S-P-F-I of N. 

 

 

 

 

Theorem (3.11) 

Let   J
ji   be a family of is x-3-S-P-F-I of N, then 

Jj

j



  is x-3-S-P-F-I of N. 

 

 

 

 



  

13 

 

Journal of AL-Qadisiyah for computer science and mathematics 

Vol.7   No.1   Year  2015 

Showq.M\Intissar.A 

Proof  

Let Nna,x,  and   J
ji   be a famaly of x-3-S-P-F-I of N where 

).(inf).( axax j

Jj
Nn

j

Jj







  

))...((inf().(

)}))...((inf{inf).(inf

)))...((inf(inf).(inf

))...((inf).(

anaxax

anaxax

anaxax

anaxax

j

JjNn
j

Jj

j
JjNn

j
Jj

j
NnJj

j
Jj

j

Jj
Nn

j



























 


Jj

j



 is x-3-S-P-F-I of N. 

Remark (3.12) 

 Let  
Jji 

 be chain of a x-3-S-P-F-I of N ,then 
Jj

j



  is x-3-S-P-F-I of N. 

Proof  

By using  Remark (1.14). 
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