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We prove it has sensitive dependence on initial conditions and positive
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Sensitive dependence on topological entropy of modified Bogdanov map .
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1. Introduction

Chaos theory is a branch of mathematics concern with studying the properties of deterministic systems that
depend on their behavior on a set of elementary conditions,

making their study somewhat complex using traditional mathematical tools. Mathematicians use chaos theory
to model these systems in ways Different in order to arrive at a specific mathematical description of it and its
behavior depending on all possible initial conditions. The Bogdanov map provides a good approximation to the
dynamics of the Poincaré map of periodically forced oscillators, first considered by Bogdanov [5]. Vicente
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Aboites & etal, studied the dynamic behavior among periodic orbits high periodicity and chaos of Bogdanov
map were observed through bifurcation[6]

The Bogdanov map is 2-dimension and discrete dynamical system, its form F, ;,x

X x +
(y) = (y +ay + kx? i/ Kx + mxy)’ we changed this form of Bogdanov map to modified Bogdanov map by

replacing x” to cos(x) and denoted to F,},m’k. We find important chaotic properties of it. One of this properties
sensitive dependence on initial condition and Lyapunov expanents.

2. Basic Definitions

Any  pair (;‘l) for which f (Z) —k, g(:) —h is called fixed point of 2-D

X
y

Fami:V—R? a map. Furthermore [4], assume that the first partials of the coordinate maps Fym k(1) and

dynamical system [3]. Let V be a subset of R? and v, =[ ]be any elementinv Consider

Fomkey of F exist at vy is the linear map D Fypyr (Vo) defined on R* by

OF g mil(Voy 0Fzm1(Vo)

- 0x dy . . . . .
DFymi (Vo )= 0FL, 2oy L, w2(vey | For all vy in V the determine of DF, , x (Vo) is said the Jacobin
0x dy

of Fy m  at vp and is denoted by J=det DF ,, i (vo), if |]Fa,m,k (v )|<1then Fymx (Vo) 1s area contracting at v,

and if |]Fa’m’k (v )| > 1 then Fim’k is area expanding at v, [1].

3. Some properties of modified Bogdanov map

In the section, we study modified Bogdanov map from fixed point, diffeomorphism (one- to -one ,onto,
invertible, ¢* ).Also we determined the contracting and expanding area.

Proposition(3-1)
If k#0 Then F,,,x has unique fixed point
Proof

By definition of a fixed point

x\ x+y B . _ _ (0. .
Famk (y) = (y +ay +k cos(x) — kx + mxy)’ y=0 so k cos(x) =kx then x=0 therefore p—( 0) is unique
fixed point.

Proposition(3-2)
Let F: R? > R? be the F, ) then the Jacobin of F,, is 1+ a + k

Proof

Xy 1 1 _ 1 1\
DFa’m*k(y) - (—ksin(x) —k+my 1+a+ mx) $0 JFamic= det (—k 1+ a) =l+a+k
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Proposition (3-3)
Famx is area contracting map if |1 +a+ k| <1 andIf |1+a+k|>1 thenF,,, is area expanding.
Proof

by proposition (3-2) then |1 +a+k| <1lhence k<a<2+k

X
therefore the F, ,x (y) is an area contracting map and if 2 + k < a < k the F,, is an area expanding.
Proposition(3-4)

X _ [Ny TBa—ai
The eigenvalues of D F, x (y) at fixed pointis A, , = (a+b)t (Z 2+8a-4k)

Proof

Det(DF, () — I2) = det (_1k . i )=+ a)(k) = 0 then 1, , = LHIEERZAD

Proposition (3-5)
Let F:R?> R? be modified bogdanov map, then F,.x is diffeomorphism.
Proof
1.LetT(x,y) = (x + ¥,y + ay + kcosx — kx + mxy)
T(1,0) = (1,kcos(1) — k)
T(0, 1)=(1, 1+a+k)

1 kcos(1)—k (1 kcos(1) — k )
Then, Fa’m’k(1 1+a+k ) From (o 204 3% 2kcos(1)

Fomx has a pivot position in every Colum then F, i is one to one and has a pivot position in every row then
Famx1s onto.

2. FyyisC*: Foy (1) = Xty
Fami 18 & Famk (y) - (y + ay + kcos(x) — kx + mxy)

2 n
Note thatM =1, of1ey) 0.... afl—(xy) =0 foralln € Nandn = 2
a 0x? axn

of1(x, 0%f1(x, o"f1(x,

M=1, LZ}O:O..........M:OforallnENananZ
dy dy dx™

of2(x,y) 0%f2(x,y) _

“ax = —ksin — k + my (x),T = kcos(x) foralln €N

af2(x, 0%f2(x, 0" f2(x,

M= 1+a+mx,M=O..........M=OforallnENanan2
dy dy? axn

Then the partial derivatives continuous and exist then F, ;. is ¢”
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4. Sensitive Dependence on initial conditions (S.D.I)

Definition (4-1)

Let (X, k) be a metric space. A map F: (X, k) —(X, k) is said to be sensitive dependence on initial

conditions (S. D. I) if there exit € > 0 3 for any x, € X and any open set US X containing x, there exists

Yo €U and n € Z*suchthat d (f™ (xq),f™(yy)) >€ that is 3€>0, Vx >0,3y € By(x), AIn €N,

d(f"(xo), (o)) €.

0.2

2 1.5 E -0.5 o 0.5

x1 (1) = 0.02 ;yl (1) = 0.01;a2l=-1.00005;ml=-
1.20004;kl=-1;and x2 (1) = 0.03 ;y2 (1) =
0.02:a2=-1.000004;m2=-1.100009:%k2=-1.2;

xl (1) = 0.02 ;yl (1) =0
1.20004;k1=-1.4;andx2 (1)
0.02:a2= 1.000004:m2=-1.1

01;al=-1.00005;ml=
= 0.03 ;y2 (1) =
0009:k2=-1.5;

0

x1l (1) = 0.02 ;yl (1) = 0.01;al=-1.25;ml=-
1.4003;kl=-1.24;and x2 (1) = 0.03 ;y2 (1) =
0.02:a2=-1_.18:m2=-1_5004:%k2=-1_15:

0.2

0.2

-0.4f

-0.6

-0.8f

x1l (1) = 0.02 ;yl (1) = 0.01;al=-1.25;ml=-
1.501;kl=-1.24;and x2 (1) = 0.03 ;y2 (1) =
0.02;a2=-1.18;m2=-1.203;k2=-1.1
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0.2 T T 0.2

0.2

0.41

0.6

-0.8r

-1 —o.ra —0T6 —o.r4 —o.rz (; o.rz 0.4 1.4
.4 0.2
x1 (1) 0.02 ;yl (1) = 0.01;al=-1.10000;
ml=-1.40000; k1=1.0000024;andx2 (1) = 0.03; x1l (1) = 0.02 ;yl (1) = 0.01;al=-1.025; ml=-
y2 (1) = 0.02; a2=-1.20000; m2=-1.60000; k2=- 1.04; kl=-1.2; and x2 (1) = 0.03 ;
1.0000015: v2(1)=0.02; a2=-1.034; m2=-1.09; k2=-1.3;

S.Lyapunov exponent

The Lyapunov play role important in the field of calculus and integration and control theory, as it has
many life applications in the field of Physics, Medicine, Engineering, Space Science and other Scientific fields.
Proposition(5-1)

X

For all (;) then F, (y

) has positive Lyapunov exponent .
Proof

X
X:(y) € R?, the Lyapunov exponent of F, ., is given by

X T 1 n X . 1
X‘((y)’ Vl)—llmn_,oo;ln ”DFa,m'k (y),vlnby (3-4) we have F,,x has two eigenvalues 3 |14| = TR If
—(a+b)+,/(a”2+8a—-4k)

2

—(a+b)—,/(a"2+8a—-4k)
2

|A,] < 1 then X,((;),v1)=limn_m%ln | (OF2e (;),m)n” > In , By hypothesis

Li>0 50 if 23] < 1 then im0 = 11 || (DF 2 (;),m)n” < ln| , SO

Lv=max {x1(x,v1),x2(x,v2)} hence the Lyapunov exponent of modified Bogdanov map is positive .
Remark (5-2)

If the Lyapunov exponents is positive , then the sensitive dependence
on initial condition exists. Therefore F, ,,x has sensitive dependence
on initial condition and Lyapunov exponent.
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6. Topological entropy

In 1965, Adler, Konheim and McAndrew introduced the concept of topological entropy. Their
definition was modeled after the definition of the Kolmogorov- Sinai, put The second definition of before
Dinaburg and Rufus Bowen and who explained the meaning of a topological entropy for a system given by an
iterated map. Topological entropy is the measure of the complexity of the system and the topological entropy
is a non-negative real number[5].

We give estimate of topological entropy of continuous map .
We recall the theorem (3.35) in [2] by
Theorem(6-1)

Let f:R™ > R" be a continuous map then

heop (f)2log| Al
where A is the largest eigenvalue of D f(v), where veR".

We give estimate of topological entropy of modified Bogdanov map
Proposition (6-2)

If [A1] > |A;| therefore hp(Fami)= log|,|
Proof

By proposition (3-4)and by hypothesis hence

Biop(Fami) )= 1081 | then hig((Fym ) > log [~ 22T 2280740

Remark(6-3)
In the same way if [A;] > |4 ] then hyy((Famx) = log [4,].
We recall the theorem (3.35) in [2] by :

Theorem (6.4)
Let f:R™ = R™ be

htop (Fa,m,k(x))S lOg MmaXyern maxLETXRn |det(D Fa,m,k(x) |L)|
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Proposition(6-5)
The upper estimate of topological entropy of modified Bogdanov map.
Proof

by theorem (3.35) on [ 2] we get

Htop(Fa, m, k) < log Mmax max;er xgn
X€E

<log|l + a + k|

det((D (Fa,m,k(X)) |L)| < log,rcré%)z( max;er xgn |1+ a+ k|
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