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A B S T R A C T 

The object of this work is investigation a presentation of the characteristic-free resolution 

and Lascoux resolution of (7, 6, 3)/(1, 0, 0) . A joining between the resolution of  Weyl 

module is also included in this work 

 الخلاصة:

 t = 1عندما  (t, 0, 0) / (3 ,6 ,7)في حالة الشكل المنحرف  هو دراسة تطبيق المميز الحر وتحلل لاسكوالهدف لهذا العمل        

 العلاقة بين تحلل مقاس وايل في هذه الحالة لكل وضع لنفس الشكل المنحرف.وايضا نقوم بدراسة 

MSC. 41A25; 41A35; 41A36 
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1. Introduction  

    let F be a free module over a commutative ring with identity and 𝐷𝑟𝐹 be divided power algebra of 

degree r motivated the free module, [1] the three generators, Ⱬ21, Ⱬ32 and Ⱬ31are the formal 

polarization operators defined in [2]. 

Shaymaa and  Haytham   [3] presented some results for the skew shape (8,6)/(2,0) and (8,6)/(2,1). The 

authors in [4] and [5] discussed some outcomes for the skew partition (8,6,3)/(u,1) where u=1,2 and 

the partition (8, 7, 3) . Also Shaymaa and Haytham [6] illustrated the connection between the 

resolution of Weyl module (8, 6, 3)/(u,1) where u=1,2 for the same skew partition. 



 Nejood Abed Hatem  et al.,                                                                          JCM - Vol.13(2) 2021 , pp  Math.  203–213            204

 

   Inthis work, we study an application of the resolution of three-rowed Weyl module for the skew-

shape (7, 6, 3) /(1, 0, 0) . First, the  terms of characteristic-free resolution are found, then the complex 

of Lascoux and relationship between character-free resolution and Lascoux is investigated. 

 

1. The Results for the skew-shape (7, 6, 3)/(1, 0, 0) 

  We enforce the following formula for the case of skew-partion [𝑝, 𝑞, 𝑟, 𝑡1, 𝑡2] to obtain the terms 

of the resolution for the skew-shape (7, 6, 3)/(1, 0, 0). 

Res([𝑝,𝑞;𝑡1]) ⨂Ɗ𝑟⨁∑ Ⱬ32
(𝑡2+1)

𝑙≥0 𝑦 ⨀Ⱬ32
(𝑙) 𝑅𝑒𝑠 ([𝑝,𝑞 + 𝑡2 + 1 + 𝑙; 𝑡1 + 𝑡2 + 1 + 𝑙]) ⨂Ɗ(𝑟−(𝑡2+1+𝑙)⨁ 

Ⱬ32
(𝑙2+1)𝑦Ⱬ31

(𝑡1+1)𝑧Res([𝑝 + 𝑡1 + 1,𝑞 + 𝑙2 + 1; 𝑡2])  

where Ⱬ𝑎𝑏
(𝑛)

 is the pursue Bar complex 

0 ⟶ Ⱬ𝑎𝑏𝑢Ⱬ𝑎𝑏𝑢…Ⱬ𝑎𝑏 ⟶∑  𝑘𝑖≥1 , ∑  𝑘𝑖=𝑛 Ⱬ𝑎𝑏
(𝑘1)𝑢Ⱬ𝑎𝑏

(𝑘2)𝑢…Ⱬ𝑎𝑏
(𝑘𝑛−1)⟶⋯⟶ Ⱬ𝑎𝑏

(𝑛)
⟶ 0 

Hence 

Res([6,6;1]) ⨂Ɗ3⨁∑ Ⱬ32
(1)

𝑙≥0 𝑦Ⱬ32
(𝑙)

 Res([6,7+𝑙; 2 + 𝑙]) ⨂𝐷2−𝑙   ⨁    

Ⱬ32
(1)
𝑦Ⱬ31

(2)
𝑧Res([8,7; 0]) ⨂𝐷0   

So  

∑ Ⱬ32
(1)

𝐼≥0 𝑦 ⨀Ⱬ32
(𝑙) 𝑦 𝑅𝑒𝑠([6,7+𝑙; 2 + 𝑙]) ⨂𝐷2−𝑙  

= Ⱬ32
(1)
𝑦𝑅𝑒𝑠([6,7; 2]) ⨂𝐷2 ⨁ Ⱬ32

(1)
𝑦Ⱬ32

 𝑦𝑅𝑒𝑠([6,8; 3]) ⨂𝐷1 

where Ⱬ32𝑦 

0 ⟶ Ⱬ32𝑦 
       𝜕𝑦          
→      Ⱬ32⟶ 0 

 

Ⱬ32
(2)
𝑦 is the bar complex  

0 ⟶ Ⱬ32𝑦Ⱬ32𝑦  
       𝜕𝑦          
→      Ⱬ32

(2)
𝑦
       𝜕𝑦          
→      Ⱬ32

(2)
⟶ 0 

Ⱬ32
(3)
𝑦 is the bar complex 

                                                  Ⱬ32
(2)
𝑦Ⱬ32𝑦   

0 ⟶ Ⱬ32𝑦Ⱬ32𝑦Ⱬ32𝑦  
       𝜕𝑦          
→               ⨁       

       𝜕𝑦          
→       Ⱬ32

(3)
𝑦
       𝜕𝑦          
→       Ⱬ32

(3)
⟶ 0 

                                                 Ⱬ32𝑦Ⱬ32
(2)
𝑦 
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and Ⱬ31𝑧 is the bar complex 

0 ⟶ Ⱬ31𝑧 
       𝜕𝑧          
→      Ⱬ31⟶ 0 

The terms of the characteristic-free resolution for the skew-shape (7, 6, 3)/(1, 0, 0) 

where 𝑏, 𝑏1, 𝑏2, 𝑏3, 𝑏4, 𝑏5, 𝑏6 ∈ 𝑍
+ are: 

(𝑀0) = 𝐷6⨂𝐷6⨂𝐷3 

(𝑀1) equal to the total of: 

•Ȥ21
(𝑏)

ϰƊ6+𝑏⨂Ɗ6−𝑏⨂Ɗ3                                     ; with 2 ≤ 𝑏 ≤6 

•Ȥ32
 𝑦Ɗ6⨂Ɗ7⨂Ɗ2                                 

•Ȥ32
(2)
𝑦Ɗ6⨂Ɗ8⨂Ɗ1                                 

(𝑀2) equal to the total of: 

•Ȥ21
(𝑏1)ϰȤ21

(𝑏2)ϰƊ6+|𝑏|⨂Ɗ6−𝑏⨂Ɗ3                      ;with 3 ≤ | 𝑏| = 𝑏1 + 𝑏2 ≤6 

•Ȥ32
 𝑦Ȥ21

(𝑏)
ϰƊ6+𝑏⨂Ɗ6−𝑏⨂Ɗ2                          ; with 3 ≤ 𝑏 ≤ 7 

•Ȥ32
 𝑦Ȥ32

 yƊ6⨂Ɗ8⨂Ɗ1                         

•Ȥ32
 𝑦Ȥ31

(2)
zƊ8⨂Ɗ7⨂Ɗ0                        

(𝑀3) equal to the total of: 

•Ȥ21
(𝑏1)ϰȤ21

(𝑏2)ϰȤ21
(𝑏3)ϰƊ6+|𝑏|⨂Ɗ6−|𝑏|⨂Ɗ3          ;where 4 ≤| 𝑏| = ∑ 𝑏𝑖

3
𝑖=1 ≤ 6 and 𝑏1 ≥ 2 

•Ȥ32
 𝑦Ȥ21

(𝑏1)ϰȤ21
(𝑏2)ϰƊ6+|𝑏|⨂Ɗ6−|𝑏|⨂Ɗ2           ; where 4 ≤ | 𝑏| = 𝑏1 + 𝑏2 ≤7 and 𝑏1 ≥ 3 

•Ȥ32𝑦Ȥ32𝑦Ȥ21
(𝑏)

ϰ Ɗ6+𝑏⨂Ɗ8−𝑏⨂Ɗ1                  ; where  4 ≤ 𝑏 ≤8 

•Ȥ32𝑦Ȥ31
(2)
zȤ21
(𝑏)

ϰ Ɗ8+𝑏⨂Ɗ7−𝑏⨂Ɗ0                 ; where 1 ≤  𝑏 ≤ 7 

(𝑀4) equal to the total of: 

•Ȥ21
(𝑏1)ϰȤ21

(𝑏2)ϰȤ21
(𝑏3)ϰȤ21

(𝑏4)ϰƊ6+|𝑏|⨂Ɗ6−|𝑏|⨂𝐷3  

                       ;where 5 ≤ |𝑏| = ∑ 𝑏𝑖
4
𝑖=1 ≤6    and 𝑏1 ≥ 2 
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•Ȥ32
 𝑦Ȥ21

(𝑏1)ϰȤ21
(𝑏2)ϰȤ21

(𝑏3)ϰ𝐷7+|𝑏|⨂𝐷7−|𝑏|⨂𝐷2      

                                           ; where 5 ≤ | 𝑏| =∑ 𝑏𝑖
4
𝑖=1 ≤8     and 𝑏1 ≥ 3 

•Ȥ32
 𝑦Ȥ32𝑦Ȥ21

(𝑏1)ϰȤ21
(𝑏2)ϰ  𝐷6+|𝑏|⨂𝐷8−|𝑏|⨂𝐷1              

                                            ; where 5 ≤| 𝑏| = 𝑏1 + 𝑏2 ≤8     and 𝑏1 ≥ 4 

•Ȥ32
 𝑦Ȥ31

(2)
zȤ21
(𝑏1)ϰȤ21

(𝑏2)ϰ𝐷8+|𝑏|⨂𝐷7−|𝑏|⨂𝐷0           

                                             ; where 2 ≤| 𝑏| = 𝑏1 + 𝑏2 ≤7    and 𝑏1 ≥ 1 

(𝑀5) equal to the total of: 

•Ȥ21
(2)

ϰȤ21
 ϰȤ21

 ϰȤ21
 ϰȤ21

 ϰ𝐷12⨂𝐷0⨂𝐷3                                                                                                                                                                                                             

•Ȥ32𝑦Ȥ21
(𝑏1)ϰȤ21

(𝑏2)ϰȤ21
(𝑏3)ϰȤ21

(𝑏4)ϰ𝐷6+|𝑏|⨂𝐷7−|𝑏|⨂𝐷2      

                                              ;  where 6 ≤ |𝑏| = ∑ 𝑏𝑖
4
𝑖=1 ≤7  and 𝑏1 ≥ 3 

•Ȥ32𝑦Ȥ32𝑦Ȥ21
(𝑏1)ϰȤ21

(𝑏2)ϰȤ21
(𝑏3)ϰ𝐷6+|𝑏|⨂𝐷8−|𝑏|⨂𝐷1              

                                             ;  where 6 ≤ |𝑏| = ∑ 𝑏𝑖
3
𝑖=1 ≤ 8 and 𝑏1 ≥ 4 

•Ȥ32
 𝑦Ȥ31

(2)
zȤ21
(𝑏1)ϰȤ21

(𝑏2)ϰȤ21
(𝑏3)ϰ𝐷8+|𝑏|⨂𝐷7−|𝑏|⨂𝐷0           

                                              ;  where 3 ≤ |𝑏| = ∑ 𝑏𝑖
3
𝑖=1 ≤7 and 𝑏1 ≥ 1 

(𝑀6) equal to the total of: 

•Ȥ32
 yȤ21

(3)
ϰȤ21
 ϰȤ21

 ϰȤ21
 ϰȤ21

 ϰ𝐷13⨂𝐷0⨂𝐷2                                                                       

                                                                                                          

•Ȥ32𝑦Ȥ32𝑦Ȥ21
(𝑏1)ϰȤ21

(𝑏2)ϰȤ21
(𝑏3)ϰȤ21

(𝑏4)ϰ𝐷6+|𝑏|⨂𝐷8−|𝑏|⨂𝐷1             

                                          ;where 7 ≤ |𝑏| = ∑ 𝑏𝑖
4
𝑖=1 ≤ 8 and 𝑏1 ≥ 4 

•Ȥ32𝑦Ȥ31
(2)
𝑧Ȥ21
(𝑏1)ϰȤ21

(𝑏2)ϰȤ21
(𝑏3)ϰȤ21

(𝑏4)ϰ𝐷8+|𝑏|⨂𝐷7−|𝑏|⨂𝐷0      

                                          ;where 4 ≤ |𝑏| = ∑ 𝑏𝑖
4
𝑖=1 ≤ 7  and 𝑏1 ≥ 1 

(𝑀7) equal to the total of: 

•Ȥ32yȤ32yȤ21ϰȤ21ϰȤ21ϰȤ21ϰȤ21ϰ𝐷14⨂𝐷0⨂𝐷1 
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•Ȥ32𝑦Ȥ31
(2)

zȤ21
(𝑏1)ϰȤ21

(𝑏2)ϰȤ21
(𝑏3)ϰȤ21

(𝑏4)ϰȤ21
(𝑏5)ϰ𝐷8+|𝑏|⨂𝐷7−|𝑏|⨂𝐷0      

                                          ;where 5 ≤ |𝑏| = ∑ 𝑏𝑖
5
𝑖=1 ≤ 7  and 𝑏1 ≥ 1 

(𝑀8) equal to the total of  

•Ȥ32𝑦Ȥ31
(2)

zȤ21
(𝑏1)ϰȤ21

(𝑏2)ϰȤ21
(𝑏3)ϰȤ21

(𝑏4)ϰȤ21
(𝑏5)ϰȤ21

(𝑏6)ϰ𝐷8+|𝑏|⨂𝐷7−|𝑏|⨂𝐷0      

                                          ;where 6 ≤ |𝑏| = ∑ 𝑏𝑖
6
𝑖=1 ≤ 7   and 𝑏1 ≥ 1 

(𝑀9) equal to the total of  

•Ȥ32𝑦Ȥ31
(2)

zȤ21
 ϰȤ21

 ϰȤ21
 ϰȤ21

 ϰȤ21
 ϰȤ21

 ϰȤ21
 ϰ𝐷15⨂𝐷0⨂𝐷0      

   As in [7], the Lascoux resolution of the Weyl module associated to the Skew-shape 

 (7, 6, 3)/(1, 0, 0) is  

 

As in  [4], the terms can be exhibit as pursue  

𝑀0 =ℒ0= 𝐸0 

𝑀1 = ℒ1⨁𝐸1 

𝑀2 = ℒ2⨁𝐸2 

𝑀3 = ℒ3⨁𝐸3 

𝑀𝑗 = 𝐸𝑗       ; for   𝑗 = 4, 5,… 9. 

where ℒ𝑒 are the total of the Lascoux terms, and the 𝐸𝑒 are the sums of the others. 

Then we define𝜎1: 𝐸1 → ℒ1 as follows  

 Ⱬ21
(3)
𝜘(𝑣) ⟼ 

1

3
 Ⱬ21
(2)
 𝜘𝜕21

 (𝑣)                                   ;where 𝑣 ∈ 𝐷9⨂𝐷3⨂𝐷3 

 Ⱬ21
(4)
𝜘(𝑣) ⟼ 

1

6
 Ⱬ21
(2)
 𝜘𝜕21

(2)
(𝑣)                                  ;where 𝑣 ∈ 𝐷10⨂𝐷2⨂𝐷3 

 Ⱬ21
(5)
𝜘(𝑣) ⟼ 

1

10
 Ⱬ21
(2)
 𝜘𝜕21

(3)
(𝑣)                                ;where 𝑣 ∈ 𝐷11⨂𝐷1⨂𝐷3 

 Ⱬ21
(6)
𝜘(𝑣) ⟼ 

1

15
 Ⱬ21
(2)
 𝜘𝜕21

(4)
(𝑣)                                ;where 𝑣 ∈ 𝐷12⨂𝐷0⨂𝐷3 
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 Ⱬ32
(2)
𝑦(𝑣) ⟼ 

1

2
 Ⱬ32𝑦𝜕32(𝑣)                                     ;where 𝑣 ∈ 𝐷6⨂𝐷8⨂𝐷1 

We ought to indicate that the map 𝜎1 satisfied the identity:  

𝛿ℒ1ℒ0 ∘ 𝜎1 = 𝛿𝐸1𝐸0 …1 

ℒ1
         𝛿ℒ1ℒ0       
→         ℒ0 = 𝐸0 

 

                                                       𝜎1 

                                                                 𝐸1 

Where 𝛿ℒ1ℒ0 the component of the boundary of the fat complex which conveys ℒ1 to ℒ0. 

We will use notation 𝛿ℒ𝑡+1ℒ𝑡 , 𝛿ℒ𝑡+1𝐸1…𝑒𝑡𝑐. 

Thus we can define 𝜕1: ℒ1 ⟶ ℒ0 as 𝜕1 = 𝛿ℒ1ℒ0 

It’s easy to show that 𝜕1 implement 1, for example: 

(𝛿ℒ1ℒ0 ∘ 𝜎1) (Ⱬ21
(5)
𝜘(𝑣)) = 𝛿ℒ1ℒ0 ∘ 𝜎1 (

1

10
 Ⱬ21
(2)
 𝜘𝜕21

(3)
(𝑣)) 

                                     = 
1

10
(𝜕21
(2)
𝜕21
(3)
(𝑣))  

                                     = 𝜕21
(5)
(𝑣) 

                                     = 𝛿𝐸1𝐸0 (Ⱬ21
(5)
𝜘(𝑣)) 

As long as 𝜕2: ℒ2 ⟶ ℒ1 as 𝜕2 = 𝛿ℒ2ℒ1 + 𝜎1 ∘ 𝛿ℒ2𝐸1 

 

Proposition 2.1: The composition 𝜕1 ∘ 𝜕2 = 0. 

Proof: 

𝜕1 ∘ 𝜕2(𝑔) = 𝛿ℒ1ℒ0 ∘ (𝛿ℒ2ℒ1(𝑔) + 𝜎1𝛿ℒ2𝐸1(𝑔)) 

                  = 𝛿ℒ1ℒ0 ∘ 𝛿ℒ2ℒ1(𝑔) + 𝛿ℒ1ℒ0 ∘ 𝜎1𝛿ℒ2𝐸1(𝑔) 
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                   𝛿ℒ1ℒ0 ∘ 𝜎1 = 𝛿𝐸1𝐸0 , then we get 

𝜕1 ∘ 𝜕2(𝑔) = 𝛿ℒ1ℒ0 ∘ 𝛿ℒ2𝐸1(𝑔) + 𝛿𝐸1𝐸0𝛿ℒ2𝐸1(𝑔) = 0 

Define 𝜎2: 𝐸2 ⟶ ℒ2 such that: 

𝛿𝐸2ℒ1 + 𝜎1 ∘ 𝛿𝐸2𝐸1 = (𝛿ℒ2ℒ1 + 𝜎1 ∘ 𝛿ℒ2𝐸1) ∘ 𝜎2…2 

We define 

  Ⱬ21
(2)
𝜘Ⱬ21𝜘(𝑣) ⟼ 0                                             ;where 𝑣 ∈ 𝐷9⨂𝐷3⨂𝐷3 

  Ⱬ21
(3)
𝜘Ⱬ21𝜘(𝑣) ⟼ 0                                             ;where 𝑣 ∈ 𝐷10⨂𝐷2⨂𝐷3 

  Ⱬ21
(2)
𝜘Ⱬ21

(2)
𝜘(𝑣) ⟼ 0                                            ;where 𝑣 ∈ 𝐷10⨂𝐷2⨂𝐷3 

  Ⱬ21
(3)
𝜘Ⱬ21

(2)
𝜘(𝑣) ⟼ 0                                            ;where 𝑣 ∈ 𝐷11⨂𝐷1⨂𝐷3 

  Ⱬ21
(4)
𝜘Ⱬ21𝜘(𝑣) ⟼ 0                                            ;where 𝑣 ∈ 𝐷11⨂𝐷1⨂𝐷3 

  Ⱬ21
(2)
𝜘Ⱬ21

(3)
𝜘(𝑣) ⟼ 0                                            ;where 𝑣 ∈ 𝐷11⨂𝐷1⨂𝐷3 

  Ⱬ21
(5)
𝜘Ⱬ21𝜘(𝑣) ⟼ 0                                             ;where 𝑣 ∈ 𝐷12⨂𝐷0⨂𝐷3 

  Ⱬ21
(3)
𝜘Ⱬ21

(3)
𝜘(𝑣) ⟼ 0                                            ;where 𝑣 ∈ 𝐷12⨂𝐷0⨂𝐷3 

  Ⱬ21
(2)
𝜘Ⱬ21

(4)
𝜘(𝑣) ⟼ 0                                            ;where 𝑣 ∈ 𝐷12⨂𝐷0⨂𝐷3 

  Ⱬ21
(4)
𝜘Ⱬ21

(2)
𝜘(𝑣) ⟼ 0                                            ;where 𝑣 ∈ 𝐷12⨂𝐷0⨂𝐷3 

  Ⱬ32𝑦Ⱬ21
(4)
𝜘(𝑣) ⟼ 

1

4
 Ⱬ32𝑦Ⱬ21

(3)
𝜘𝜕21

 (𝑣)                 ;where 𝑣 ∈ Ɗ10⨂Ɗ3⨂Ɗ2 

  Ⱬ32𝑦Ⱬ21
(5)
𝜘(𝑣) ⟼ 

1

10
 Ⱬ32𝑦Ⱬ21

(3)
𝜘𝜕21

(2)
(𝑣)               ;where 𝑣 ∈ Ɗ11⨂Ɗ2⨂Ɗ2 

  Ⱬ32𝑦Ⱬ21
(6)
𝜘(𝑣) ⟼ 

1

20
 Ⱬ32𝑦Ⱬ21

(3)
𝜘𝜕21

(3)
(𝑣)               ;where 𝑣 ∈ Ɗ12⨂Ɗ1⨂Ɗ2 

  Ⱬ32𝑦Ⱬ21
(7)
𝜘(𝑣) ⟼ 

1

35
 Ⱬ32𝑦Ⱬ21

(3)
𝜘𝜕21

(4)
(𝑣)              ;where 𝑣 ∈ Ɗ13⨂Ɗ0⨂Ɗ2 

  Ⱬ32𝑦Ⱬ32𝑦(𝑣) ⟼ 0                                             ;where 𝑣 ∈ Ɗ6⨂Ɗ8⨂Ɗ1 

       Its plainsman to exhibit that 𝜎2 which is acquainting above implement 2, we adopt 

where 𝑣 ∈ Ɗ12⨂Ɗ1⨂Ɗ2 

(𝛿𝐸2ℒ1 + 𝜎1 ∘ 𝛿𝐸2𝐸1)(Ⱬ32𝑦Ⱬ21
(6)
𝜘(𝑣))                             

= 𝜎1 (Ⱬ21
(6)
𝜘𝜕32(𝑣)  +  Ⱬ21

(5)
𝜘𝜕31(𝑣)) − Ⱬ32𝑦𝜕21

(6)
(𝑣) 

= 
1

6
 Ⱬ21𝜘𝜕21

(5)
𝜕32(𝑣) +

1

5
 Ⱬ21𝜘𝜕21

(4)
𝜕31(𝑣)− Ⱬ32𝑦𝜕21

(6)
(𝑣) 
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and  

(𝛿ℒ2ℒ1 + 𝜎1 ∘ 𝛿ℒ2𝐸1)(
1

20
 Ⱬ32yⱫ21

(3)
𝜘𝜕21

(3)
(𝑣)) 

= 𝜎1 (
1

20
Ⱬ21
(3)
𝜘𝜕21

(3)
𝜕32(𝑣)  +

1

20
 Ⱬ21
(3)
𝜘𝜕21

(2)
𝜕31(𝑣) +

1

20
Ⱬ21
(2)
𝜘𝜕21

(3)
𝜕31(𝑣)) − 

   
1

20
Ⱬ32𝑦𝜕21

(3)
𝜕21
(3)

(𝑣) 

=
1

6
Ⱬ21𝜘𝜕21

(5)𝜕32(𝑣)+
1

10
Ⱬ21𝜘𝜕21

(4)
𝜕31(𝑣)+

1

10
Ⱬ21𝜘𝜕21

(4)
𝜕31(𝑣)− Ⱬ32𝑦𝜕21

(6)
(𝑣) 

=
1

6
Ⱬ21𝜘𝜕21

(5)𝜕32(𝑣)+
1

5
Ⱬ21𝜘𝜕21

(4)
𝜕31(𝑣) − Ⱬ32𝑦𝜕21

(6)
(𝑣) 

  Proposition (2.2): we have exactness at ℒ𝑖. 

Proof: see [9]. 

Now by using 𝜎2 we can also acquaint 𝜕3:ℒ3 ⟶ ℒ2 as 𝜕3 = 𝛿ℒ3ℒ2 + 𝜎2 ∘ 𝛿ℒ3𝐸2. 

  Proposition (2.3):  

      The composition 𝜕2 ∘ 𝜕3 = 0. 

Proof: the same way employ in proposition (2.1). 

 Remark (2.4) 

   In our case 𝑡1 = 1 and 𝑡2 = 0, this leads to an inevitable problem of where we want to 

polarize the 𝑦 to 1 in the terms of form   

Ⱬ32
(𝑡2+1)𝑦Ⱬ31

(𝑡1+1)𝑧𝑅𝑒𝑠([𝑝1 + 𝑡1 + 1, 𝑝2 + 𝑡2 + 1; 𝑡2]) 

Since we have no terms of the form Ⱬ32
(1)
Ⱬ31
(2)
𝑧. 

It is clear that by remark (2.4) all the terms in dimension three will be reduction to zero, 

we can show that: 

Firstly we need the definition of map  

𝜎3: 𝐸3 ⟶ ℒ3  such that  𝛿𝐸3ℒ2 + 𝜎2 ∘ 𝛿𝐸3𝐸2  = (𝛿ℒ3ℒ2 + 𝜎2 ∘ 𝛿ℒ3𝐸2)∘ 𝜎3    (3) 

As follows: 
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  Ⱬ21
(2)
𝜘Ⱬ21𝜘Ⱬ21𝜘(𝑣) ⟼ 0                                     ;where 𝑣 ∈ Ɗ10⨂Ɗ2⨂Ɗ3 

  Ⱬ21
(3)
𝜘Ⱬ21𝜘Ⱬ21𝜘(𝑣) ⟼ 0                                     ;where 𝑣 ∈ Ɗ11⨂Ɗ1⨂Ɗ3 

  Ⱬ21
(2)
𝜘Ⱬ21

(2)
𝜘Ⱬ21𝜘(𝑣) ⟼ 0                                    ;where 𝑣 ∈ Ɗ11⨂Ɗ1⨂Ɗ3 

  Ⱬ21
(2)
𝜘Ⱬ21𝜘Ⱬ21

(2)
𝜘(𝑣) ⟼ 0                                    ;where 𝑣 ∈ Ɗ11⨂Ɗ1⨂Ɗ3 

  Ⱬ21
(4)
𝜘Ⱬ21𝜘Ⱬ21𝜘(𝑣) ⟼ 0                                     ;where 𝑣 ∈ Ɗ12⨂Ɗ0⨂Ɗ3 

  Ⱬ21
(2)
𝜘Ⱬ21

(2)
𝜘Ⱬ21

(2)
𝜘(𝑣) ⟼ 0                                    ;where 𝑣 ∈ Ɗ12⨂Ɗ0⨂Ɗ3 

  Ⱬ21
(3)
𝜘Ⱬ21

(2)
𝜘Ⱬ21𝜘(𝑣) ⟼ 0                                    ;where 𝑣 ∈ Ɗ12⨂Ɗ0⨂Ɗ3 

  Ⱬ21
(2)
𝜘Ⱬ21

(3)
𝜘Ⱬ21𝜘(𝑣) ⟼ 0                                    ;where 𝑣 ∈ Ɗ12⨂Ɗ0⨂Ɗ3 

  Ⱬ21
(3)
𝜘Ⱬ21𝜘Ⱬ21

(2)
𝜘(𝑣) ⟼ 0                                    ;where 𝑣 ∈ Ɗ12⨂Ɗ0⨂Ɗ3 

  Ⱬ21
(2)
𝜘Ⱬ21𝜘Ⱬ21

(3)
𝜘(𝑣) ⟼ 0                                    ;where 𝑣 ∈ Ɗ12⨂Ɗ0⨂Ɗ3 

  Ⱬ32𝑦Ⱬ21
(3)
𝜘Ⱬ21𝜘(𝑣) ⟼ 0                                     ;where 𝑣 ∈ Ɗ10⨂Ɗ3⨂Ɗ2 

  Ⱬ32𝑦Ⱬ21
(4)
𝜘Ⱬ21𝜘(𝑣) ⟼ 0                                     ;where 𝑣 ∈ Ɗ11⨂Ɗ2⨂Ɗ2 

  Ⱬ32𝑦Ⱬ21
(3)
𝜘Ⱬ21

(2)
𝜘(𝑣) ⟼ 0                                    ;where 𝑣 ∈ Ɗ11⨂Ɗ2⨂Ɗ2 

  Ⱬ32𝑦Ⱬ21
(5)
𝜘Ⱬ21𝜘(𝑣) ⟼ 0                                     ;where 𝑣 ∈ Ɗ12⨂Ɗ1⨂Ɗ2 

  Ⱬ32𝑦Ⱬ21
(4)
𝜘Ⱬ21

(2)
𝜘(𝑣) ⟼ 0                                    ;where 𝑣 ∈ Ɗ12⨂Ɗ1⨂Ɗ2 

  Ⱬ32𝑦Ⱬ21
(3)
𝜘Ⱬ21

(3)
𝜘(𝑣) ⟼ 0                                    ;where 𝑣 ∈ Ɗ12⨂Ɗ1⨂Ɗ2 

  Ⱬ32𝑦Ⱬ21
(6)
𝜘Ⱬ21𝜘(𝑣) ⟼ 0                                     ;where 𝑣 ∈ Ɗ13⨂Ɗ0⨂Ɗ2 

  Ⱬ32𝑦Ⱬ21
(5)
𝜘Ⱬ21

(2)
𝜘(𝑣) ⟼ 0                                    ;where 𝑣 ∈ Ɗ13⨂Ɗ0⨂Ɗ2 

  Ⱬ32𝑦Ⱬ21
(4)
𝜘Ⱬ21

(3)
𝜘(𝑣) ⟼ 0                                    ;where 𝑣 ∈ Ɗ13⨂Ɗ0⨂Ɗ2 

  Ⱬ32𝑦Ⱬ21
(3)
𝜘Ⱬ21

(4)
𝜘(𝑣) ⟼ 0                                    ;where 𝑣 ∈ Ɗ13⨂Ɗ0⨂Ɗ2 

  Ⱬ32𝑦Ⱬ32𝑦Ⱬ21
(4)
𝜘(𝑣) ⟼  0                                    ;where 𝑣 ∈ Ɗ10⨂Ɗ4⨂Ɗ1 

  Ⱬ32𝑦Ⱬ32𝑦Ⱬ21
(5)
𝜘(𝑣) ⟼ 0                                    ;where 𝑣 ∈ Ɗ11⨂Ɗ3⨂Ɗ1 

  Ⱬ32𝑦Ⱬ32𝑦Ⱬ21
(6)
𝜘(𝑣) ⟼ 0                                     ;where 𝑣 ∈ Ɗ12⨂Ɗ2⨂Ɗ1 

  Ⱬ32𝑦Ⱬ32𝑦Ⱬ21
(7)
𝜘(𝑣) ⟼ 0                                     ;where 𝑣 ∈ Ɗ13⨂Ɗ1⨂Ɗ1 

  Ⱬ32𝑦Ⱬ32𝑦Ⱬ21
(8)
𝜘(𝑣) ⟼ 0                                     ;where 𝑣 ∈ Ɗ14⨂Ɗ0⨂Ɗ1 

 Ⱬ32
 𝑦Ⱬ31

(2)
𝑧Ⱬ21
(2)
𝜘(𝑣) ⟼  0                                    ;where 𝑣 ∈ Ɗ10⨂Ɗ5⨂Ɗ0 

 Ⱬ32
 𝑦Ⱬ31

(2)
𝑧Ⱬ21
(3)
𝜘(𝑣) ⟼  0                                    ;where 𝑣 ∈ Ɗ11⨂Ɗ4⨂Ɗ0 

 Ⱬ32
 𝑦Ⱬ31

(2)
𝑧Ⱬ21
(4)
𝜘(𝑣) ⟼  0                                    ;where 𝑣 ∈ Ɗ12⨂Ɗ3⨂Ɗ0 

 Ⱬ32
 𝑦Ⱬ31

(2)
𝑧Ⱬ21
(5)
𝜘(𝑣) ⟼  0                                    ;where 𝑣 ∈ Ɗ13⨂Ɗ2⨂Ɗ0 

 Ⱬ32
 𝑦Ⱬ31

(2)
𝑧Ⱬ21
(6)
𝜘(𝑣) ⟼  0                                    ;where 𝑣 ∈ Ɗ14⨂Ɗ1⨂Ɗ0 
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 Ⱬ32
 𝑦Ⱬ31

(2)
𝑧Ⱬ21
(7)
𝜘(𝑣) ⟼  0                                    ;where 𝑣 ∈ Ɗ15⨂Ɗ0⨂Ɗ0 

It is easy to show that (3) is satisfy. 

   Now by remark (2.4) all the terms in 𝑀3 reduction to zero. 

Eventually, define the boundary map in the complex: 

                             0 ⟶ ℒ3 
    𝜕3    
→   ℒ2 

    𝜕2    
→    ℒ1 

    𝜕1    
→    ℒ0                                

Where 𝜕1 and 𝜕2 defined as follows: 

 𝜕1 (Ⱬ21
(2)
𝜘 (𝑣)) = 𝜕21

(2)
(𝑣)                                        ; where 𝑣 ∈ Ɗ8⨂Ɗ4⨂Ɗ3 

 𝜕1(Ⱬ32𝑦 (𝑣))= 𝜕32(𝑣)                                          ; where 𝑣 ∈ Ɗ6⨂Ɗ7⨂Ɗ2 

 𝜕2 (Ⱬ32𝑦Ⱬ21
(3)
𝜘 (𝑣)) = 

1

3
 Ⱬ21𝜘𝜕21

(2)
𝜕32(𝑣) + 

1

2
 Ⱬ21𝜘𝜕21

 𝜕31(𝑣) −Ⱬ32𝑦𝜕21
 (𝑣)                   

                                                                                       ; where 𝑣 ∈ Ɗ9⨂Ɗ4⨂Ɗ2 

Proposition (2.5) 

The complex  

                             0 ⟶ ℒ3 
    𝜕3    
→   ℒ2 

    𝜕2    
→    ℒ1 

    𝜕1    
→    ℒ0

            
→   𝐾(7,6,3)/(1,0) 

is exact. 

Proof: see [8] and [9]. 
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Conclusions 

  From this paper we deduced these results: 

1-The  terms of characteristic-free resolution are found 

2- The complex of Lascoux and relationship between character-free resolution and 

Lascoux is investigated. 
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