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A B S T R A C T 

In this paper , we present the λ-statistically convergent for Quadruple sequence spaces characterized 

by the triple Orlicz functions by using matrix transformation and investigated the qualities that are 

similar to those of spaces (𝕎0
4)λ(𝒮)(𝕄𝔸𝔭) , (𝕎4)λ(𝒮)(𝕄𝔸𝔭)  , (𝕎∞

4 )λ(𝒮)(𝕄𝔸𝔭)  are linear 

spaces, and the space 𝕎∞
4 (𝕄𝔸𝔭)  is a paranormed space, and the spaces  (𝕎0

4)λ(𝒮)(𝕄𝔸𝔭) , 
(𝕎4)λ(𝒮)(𝕄𝔸𝔭) are normal and monotone 
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1.Introduction 

  Schoenberg [15] and Fast [7] independently proposed the concept of statistical convergence. Statistical convergence has been discussed in the theory of 

Fourier analysis, ergodic theory, and number theory over the years and under various names by Buck [1], Esi and Et [6].  

  The various types of Orlicz sequence spaces have been introduced and researched by Parasar and Choudhury [13], Esi and Et [6] , Tripathy and Hazarika 

[22] and many others . 

  Nakano [9] has proposed the concept of paranormed sequences.Tripathy et al.[19,20,27] has looked into it further and [5,21,23,25,26,28] provide 

additional information on λ-convergence.  

   In the study of strong integral summability and the structure of ideals of bounded continuous functions on locally compact spaces, statistical 

convergence generalizations have appeared in recent years. 

  The term λ-convergence was coined by Kostyrko et al.[10] to describe a new generalization of statistical convergence.  

  In this work ,we introduced the quadruple sequence spaces of complex numbers characterized by double Orlicz functions 

(𝕎4)λ(𝒮)(𝕄𝔸𝔭),(𝕎0
4)λ(𝒮)(𝕄𝔸𝔭),(𝕎∞

4 )λ(𝒮)(𝕄𝔸𝔭). We discussed several of these spaces are examined in terms of their topological and algebraic 

properties .  
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2. Definitions and Preliminaries 

Definition 2.1[1]:  

             A triple Orlicz function is a function that has three parts 𝕄:[0,∞)×[0,∞)×[0,∞)  [0,∞)×[0,∞)×[0,∞) as a result 

𝕄(𝔑 , 𝔎 , ℜ) = (𝕄1(𝔑), 𝕄2(𝔎), 𝕄3(𝔑)), in which  𝕄1: [0, ∞)[0, ∞) and 𝕄2: [0, ∞)[0, ∞) and 𝕄3: [0, ∞)[0, ∞), 

These functions are non-decreasing, continuous, even, convex functions that meet the following criteria: 

𝕚) 𝕄1(0) = 0, 𝕄2(0) = 0, 𝕄3(0) = 0 ⟹ 𝕄(𝔑 , 𝔎 , ℜ) = (𝕄1(0), 𝕄2(0), 𝕄3(0)) = (0,0,0). 

𝕚𝕚) 𝕄1(𝔑) ≻ 0 , 𝕄2(𝔎) ≻ 0 , 𝕄3(ℜ) ≻ 0 ⟹ 𝕄(𝔑 , 𝔎 , ℜ) = (𝕄1(𝔑), 𝕄2(𝔎), 𝕄3(ℜ)) ≻ (0,0,0), for 

    𝔑 ≻ 0, 𝔎 ≻ 0, ℜ ≻ 0,by which we say (𝔑 , 𝔎 , ℜ) ≻ (0,0,0),this 𝕄1(𝔑) ≻ 0, 𝕄2(𝔎) ≻ 0, 𝕄3(ℜ) ≻ 0. 

𝕚𝕚𝕚) 𝕄1(𝔑) → ∞, 𝕄2(𝔎) → ∞, 𝕄3(ℜ) → ∞ as 𝔑 → ∞, 𝔎 → ∞, ℜ → ∞, after that 𝕄(𝔑 , 𝔎 , ℜ) =  

      (𝕄1(𝔑), 𝕄2(𝔎), 𝕄3(ℜ)) → (∞, ∞, ∞) as (𝔑 , 𝔎 , ℜ) → (∞, ∞, ∞),by which we say 𝕄(𝔑 , 𝔎 , ℜ) 

      → (∞, ∞, ∞), as 𝕄1(𝔑) → ∞, 𝕄2(𝔎) → ∞, 𝕄3(ℜ) → ∞  .  

      

Definition 2.2[15] :  

        If each and every ε ≻ 0 ,{𝔫 ∈ ℕ:
1

𝔫
|𝔰, 𝔯, 𝔢, 𝔠 ≼ 𝔫: ‖𝔔𝔰𝔯𝔢𝔠 − 𝕃‖ ≽ 𝜀| ≽ 𝒮} ∈ ℷ then a quadruple sequence 𝔔 = ( 𝔔𝔰𝔯𝔢𝔠) be 

a ℷ-statistically convergent to a number 𝕃 ∈ ℝ . 

 

Definition 2.3[17] :  

           If (𝔔𝔰𝔯𝔢𝔠) ∈ 𝔼4 whenever ( 𝔓𝔰𝔯𝔢𝔠)𝔼4 and |𝔔𝔰𝔯𝔢𝔠| ≼ |𝔓𝔰𝔯𝔢𝔠| for everybody 𝔰, 𝔯, 𝔢, 𝔠 ℕ then a quadruple sequence 

space 𝔼4 be a solid.  

  

Lemma 2.4[9] :  

          A quadruple sequence space 𝔼4 be a solid suggests that it is monotone.  

 

Lemma 2.5[18] :  

           If λ  2ℕ is a maximal ideal, then there's either 𝓋  λ or ℕ- 𝓋  λ each and every 𝓋  ℕ.  

 

             Let's assume 𝕄 = (𝕄1, 𝕄2, 𝕄3) = ((𝕄1)𝔰𝔯𝔢𝔠 , (𝕄2)𝔰𝔯𝔢𝔠 , (𝕄3)𝔰𝔯𝔢𝔠) be a triple Orlicz functions, 𝔸 = (𝔸1, 𝔸2, 𝔸3) = 

((𝔸1)𝔰𝔯𝔢𝔠 , (𝔸2)𝔰𝔯𝔢𝔠 , (𝔸3)𝔰𝔯𝔢𝔠) be an infinite double matrix, and 𝕐 = ( (𝕐1)𝔰𝔯𝔢𝔠 , (𝕐2)𝔰𝔯𝔢𝔠, (𝕐3)𝔰𝔯𝔢𝔠) be a quadruple sequence of 

complex numbers.  

          In this paper, The quadruple sequence spaces defined as follows as :  

 

(𝕎4)λ(𝒮)(𝕄𝔸𝔭) =

{((𝕐1)𝔰𝔯𝔢𝔠 , (𝕐2)𝔰𝔯𝔢𝔠, (𝕐3)𝔰𝔯𝔢𝔠) 𝕎4 : {𝓃 ℕ: 
1

𝓃
|{𝔰, 𝔯, 𝔢, 𝔠 ≼  𝓃: ∑ ∑ ∑ ∑ [(𝕄1)𝔰𝔯𝔢𝔠 (

‖ (𝔸1)𝔰𝔯𝔢𝔠(𝕐1)−𝕃1‖

𝔭
) ⋎𝓃

𝔠=1
𝓃
𝔢=1

𝓃
𝔯=1

𝓃
𝔰=1

(𝕄2)𝔰𝔯𝔢𝔠 (
‖( 𝔸2)𝔰𝔯𝔢𝔠(𝕐2)−𝕃2‖

𝔭
) ⋎ (𝕄3)𝔰𝔯𝔢𝔠 (

‖( 𝔸3)𝔰𝔯𝔢𝔠(𝕐3)−𝕃3‖

𝔭
)]

𝔭𝔰𝔯𝔢𝔠
≽ ε}| ≽ 𝒮} λ  for some  𝔭 ≻ 0 and 𝕃1, 𝕃2, 𝕃3ℝ}. 

 

(𝕎0
4)λ(𝒮)(𝕄𝔸𝔭) =  

{((𝕐1)𝔰𝔯𝔢𝔠 , (𝕐2)𝔰𝔯𝔢𝔠, (𝕐3)𝔰𝔯𝔢𝔠) 𝕎4 : {𝓃 ℕ: 
1

𝓃
|{𝔰, 𝔯, 𝔢, 𝔠 ≼
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 𝓃: ∑ ∑ ∑ ∑ [(𝕄1)𝔰𝔯𝔢𝔠 (
‖ (𝔸1)𝔰𝔯𝔢𝔠(𝕐1)‖

𝔭
) ⋎ (𝕄2)𝔰𝔯𝔢𝔠 (

‖ (𝔸2)𝔰𝔯𝔢𝔠(𝕐2)‖

𝔭
) ⋎ (𝕄3)𝔰𝔯𝔢𝔠 (

‖ (𝔸3)𝔰𝔯𝔢𝔠(𝕐3)‖

𝔭
)]

𝔭𝔰𝔯𝔢𝔠
𝓃
𝔠=1

𝓃
𝔢=1 ≽ ε𝓃

𝔯=1
𝓃
𝔰=1 }| ≽

𝒮} λ  for some  𝔭 ≻ 0 } . 

 

(𝕎∞
4 )λ(𝒮)(𝕄𝔸𝔭) =

{((𝕐1)𝔰𝔯𝔢𝔠 , (𝕐2)𝔰𝔯𝔢𝔠 , (𝕐3)𝔰𝔯𝔢𝔠)  𝕎4 : {𝓃 ℕ: 
1

𝓃
|{𝔰, 𝔯, 𝔢, 𝔠 ≼

𝓃: ∑ ∑ ∑ ∑ [(𝕄1)𝔰𝔯𝔢𝔠 (
‖ (𝔸1)𝔰𝔯𝔢𝔠(𝕐1)‖

𝔭
) ⋎ (𝕄2)𝔰𝔯𝔢𝔠 (

‖ (𝔸2)𝔰𝔯𝔢𝔠(𝕐2)‖

𝔭
) ⋎ (𝕄3)𝔰𝔯𝔢𝔠 (

‖ (𝔸3)𝔰𝔯𝔢𝔠(𝕐3)‖

𝔭
)]

𝔭𝔰𝔯𝔢𝔠
𝓃
𝔠=1

𝓃
𝔢=1 ≽ M𝓃

𝔯=1
𝓃
𝔰=1 }| ≽

𝒮} λ  for some  M ≻ 0 } .  

 

𝕎∞
4 (𝕄𝔸𝔭) =  {((𝕐1)𝔰𝔯𝔢𝔠 , (𝕐2)𝔰𝔯𝔢𝔠 , (𝕐3)𝔰𝔯𝔢𝔠)  𝕎4: {𝓃 ℕ: sup

1

𝓃
∑ ∑ ∑ ∑ [(𝕄1)𝔰𝔯𝔢𝔠 (

‖ (𝔸1)𝔰𝔯𝔢𝔠(𝕐1)‖

𝔭
) ⋎𝓃

𝔠=1
𝓃
𝔢=1

𝓃
𝔯=1

𝓃
𝔰=1

(𝕄2)𝔰𝔯𝔢𝔠 (
‖ (𝔸2)𝔰𝔯𝔢𝔠(𝕐2)‖

𝔭
) ⋎ (𝕄3)𝔰𝔯𝔢𝔠 (

‖ (𝔸3)𝔰𝔯𝔢𝔠(𝕐3)‖

𝔭
)]

𝔭𝔰𝔯𝔢𝔠
≺ ∞}}.  

 

           It is clear from the above description that (𝕎0
4)ℷ(𝒮)(𝕄𝔸𝔭)  (𝕎4)ℷ(𝒮)(𝕄𝔸𝔭)  (𝕎∞

4 )ℷ(𝒮)(𝕄𝔸𝔭) . 

 

3. Main Result  : 

Theorem 3.1 :  

         The spaces (𝕎0
4)λ(𝒮)(𝕄𝔸𝔭) , (𝕎4)λ(𝒮)(𝕄𝔸𝔭) , (𝕎∞

4 )λ(𝒮)(𝕄𝔸𝔭) are linear space and 

 𝕄 = ( 𝕄𝔰𝔯𝔢𝔠) = ((𝕄1)𝔰𝔯𝔢𝔠 , (𝕄2)𝔰𝔯𝔢𝔠), 𝔸 = ( 𝔸𝔰𝔯𝔢𝔠) = ((𝔸1)𝔰𝔯𝔢𝔠 , (𝔸2)𝔰𝔯𝔢𝔠). 

Proof :  

       We demonstrate that the solution for the space (𝕎0
4)ℷ(𝒮)(𝕄𝔸𝔭) . Let's assume 𝔓𝔰𝔯𝔢𝔠 = ((𝔓1)𝔰𝔯𝔢𝔠 , (𝔓2)𝔰𝔯𝔢𝔠 , (𝔓3)𝔰𝔯𝔢𝔠) 

and 𝔔𝔰𝔯𝔢𝔠 = ((𝔔1)𝔰𝔯𝔢𝔠 , (𝔔2)𝔰𝔯𝔢𝔠 , (𝔔3)𝔰𝔯𝔢𝔠) be any two elements in (𝕎0
4)ℷ(𝒮)(𝕄𝔸𝔭) .Then there are those who exist 𝔭1 ≻

0 and 𝔭2 ≻ 0 as a result  

ℬ =

{𝓃 ℕ: 
1

𝓃
|{𝔰, 𝔯, 𝔢, 𝔠 ≼

𝓃: ∑ ∑ ∑ ∑ [(𝕄1)𝔰𝔯𝔢𝔠(
‖ (𝔸1)𝔰𝔯𝔢𝔠(𝔓1)‖

𝔭1
) ⋎ (𝕄2)𝔰𝔯𝔢𝔠(

‖ (𝔸2)𝔰𝔯𝔢𝔠(𝔓2)‖

𝔭1
) ⋎ (𝕄3)𝔰𝔯𝔢𝔠(

‖ (𝔸3)𝔰𝔯𝔢𝔠(𝔓3)‖

𝔭1
)]

𝔭𝔰𝔯𝔢𝔠
𝓃
𝔠=1

𝓃
𝔢=1 ≽

ε

2

𝓃
𝔯=1

𝓃
𝔰=1 }| ≽ 𝒮} λ.  

𝒞 = 

{𝓃 ℕ: 
1

𝓃
|{𝔰, 𝔯, 𝔢, 𝔠 ≼

𝓃: ∑ ∑ ∑ ∑ [(𝕄1)𝔰𝔯𝔢𝔠(
‖ (𝔸1)𝔰𝔯𝔢𝔠(𝔓1)‖

𝔭2
) ⋎ (𝕄2)𝔰𝔯𝔢𝔠(

‖ (𝔸2)𝔰𝔯𝔢𝔠(𝔓2)‖

𝔭2
) ⋎ (𝕄3)𝔰𝔯𝔢𝔠(

‖ (𝔸2)𝔰𝔯𝔢𝔠(𝔓2)‖

𝔭2
)]

𝔭𝔰𝔯𝔢𝔠
𝓃
𝔠=1

𝓃
𝔢=1 ≽

ε

2

𝓃
𝔯=1

𝓃
𝔰=1 }| ≽ 𝒮} λ.  

 

 

         Let's assume 𝕟, 𝕞 be any scalars. Because of the double sequence's continuity 

 𝕄𝔰𝔯 = ((𝕄1)𝔰𝔯 , (𝕄2)𝔰𝔯) the following inequality holds:  
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∑ ∑ ∑ ∑ [(𝕄1)𝔰𝔯𝔢𝔠(
‖ (𝔸1)𝔰𝔯𝔢𝔠(𝕟𝔓1+𝕞𝔔1)‖

|𝕟|𝔭1+|𝕞|𝔭2
) ⋎ (𝕄2)𝔰𝔯𝔢𝔠(

‖ (𝔸2)𝔰𝔯𝔢𝔠(𝕟𝔓2+𝕞𝔔2)‖

|𝕟|𝔭1+|𝕞|𝔭2
) ⋎ (𝕄3)𝔰𝔯𝔢𝔠(

‖ (𝔸3)𝔰𝔯𝔢𝔠(𝕟𝔓3+𝕞𝔔3)‖

|𝕟|𝔭1+|𝕞|𝔭2
)]

𝔭𝔰𝔯𝔢𝔠
𝓃
𝔠=1

𝓃
𝔢=1

𝓃
𝔯=1

𝓃
𝔰=1 ≼ 

𝔻𝕁 ∑ ∑ ∑ ∑ [(𝕄1)𝔰𝔯𝔢𝔠(
‖ (𝔸1)𝔰𝔯𝔢𝔠(𝔓1)‖

𝔭1
) ⋎ (𝕄2)𝔰𝔯𝔢𝔠(

‖( 𝔸2)𝔰𝔯𝔢𝔠(𝔓2)‖

𝔭1
) ⋎ (𝕄3)𝔰𝔯𝔢𝔠(

‖( 𝔸3)𝔰𝔯𝔢𝔠(𝔓3)‖

𝔭1
)]

𝔭𝔰𝔯𝔢𝔠
𝓃
𝔠=1

𝓃
𝔢=1

𝓃
𝔯=1

𝓃
𝔰=1 + 𝔻𝕁 

∑ ∑ ∑ ∑ [(𝕄1)𝔰𝔯𝔢𝔠(
‖ (𝔸1)𝔰𝔯𝔢𝔠(𝔓1)‖

𝔭2
) ⋎ (𝕄2)𝔰𝔯𝔢𝔠(

‖( 𝔸2)𝔰𝔯𝔢𝔠(𝔓2)‖

𝔭2
) ⋎ (𝕄3)𝔰𝔯𝔢𝔠(

‖( 𝔸3)𝔰𝔯𝔢𝔠(𝔓3)‖

𝔭2
)]

𝔭𝔰𝔯𝔢𝔠
𝓃
𝔠=1

𝓃
𝔢=1

𝓃
𝔯=1

𝓃
𝔰=1 ≼  

𝔻 ∑ ∑ ∑ ∑ [
|𝕟|

|𝕟|𝔭1+|𝕞|𝔭2
((𝕄1)𝔰𝔯𝔢𝔠(

‖( 𝔸1)𝔰𝔯𝔢𝔠(𝔓1)‖

𝔭1
) ⋎ (𝕄2)𝔰𝔯𝔢𝔠(

‖ (𝔸2)𝔰𝔯𝔢𝔠(𝔓2)‖

𝔭1
) ⋎ (𝕄3)𝔰𝔯𝔢𝔠(

‖ (𝔸3)𝔰𝔯𝔢𝔠(𝔓3)‖

𝔭1
))]

𝔭𝔰𝔯𝔢𝔠
𝓃
𝔠=1

𝓃
𝔢=1

𝓃
𝔯=1

𝓃
𝔰=1 +

𝔻 ∑ ∑ ∑ ∑ [
|𝕟|

|𝕟|𝔭1+|𝕞|𝔭2
((𝕄1)𝔰𝔯𝔢𝔠(

‖( 𝔸1)𝔰𝔯𝔢𝔠(𝔔1)‖

𝔭1
) ⋎ (𝕄2)𝔰𝔯𝔢𝔠(

‖ (𝔸2)𝔰𝔯𝔢𝔠(𝔔2)‖

𝔭1
) ⋎ (𝕄3)𝔰𝔯𝔢𝔠(

‖ (𝔸3)𝔰𝔯𝔢𝔠(𝔔3)‖

𝔭1
))]

𝔭𝔰𝔯𝔢𝔠
𝓃
𝔠=1

𝓃
𝔢=1

𝓃
𝔯=1

𝓃
𝔰=1   , in 

which 𝕁 = max {1,
|𝕟|

|𝕟|𝔭1+|𝕞|𝔭2
 ,

|𝕞|

|𝕟|𝔭1+|𝕞|𝔭2
}.  

We can deduce the following from the above relation : 

{𝓃 ℕ: 
1

𝓃
|{𝔰, 𝔯, 𝔢, 𝔠 ≼ 𝓃: ∑ ∑ ∑ ∑ [(𝕄1)𝔰𝔯𝔢𝔠 (

‖ (𝔸1)𝔰𝔯𝔢𝔠(𝕟𝔓1+𝕞𝔔1)‖

|𝕟|𝔭1+|𝕞|𝔭2
) ⋎ (𝕄2)𝔰𝔯𝔢𝔠 (

‖ (𝔸2)𝔰𝔯𝔢𝔠(𝕟𝔓2+𝕞𝔔2)‖

|𝕟|𝔭1+|𝕞|𝔭2
) ⋎𝓃

𝔠=1
𝓃
𝔢=1

𝓃
𝔯=1

𝓃
𝔰=1

(𝕄3)𝔰𝔯𝔢𝔠 (
‖ (𝔸3)𝔰𝔯𝔢𝔠(𝕟𝔓3+𝕞𝔔3)‖

|𝕟|𝔭1+|𝕞|𝔭2
)]

𝔭𝔰𝔯𝔢𝔠
≽

ε

2
}| ≽ 𝒮}   

{𝓃 ℕ: 
1

𝓃
|{𝔰, 𝔯, 𝔢, 𝔠 ≼

𝓃: ∑ ∑ ∑ ∑ 𝔻𝕁 [(𝕄1)𝔰𝔯𝔢𝔠 (
‖ (𝔸1)𝔰𝔯𝔢𝔠(𝔓1)‖

𝔭1
) ⋎ (𝕄2)𝔰𝔯𝔢𝔠 (

‖ (𝔸2)𝔰𝔯𝔢𝔠(𝔓2)‖

𝔭1
) ⋎ (𝕄3)𝔰𝔯𝔢𝔠 (

‖ (𝔸3)𝔰𝔯𝔢𝔠(𝔓3)‖

𝔭1
)]

𝔭𝔰𝔯𝔢𝔠
𝓃
𝔠=1

𝓃
𝔢=1 ≽

ε

2

𝓃
𝔯=1

𝓃
𝔰=1 }| ≽ 𝒮}   

{𝓃 ℕ: 
1

𝓃
|{𝔰, 𝔯, 𝔢, 𝔠 ≼

𝓃: ∑ ∑ ∑ ∑ 𝔻𝕁 [(𝕄1)𝔰𝔯𝔢𝔠 (
‖ (𝔸1)𝔰𝔯𝔢𝔠(𝔔1)‖

𝔭2
) ⋎ (𝕄2)𝔰𝔯𝔢𝔠 (

‖ (𝔸2)𝔰𝔯𝔢𝔠(𝔔2)‖

𝔭2
) ⋎ (𝕄3)𝔰𝔯𝔢𝔠 (

‖ (𝔸3)𝔰𝔯𝔢𝔠(𝔔3)‖

𝔭2
)]

𝔭𝔰𝔯𝔢𝔠
𝓃
𝔠=1

𝓃
𝔢=1 ≽

ε

2

𝓃
𝔯=1

𝓃
𝔰=1 }| ≽ 𝒮}  .  

 

Theorem 3.2 : 

           The space 𝕎∞
4 (𝕄𝔸𝔭) be a paranormed space with paranorm ℊ defined by: 

𝓀(𝔓) = inf {𝔭
𝔭𝔰𝔯𝔢𝔠

ℍ ∶  sup𝔰𝔯𝔢𝔠  [(𝕄1)𝔰𝔯𝔢𝔠 (
‖ (𝔸1)𝔰𝔯𝔢𝔠(𝔓1)‖

𝔭1
) ⋎ (𝕄2)𝔰𝔯 (

‖ (𝔸2)𝔰𝔯𝔢𝔠(𝔓2)‖

𝔭1
) ⋎ (𝕄3)𝔰𝔯 (

‖ (𝔸3)𝔰𝔯𝔢𝔠(𝔓3)‖

𝔭1
)] ≼  1, for 𝔭 ≻  0}, in 

which ℍ= max{1, sup𝔰𝔯𝔢𝔠 𝔭𝔰𝔯𝔢𝔠} and 𝕄 = ( 𝕄𝔰𝔯𝔢𝔠) = ((𝕄1)𝔰𝔯𝔢𝔠 , (𝕄2)𝔰𝔯𝔢𝔠 , (𝕄3)𝔰𝔯𝔢𝔠), 

𝔸 = ( 𝔸𝔰𝔯𝔢𝔠) = ((𝔸1)𝔰𝔯𝔢𝔠 , (𝔸2)𝔰𝔯𝔢𝔠 , (𝔸3)𝔰𝔯𝔢𝔠) . 

Proof :  

         It is obvious that 𝓀(θ) = 0 , 𝓀(-𝔅) = 𝓀(𝔅) and at can be easily shown that  𝓀 (𝔓 + 𝔔) ≼ 𝓀 (𝔓) + 𝓀 (𝔔). In which 

𝔓 =  (𝔓1, 𝔓2, 𝔓3) and 𝔔 =  (𝔔1, 𝔔2, 𝔔3) 

            Let's  𝒯𝔫𝔪𝔦𝔧  𝒯, in which  𝒯𝔫𝔪𝔦𝔧 = ((𝒯1)𝔫𝔪𝔦𝔧 , (𝒯2)𝔫𝔪𝔦𝔧 , (𝒯3)𝔫𝔪𝔦𝔧) , 𝒯 = (𝒯1, 𝒯2, 𝒯3)  ℂ  and let's  

 𝓀 (((𝔓1)𝔫𝔪𝔦𝔧 – 𝔓1), ((𝔓2)𝔫𝔪𝔦𝔧 –  𝔓2)((𝔓3)𝔫𝔪𝔦𝔧 –  𝔓3))  0, as 𝔫  ∞, 𝔪  ∞ , 𝔦  ∞, 𝔧  ∞ . 

To demonstrate that 𝓀 (((𝒯1)𝔫𝔪𝔦𝔧(𝔓1)𝔫𝔪𝔦𝔧 − 𝒯1𝔓1), ((𝒯2)𝔫𝔪𝔦𝔧(𝔓2)𝔫𝔪𝔦𝔧 −  𝒯2𝔓2), ((𝒯3)𝔫𝔪𝔦𝔧(𝔓3)𝔫𝔪𝔦𝔧 −  𝒯3𝔓3))  0, as 𝔫  

∞, 𝔪  ∞, 𝔦  ∞, 𝔧  ∞. We positioned , 

ℚ = {𝔭1 ≻ 0 ∶  sup𝔰𝔯𝔢𝔠 [(𝕄1)𝔰𝔯𝔢𝔠(
‖ (𝔸1)𝔰𝔯𝔢𝔠(𝔓1)‖

𝔭1
) ⋎ (𝕄2)𝔰𝔯𝔢𝔠(

‖( 𝔸2)𝔰𝔯𝔢𝔠(𝔓2)‖

𝔭1
) ⋎ (𝕄3)𝔰𝔯𝔢𝔠(

‖( 𝔸3)𝔰𝔯𝔢𝔠(𝔓3)‖

𝔭1
)]

𝔭𝔰𝔯𝔢𝔠
≼ 1}  

and 

ℤ = {𝔭2 ≻ 0 ∶ sup𝔰𝔯𝔢𝔠 [(𝕄1)𝔰𝔯𝔢𝔠(
‖ (𝔸1)𝔰𝔯𝔢𝔠(𝔓1)‖

𝔭2
) ⋎ (𝕄2)𝔰𝔯𝔢𝔠(

‖( 𝔸2)𝔰𝔯𝔢𝔠(𝔓2)‖

𝔭2
) ⋎ (𝕄3)𝔰𝔯𝔢𝔠(

‖( 𝔸3)𝔰𝔯𝔢𝔠(𝔓3)‖

𝔭2
)]

𝔭𝔰𝔯𝔢𝔠
≼ 1}. 

         By of the quadruple sequence's continuity 𝕄 = (𝕄1, 𝕄2) = ((𝕄1)𝔰𝔯𝔢𝔠 , (𝕄2)𝔰𝔯𝔢𝔠), we observe  
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[(𝕄1)𝔰𝔯𝔢𝔠(
‖ (𝔸1)𝔰𝔯𝔢𝔠((𝒯1)𝔫𝔪𝔦𝔧(𝔓1)𝔫𝔪𝔦𝔧− 𝒯1𝔓1)‖

|(𝒯1)𝔫𝔪𝔦𝔧− 𝒯1|𝔭1+|𝒯1|𝔭2
) ⋎ (𝕄2)𝔰𝔯𝔢𝔠(

‖ (𝔸2)𝔰𝔯𝔢𝔠((𝒯2)𝔫𝔪𝔦𝔧(𝔓2)𝔫𝔪𝔦𝔧− 𝒯2𝔓2)‖

|(𝒯2)𝔫𝔪𝔦𝔧− 𝒯2|𝔭1+|𝒯2|𝔭2
) ⋎

(𝕄3)𝔰𝔯𝔢𝔠(
‖ (𝔸3)𝔰𝔯𝔢𝔠((𝒯3)𝔫𝔪𝔦𝔧(𝔓3)𝔫𝔪𝔦𝔧− 𝒯3𝔓3)‖

|(𝒯3)𝔫𝔪𝔦𝔧− 𝒯3|𝔭1+|𝒯2|𝔭3
)] ≼ 

[(𝕄1)𝔰𝔯𝔢𝔠(
‖ (𝔸1)𝔰𝔯𝔢𝔠((𝒯1)𝔫𝔪𝔦𝔧(𝔓1)𝔫𝔪𝔦𝔧− 𝒯1(𝔓1)𝔫𝔪𝔦𝔧)‖

|(𝒯1)𝔫𝔪𝔦𝔧− 𝒯1|𝔭1+|𝒯1|𝔭2
) ⋎ (𝕄2)𝔰𝔯𝔢𝔠(

‖ (𝔸2)𝔰𝔯𝔢𝔠((𝒯2)𝔫𝔪𝔦𝔧(𝔓2)𝔫𝔪𝔦𝔧− 𝒯2(𝔓2)𝔫𝔪𝔦𝔧)‖

|(𝒯2)𝔫𝔪𝔦𝔧− 𝒯2|𝔭1+|𝒯2|𝔭2
) ⋎

(𝕄3)𝔰𝔯𝔢𝔠(
‖ (𝔸3)𝔰𝔯𝔢𝔠((𝒯3)𝔫𝔪𝔦𝔧(𝔓3)𝔫𝔪𝔦𝔧− 𝒯2(𝔓3)𝔫𝔪𝔦𝔧)‖

|(𝒯3)𝔫𝔪𝔦𝔧− 𝒯3|𝔭1+|𝒯3|𝔭2
)] + [(𝕄1)𝔰𝔯𝔢𝔠(

‖ (𝔸1)𝔰𝔯𝔢𝔠(𝒯1(𝔓1)𝔫𝔪𝔦𝔧− 𝒯1𝔓1)‖

|(𝒯1)𝔫𝔪𝔦𝔧− 𝒯1|𝔭1+|𝒯1|𝔭2
) ⋎ (𝕄2)𝔰𝔯𝔢𝔠(

‖ (𝔸2)𝔰𝔯𝔢𝔠(𝒯2(𝔓2)𝔫𝔪𝔦𝔧− 𝒯2𝔓2)‖

|(𝒯2)𝔫𝔪𝔦𝔧− 𝒯2|𝔭1+|𝒯2|𝔭2
) ⋎

(𝕄3)𝔰𝔯𝔢𝔠(
‖ (𝔸3)𝔰𝔯𝔢𝔠(𝒯2(𝔓3)𝔫𝔪𝔦𝔧− 𝒯3𝔓3)‖

|(𝒯3)𝔫𝔪𝔦𝔧− 𝒯3|𝔭1+|𝒯3|𝔭2
)]  ≼  

[
|(𝒯1)𝔫𝔪𝔦𝔧− 𝒯1|𝔭1

|(𝒯1)𝔫𝔪𝔦𝔧− 𝒯1|𝔭1+|𝒯1|𝔭2
(𝕄1)𝔰𝔯𝔢𝔠 (

‖( 𝔸1)𝔰𝔯𝔢𝔠((𝔓1)𝔫𝔪𝔦𝔧)‖

𝔭1
) ⋎

|(𝒯2)𝔫𝔪𝔦𝔧− 𝒯2|𝔭1

|(𝒯2)𝔫𝔪𝔦𝔧− 𝒯2|𝔭1+|𝒯2|𝔭2
(𝕄2)𝔰𝔯𝔢𝔠 (

‖ (𝔸2)𝔰𝔯𝔢𝔠((𝔓2)𝔫𝔪𝔦𝔧)‖

𝔭1
) ⋎

|(𝒯3)𝔫𝔪𝔦𝔧− 𝒯3|𝔭1

|(𝒯3)𝔫𝔪𝔦𝔧− 𝒯3|𝔭1+|𝒯3|𝔭2
(𝕄3)𝔰𝔯𝔢𝔠 (

‖ (𝔸3)𝔰𝔯𝔢𝔠((𝔓3)𝔫𝔪𝔦𝔧)‖

𝔭1
)] +

 [
|𝒯1|𝔭2

|(𝒯1)𝔫𝔪𝔦𝔧− 𝒯1|𝔭1+|𝒯1|𝔭2
(𝕄1)𝔰𝔯𝔢𝔠 (

‖ (𝔸1)𝔰𝔯𝔢𝔠((𝔓1)𝔫𝔪𝔦𝔧−(𝔓1))‖

𝔭2
) ⋎

|𝒯2|𝔭2

|(𝒯2)𝔫𝔪𝔦𝔧− 𝒯2|𝔭1+|𝒯2|𝔭2
(𝕄2)𝔰𝔯𝔢𝔠 (

‖( 𝔸2)𝔰𝔯𝔢𝔠((𝔓2)𝔫𝔪𝔦𝔧−(𝔓2))‖

𝔭2
) ⋎

|𝒯3|𝔭2

|(𝒯3)𝔫𝔪𝔦𝔧− 𝒯3|𝔭1+|𝒯3|𝔭2
(𝕄3)𝔰𝔯𝔢𝔠 (

‖( 𝔸3)𝔰𝔯𝔢𝔠((𝔓3)𝔫𝔪𝔦𝔧−(𝔓3))‖

𝔭2
)] . As a result of the preceding inequity, it follows that 

sup𝔰𝔯𝔢𝔠 [ (𝕄1)𝔰𝔯𝔢𝔠(
‖ (𝔸1)𝔰𝔯𝔠((𝒯1)𝔫𝔪𝔦𝔧(𝔓1)𝔫𝔪𝔦𝔧− 𝒯1𝔓1)‖

|(𝒯1)𝔫𝔪𝔦𝔧− 𝒯1|𝔭1+|𝒯1|𝔭2
) ⋎ (𝕄2)𝔰𝔯𝔢𝔠(

‖( 𝔸2)𝔰𝔯𝔢𝔠((𝒯2)𝔫𝔪𝔦𝔧(𝔓2)𝔫𝔪𝔦𝔧− 𝒯2𝔓2)‖

|(𝒯2)𝔫𝔪𝔦𝔧− 𝒯2|𝔭1+|𝒯2|𝔭2
) ⋎

(𝕄3)𝔰𝔯𝔢𝔠(
‖( 𝔸3)𝔰𝔯𝔢𝔠((𝒯3)𝔫𝔪𝔦𝔧(𝔓3)𝔫𝔪𝔦𝔧− 𝒯3𝔓3)‖

|(𝒯3)𝔫𝔪𝔦𝔧− 𝒯3|𝔭1+|𝒯2|𝔭3
)]

𝔭𝔰𝔯𝔢𝔠

≼ 1 and consequently  

     𝓀 (((𝒯1)𝔫𝔪𝔦𝔧(𝔓1)𝔫𝔪𝔦𝔧 − 𝒯1𝔓1), ((𝒯2)𝔫𝔪𝔦𝔧(𝔓2)𝔫𝔪𝔦𝔧 −  𝒯2𝔓2), ((𝒯3)𝔫𝔪𝔦𝔧(𝔓3)𝔫𝔪𝔦𝔧 −  𝒯3𝔓3)) = 

inf {((|(𝒯1)𝔫𝔪𝔦𝔧 − 𝒯1|𝔭1 + |𝒯1|𝔭2), (|(𝒯2)𝔫𝔪𝔦𝔧 −  𝒯2|𝔭1 + |𝒯2|𝔭2)(|(𝒯3)𝔫𝔪𝔦𝔧 −  𝒯3|𝔭1 + |𝒯3|𝔭2))

𝔭𝔰𝔯𝔢𝔠
ℍ

: 𝔭1 ∈ ℚ, 𝔭2 ∈ ℤ} ≼ 

(|(𝒯1)𝔫𝔪𝔦𝔧 −  𝒯1|, |(𝒯2)𝔫𝔪𝔦𝔧 − 𝒯2|, |(𝒯3)𝔫𝔪𝔦𝔧 − 𝒯3|)
𝔭𝔰𝔯𝔢𝔠

ℍ  inf {𝔭1

𝔭𝔰𝔯𝔠
ℍ ∶ 𝔭1 ∈ ℚ} + (|𝒯1|, |𝒯2|, |𝒯3|)

𝔭𝔰𝔯𝔢𝔠
ℍ  inf {𝔭2

𝔭𝔰𝔯𝔢𝔠
ℍ ∶ 𝔭2 ∈ ℤ}  ≼  max 

{(|(𝒯1)𝔫𝔪𝔦𝔧 − 𝒯1|, |(𝒯2)𝔫𝔪𝔦𝔧 − 𝒯2|, |(𝒯3)𝔫𝔪𝔦𝔧 −

𝒯3|), (|(𝒯1)𝔫𝔪𝔦𝔧 − 𝒯1|, |(𝒯2)𝔫𝔪𝔦𝔧 − 𝒯2|, |(𝒯3)𝔫𝔪𝔦𝔧 − 𝒯3|)
𝔭𝔰𝔯𝔢𝔠

ℍ }  𝓀 (((𝔓1)𝔫𝔪𝔦𝔧), ((𝔓2)𝔫𝔪𝔦𝔧), ((𝔓3)𝔫𝔪𝔦𝔧) ) +  

max {(|𝒯1|, |𝒯2|, |𝒯3|), (|𝒯1|, |𝒯2|, |𝒯3|)
𝔭𝔰𝔯𝔢𝔠

ℍ } 𝓀 (((𝔓1)𝔫𝔪𝔦𝔧– 𝔓1), ((𝔓2)𝔫𝔪𝔦𝔧– 𝔓2), ((𝔓3)𝔫𝔪𝔦𝔧– 𝔓3)) 

 As  𝓀 (((𝔓1)𝔫𝔪𝔦𝔧), ((𝔓2)𝔫𝔪𝔦𝔧), ((𝔓3)𝔫𝔪𝔦𝔧) ) ≼ 𝓀((𝔓1), (𝔓2), (𝔓3) ) + 𝓀 (((𝔓1)𝔫𝔪𝔦𝔧– 𝔓1), ((𝔓2)𝔫𝔪𝔧– 𝔓2), ((𝔓3)𝔫𝔪𝔧– 𝔓3)) 

for everybody 𝔫, 𝔪, 𝔦, 𝔧 ∈ ℕ, consequently The right-hand side of the above relation converges on zero as 𝔫  ∞, 𝔪  ∞, 𝔦 

 ∞, 𝔧  ∞. 

 

Theorem 3.3 :   

       The spaces (𝕎0
4)λ(𝒮)(𝕄𝔸𝔭) , (𝕎4)λ(𝒮)(𝕄𝔸𝔭) are normal and monotone as a result 

 𝕄 = ( 𝕄𝔰𝔯𝔢𝔠) = ((𝕄1)𝔰𝔯𝔢𝔠 , (𝕄2)𝔰𝔯𝔢𝔠 , (𝕄3)𝔰𝔯𝔢𝔠), 𝔸 = ( 𝔸𝔰𝔯𝔢𝔠) = ((𝔸1)𝔰𝔯𝔢𝔠 , (𝔸2)𝔰𝔯𝔢𝔠 , (𝔸3)𝔰𝔯𝔢𝔠) . 

 

 

 

Proof :  

        Let's assume 𝔓 = ( 𝔙𝔰𝔯𝔢𝔠) = ((𝔙1)𝔰𝔯𝔢𝔠 , (𝔙2)𝔰𝔯𝔢𝔠 , (𝔙3)𝔰𝔯𝔢𝔠) and  𝔔 = ( 𝔔𝔰𝔯𝔢𝔠) = ((𝔔1)𝔰𝔯𝔢𝔠 , (𝔔2)𝔰𝔯𝔢𝔠 , (𝔔3)𝔰𝔯𝔢𝔠) ∈

(𝕎0
4)ℷ(𝒮)(𝕄𝔸𝔭) be as a result  |𝔔𝔰𝔯𝔢𝔠| ≼ |𝔓𝔰𝔯𝔢𝔠|.  
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Then for ε ≻ 0,  

{𝓃 ℕ: 
1

n
|{𝔰, 𝔯, 𝔢, 𝔠 ≼

 𝓃: ∑ ∑ ∑ ∑ [(𝕄1)𝔰𝔯𝔢𝔠(
‖ (𝔸1)𝔰𝔯𝔢𝔠(𝔓1)‖

𝔭
) ⋎ (𝕄2)𝔰𝔯𝔢𝔠(

‖( 𝔸2)𝔰𝔯𝔢𝔠(𝔓2)‖

𝔭
) ⋎ (𝕄3)𝔰𝔯𝔢𝔠(

‖( 𝔸3)𝔰𝔯𝔢𝔠(𝔓3)‖

𝔭
)]

𝔭𝔰𝔯𝔢𝔠
𝓃
𝔠=1

𝓃
𝔢=1 ≽ ε𝓃

𝔯=1
𝓃
𝔰=1 }| ≽ 𝒮} 

{𝓃 ℕ: 
1

n
|{𝔰, 𝔯, 𝔢, 𝔠 ≼

 𝓃: ∑ ∑ ∑ ∑ [(𝕄1)𝔰𝔯𝔢𝔠(
‖ (𝔸1)𝔰𝔯𝔢𝔠(𝔔1)‖

𝔭
) ⋎ (𝕄2)𝔰𝔯𝔢𝔠(

‖( 𝔸2)𝔰𝔯𝔢𝔠(𝔔2)‖

𝔭
) ⋎ (𝕄3)𝔰𝔯𝔢𝔠(

‖( 𝔸3)𝔰𝔯𝔢𝔠(𝔔3)‖

𝔭
)]

𝔭𝔰𝔯𝔢𝔠
𝓃
𝔠=1

𝓃
𝔢=1 ≽ ε𝓃

𝔯=1
𝓃
𝔰=1 }| ≽ 𝒮} . The 

space (𝕎0
4)λ(𝒮)(𝕄𝔸𝔭) be a normal , and thus monotone. 
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