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1.Introduction

Schoenberg [15] and Fast [7] independently proposed the concept of statistical convergence. Statistical convergence has been discussed in the theory of

Fourier analysis, ergodic theory, and number theory over the years and under various names by Buck [1], Esi and Et [6].
The various types of Orlicz sequence spaces have been introduced and researched by Parasar and Choudhury [13], Esi and Et [6] , Tripathy and Hazarika

[22] and many others .
Nakano [9] has proposed the concept of paranormed sequences.Tripathy et al.[19,20,27] has looked into it further and [5,21,23,25,26,28] provide

additional information on A-convergence.
In the study of strong integral summability and the structure of ideals of bounded continuous functions on locally compact spaces, statistical

convergence generalizations have appeared in recent years.
The term A-convergence was coined by Kostyrko et al.[10] to describe a new generalization of statistical convergence.
In this work ,we introduced the quadruple sequence spaces of complex numbers characterized by double Orlicz functions

(WM (MLA,p), (WES (M,A,p), (W) (M,A,p). We discussed several of these spaces are examined in terms of their topological and algebraic

properties .
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2. Definitions and Preliminaries

Definition 2.1[1]:
A triple Orlicz function is a function that has three parts M:[0,00)x[0,00)x[0,00) — [0,00)%[0,00)x[0,00) as a result
MR, &, R) = (M;(N), M, (K), M;(IN)), in which M;: [0, ©0)—[0, ) and Mj,: [0, 0)—[0, ) and Mj: [0, ) —[0, =),
These functions are non-decreasing, continuous, even, convex functions that meet the following criteria:
i) M, (0) = 0, M(0) = 0,M3(0) = 0 = M(9, %, R) = (M, (0), M (0), M;3(0)) = (0,0,0).
if) M, (%) > 0, M,(K) > 0,M;5(R) > 0 = M, K,R) = (M;(N), M, (K), M3(R)) > (0,0,0), for
N >0,% > 0,R > 0,by which we say (9, & ,R) > (0,0,0),this M; (9N) > 0, M,(K) > 0, M3(R) >
fiff) M, () — oo, M[,(K) = 00, M53(R) > 0 as It = 0, § = 0, R — oo, after that M(t, K ,R) =
(M; (90), M, (8), M5(R)) = (00,00,00) as (B, K, R) = (00, 00, 00),by which we say M(It, & ,R)
— (00,00, 00), as M; () = oo, M, (K) = oo, M5(R) - oo .

e

Definition 2.2[15] :
If each and every € > 0 ,{n € N: i ls,v,e,¢ < 1 || Qe — Ll = €] = 5} € 1 then a quadruple sequence Q = ( Q...) be

a J-statistically convergent to a number L € R .

Definition 2.3[17] :
If (Quec) € E* whenever ( B.,..)€E* and | Qg | < |Beyec| for everybody s, 1, e, ¢ €N then a quadruple sequence

space E* be a solid.

Lemma 2.4[9] :

A quadruple sequence space E* be a solid suggests that it is monotone.

Lemma 2.5[18] :

If A c 2N is a maximal ideal, then there's either «# € A or N- v € A each and every v  N.

Let's assume M = (M, M, M3) = (M) e » (M3)rec » (M3)erec) be a triple Orlicz functions, A = (A, A,, A3) =
(A1) srec » (A2 grec » (A3)rec) be an infinite double matrix, and Y = ( (Y1) szec » (Y2)areo (Y3)4rec) b€ @ quadruple sequence of
complex numbers.

In this paper, The quadruple sequence spaces defined as follows as :

(WS (M, A,p) =
1 I (A1) srec (Y1) =Lyl
{((Yl)srec 4 (Yz)sreu (Y3)srec)€ wH: {/I’L eN: ; |{5’ rec S Z?:l Z/rnzl ZZL:lZZL:l [(Ml)grec ( ; P ; ; ) Y

(M) grec (W) Y (M3)grec (W&)rm z s}| z 5} € A for some p > 0and LL;, L, ILg e]R}.

(WHM (M,A,p) =

1
{((Yl)srec ) (Yz)sreu (YS)srec)e W4: {/I’L eN: ; |{5v Lec <
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n: Z;nzl ZZL:I ZZLzl Z/cnzl [(Ml)srec (” (Al)S:C(Yl)”) Y (Mz)srec (" (AZ)S:C(YZ)") Y (M3)stec (” (A3)SLQC(Y3)”)]%M 7 £}| 7

5}67\ for some p>0}.

(WE)O (MLAp) =
1
{((Yl)srec ’ (Yz)srec ’ (Y3)srec) € W4: {’I’L eN: ; |{5' Lec <

I (A grec (YDl I (A2)srec (Y2l Il (Ag)srec(Y3)II\Poree
n. ZZL=1 Z:Lzl ZZLZI ZZLI [(Ml)srec (%) Y (MZ)srec (%) Y (M3)srec (%)] 7z M}| z

S}E}\forsome M>0}.

I (A1)sm(Y1)II) v

wéo (I\‘/H,A,p) = {((Yl)srec ) (Yz)srec ) (YS)srec) € W4: {’I’L eN: Supiz;ﬂ:l Z;ﬂzl 2?21 2@1 [(Ml)stec ( P

O (L2500 ), (L2 < )

It is clear from the above description that (W£)*® (M,A,p) < (W*)*© (M,A,p) = (W)’ (M,A,p) .

3. Main Result :

Theorem 3.1 :

The spaces (WA (M,A,p) , (WHAS (M,A,p) , (W4)XS (M,A,p) are linear space and
M = (M) = ((My)gree ) (M3)srec), A = (Agree) = ((Ar)grec » (Az)sred)-
Proof :

We demonstrate that the solution for the space (W#)*®) (M,A,p) . Let's assume Beree = ((B1)erec » (B2 srec » (B3 srec)
and Qepee = ((Q1) srec » (Q2) srec » (Q3)erec) be any two elements in (WE)* ) (M,A,p) .Then there are those who exist p; >
0 and p, > 0 as a result
B =

1
{n eN: ;Hs,r, e,Cc <

Il (A)srec (B Il (A2)srec (Bl [l (A3)srec (BN TP o e
B0y Ty Tl By | (M) (HE2Ey v () (B2 v (), (LB 5 o)
C=

1
{n eN: ;Hs,r, e,Cc <

I (A grec (B Il (A2)srec (B2l | (A2)srec (B2l TP €
n. Z/snzl :L=1 Z/en=1 ZZL:I [(Ml)srec(%) Y (Mz)srec(%) Y (M3)stec(%)] 7z E}

Let's assume m, m be any scalars. Because of the double sequence's continuity

M., = ((M,),, , (M,),,) the following inequality holds:
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Psrec

I (A)srecmPB1 +mQy) | Il (A2)srec (B +mDy) | Il (A3)srec (B3 +mD3)|
=12 [(Ml)”ef‘( Ll )Y (M2)srec( A )V (M3) g A — ) <

Im|pq+|m|pz [m|pq+|m|pz Im|p1+|m|pz

Il (A1) grec (B [ICA2)srec (B2l I CA 3 srec (Ba) Iy TPsree
]D)H Z 12 12 Z/L=1 [(Ml)srec( . " . ) Y (Mz)srec( 2 1 2 ) Y (M3)srec( 2 " 2 )] + ]D)]]
I (A srec (Bl [1CA2)srec (B2l (A3 )srec (Ba)Ily TPoree
1 Z =1 Z ZL=1 [(Ml)srec( . ::c 1 ) Y (Mz)stec( 2 ‘;: : ) Y (M3)stec( : ;: > )] <

ICAD srec (B I (A2)srec (B2l Il (Ag)srec (B3Il ) ]Psree
Z 12 1Ze 12( 1 ((Ml)srec(%) Y (Mz)srec(%) Y (M3)srec(%))] +

[l]mlp1+|mm|p2

ICAD srec (Rl I (A2)srec(R2)l | (Az)srec(R3)IN \]Poree .
Z 12 12 =1 Zc— [m ((Ml)srec(%) Y (Mz)stec(%) Y (M3)stec(%))] >, 1N
o In| |m|
which J = max {1' Il +Imlp ’|nn|p1+|m|pz}'

We can deduce the following from the above relation :

{n eN: %|{5 Le ¢ n 25 12 t, Z /cnzl [(Ml)mc (” (Al)stec(]m%l'*'mal)”) Y (Mz)gre( (” (Az)srec(ﬂﬂ%z"'mnz)”) v

Im|pq+|m|pz Impy+|m|p;
I (Az)srec(mPB3 +mQ3)|| Psrec €
M ( z-1l =St <
(M) e Imlpy +|mip; RS

1
{n eN: ;|{s,r, e, C =<

WY SR T Y D] [(Ml)srec (II (Al):ic(‘l?l)ll) Y (M) e (II (Az):i((iBz)ll) Y (M).pec (II (A&s)j:zc(‘l?a)II)]‘%’tec > g} > S} U
{n eN: %Hs,r, [
VD WD Y Yl Y ) [(Ml)mc (II (Al)::c(nl)”) Y (M) e (II (Az)::c(ﬁz)ll) Y (M) e (II (As)::c(ﬁa)ll)]psm > ;} > 5} .

Theorem 3.2 :
The space W, (M,A,p) be a paranormed space with paranorm g defined by:

. Psrec I (A srec (B Il (A2)srec (B2l I (A3)srec (B3I .
#(B) = inf {p H & SUPgpec [(Ml)srec (#) v (M), (%) Y (M3)g, (%)] < Lforp > 0]: n

which H= max{l' SUPgrec psrec} and Ml = ( Msrec) = ((Ml)srec ) (Mz)srec ) (M3)srec):

A = (Auped) = ((ADsrec » (A2 srec » (A3)rec) -
Proof :

It is obvious that £(0) = 0, £(-B) = £(B) and at can be easily shown that £ (L' + Q) < £ (P) + £ (Q). In which
PB= (By, P, B3) and Q = (Qy, Q, Q3)
Let's g:lmtl — T, in which T; nmij ((g—i)nmq (TZ)nmt] , (j—é)nmq) T = (fTi, Iz :7?3) € C and let's

* (((SBl)nmij - SBl)' ((SBz)nmij - sBZ)((SB3)nmij - %3)) - 0’ asm— oo, m— 0, i—> 0, I — .
To demonstrate that £ (((ﬂ)nmﬁ(%ﬂnmﬁ = T1B1), (T nmii B rmis — T2B2)s ((T5) i (B3 rmis — 7"3283)) —0,asn—>
00, m — 00, i — 00, | — o0, We positioned ,

Il (A1)srec(BII CA2)srec(Ba) I ICAS)srec (B3)lly Pree
Q = {pl >0: SUPgrec [(Ml)srec(%) Y (Mz)stec(#) Y (M3)srec(#)] < 1}

1 P1 P1

and

I (ADgrec B ICA2)srec (B2 I CAg)srec (Ba)lly TPoree
Z= {Pz >0: SUPgrec [(Ml)srec(%) Y (Mz)srec(%) Y (M3)srec(%)] < 1}

By of the quadruple sequence's continuity M = (M, M,) = ((My)srec » (M3)rec)> We observe
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” (Al)sre(((Tl)nmi]’(‘Bl)nmij_ Tl‘Bl)” ” (Az)srec((:rz)nmij(SBZ)nmij_ TZ‘BZ)”
M Y (M Y
[( Dsec | T rmii— Ta|p1+T1lp2 )Y (M )srec( | T rmi— T2 |p1+T21p2 )

” (A3)sre(((T3)nmij(‘B3)nmij_ T3$3)”
<
(M )srec | T3)rmii— T3|p1+|T21p3 )| =
” (Al)sre(((Tl)nmii(;I;l)nmij_ T1($1)nmij)|| ” (Az)srec((Tz)nmij(mz)nmij_ 1P (mz)nmij)”
M Y (M Y
[( l)srec( | T rmii— Ta|p1+T1lp2 ) ( 2)srec( | T rmi— T2 |p1+|T21p2 )

” (A3)sre(((T3)nmij(;B3)nmij_ 1P (§B3)nmi1’)” ] [ ” (Al)srec(Tl (SBl)nmij_ T15B1)" ” (Az)srec(Tz (mz)nmij_ TZ‘BZ)”
M M Y (M Y
(M )srec | T3 rmii— T3 |p1+T31p2 )]+ [ (M) | T v — Ta|p1+T1lp2 )Y (M) | T rmi— T2 |p1+|T21p2 )

|
(MS)srec(
|(T1)nmij_ T1|p1 (||(A1)stec(($1)nmij)”) |(T2)nmij_ T2|P1 ” (Az)srec((ﬁs‘z)nmij)”
v ) (LBl
| T nmij— Ti|p1+1T1 102 (Ml e » | T2 nmij— T2 |p1+1T2lp2 (M2)srec P1

|(73)nmij_ T3|¥31 ” (A3)5rec(($3)nmij)” ]
|(T3)rmi— T3 |p1+T31p2 (M3 )srec ( P1 ) +

[ |71 1p2 (Ml)mc (” (Al)stec(($1)nmij_($1))||> v |75 |p2 (Mz)smc (”(Az)srec((%z)nmij_(‘liz))”> v

| T rmii— Ta|p1+T1lp2 P2 | T2 v — T2|p1+T21p2 P2

| (A3)sre((TZ($3)nmij_ T3§B3)”):| <
|(T3)nmii— T3|p1+T31p2 -

|| ( AS)ﬁrec(($3)nmij_(‘B3)) ||
P2

|T3|p2 (M3)§tet (

&3 YR )] . As a result of the preceding inequity, it follows that
3)nmij~ J3[P1 31P2

(” (Al)src((Tl)nmij (‘ﬁl)nmij - Tl‘ﬁl) ”

(”(Az)ﬁrec((fz)nmij (‘Bz)nmij_ TZ“BZ)"
| T vt — Ta |1 +T1lp2

| T2 rmii— T2|p1+T2[p2

) Y (MZ)srec ) Y

SUPgrec [ (Ml)srec

(”(A3)srec((T3)nmij(‘B3)nmii_T3$3)|| Parec
|(T3)nmij_ T3|p1+|7"2|p3

* (((Tl)nmii(iBl)nmii - Tlg‘Bl)' ((Tz)nmij(;‘BZ)nmij - TZEBZ)» ((g—é)nmii(q33)nmii - T3§B3)) =

(Mi3) grec < 1 and consequently

Psrec
inf{((l(:ﬂ)mﬁ = Tifps +171192), (|T)umis — Tolos + 173102) (| T — Tolps + 173102)) * 101 € @ps € Z} <

Psrec

(D = Tl | Tamis = Bl | T = BT inf {0 T2 py € @) + UKL 1L 17D inf {p, 5 p, €2} < max

{(l(g—i)nmij - T1|' |(T2)nmij - Tzl' |(T3)nmii -

Psrec

T3|)' (|(Tl)nmii - Tl|' |(Tz)nmii - TZ |: |(T3)nmij - T3|) Hl } # (((‘Bl)nmi}’): ((‘BZ)nmi}’)' ((%3)nmii) ) +

Psrec

max {(1731, 171, 17310, A3 1751 AT 8} (B0~ B )s (B2 = B2), (B3)uwni= B5))
As £ ((Bunit) (Bumi)s (Bdunip) ) < £((B1), (B2), (B3) ) + 2 (B~ B1), (B2~ B2, (B3)uwni— B5))

for everybody n, m, 1,j € N, consequently The right-hand side of the above relation converges on zero as 1 — oo, m — oo, i

— ©,j—> 00,

Theorem 3.3 :
The spaces (WA (M,A,p) , (W*)AS) (M,A,p) are normal and monotone as a result
M = ( Msrec) = ((Ml)srec ) (Mz)srec ’ (M3)srec)'A = (Asrec) = ((Al)srec ’ (Az)srec ’ (A3)srec) .

Proof :

Let's assume g’B = ( SBsrec) = ((%l)srec ’ (SBZ)SIQC ’ (583)srec) and Q = (erec) = ((Ql)srec ’ (Dz)srec ’ (DS)srec) €
(Wg)}(s) (M,A,p) be as aresult |Qupec| < [Bpecl-
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Then for € > 0,

{n eN: %|{s,r,e,c <

I (ADsrec B ICA2)srec (B2 | CAg)srec(Ba)lly TPoree
B By Bl Tl [ (M) e (FEREy v () o (222 v (), (A2 [ ] 5
{n eN: %|{s,r,e,c <

I (ADgrec (R0l [ICA2)srec (R I CAg)srec(Q3)ly TPsree
n: Z:L=1 :L=1 ZZLZI ZZL:I [(Ml)srec(%) Y (MZ)srec(%) Y (M3)srec(%)] b 8}| b S} . The

space (W£)A) (M,A,p) be a normal , and thus monotone.
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