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Abstract:

The aim of this paper is to introduce the countability axioms in smooth fuzzy
topological spaces (smooth fuzzy first countable, smooth fuzzy second countable and
smooth fuzzy separable axiom) and try to find relations between them. Such that we will
prove the following: smooth fuzzy first countable axiom %smooth fuzzy second
countable axiom «smooth fuzzy separable axiom. Also, we prove or disprove those
concepts are hereditary or topological.
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Introduction:

The theory of smooth fuzzy topology or (smooth topology as it named by
Ramadan) introduced by Ramadan and his colleagues [1]. Many authors have introduced
the concept of smooth fuzzy topology and gave new definitions to some of the properties
depend on the fuzzy topology [Y, 3, 4 and 5]. In this paper we will give new definitions
built on definitions in fuzzy topology but by different method.

Keywords: smooth fuzzy topology, relative smooth and smooth continuous function.

1-Preliminaries

Definition 1.1 [6, p.332]: A fuzzy topological space (X,T) is called "satisfy axiom of
fuzzy first countable™ or "fuzzy first countable space”, iff for every fuzzy point p% there
exists a countable local base, i.e. a countable family of open sets containing pZ such that
every neighbouehood of pJ contains a member of the family.

Definition 1.2 [6, p.332]: A fuzzy topological space (X, T) is called "satisfy axiom of
fuzzy second countable” or "fuzzy second countable space”, iff the fuzzy topology has a
countable base.

Definition 1.3 [7]: A fuzzy topological space (X, T) is called "satisfy axiom of fuzzy
separable countable™ or "fuzzy separable space”, iff there exists a countable sequence

{p;;}z = 1,2, ... such that for every member A of T and A # @, there exist a p;; such that

Pyl € A.

i
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Note: in the following we will say smooth topology or smooth topological space instead
of smooth fuzzy topology or smooth fuzzy topological space as it use in most the papers.
Definition 1.4 [1 and 2]: A smooth topological space (sts) is a pair (X,t) where X is a
nonempty set and : 1¥ — I (I = [0,1]) is mapping satisfy the following properties:
1- 1(X) =1(0) = 1.
2- VA,B € IX,1(A N B) > 1(A)A1(B).

3- For every subfamily{A;:i € J} € I*, 1(Uigj Aj) = Aigyt(A)).

Such that the symbol A meaning the minimum.

Definition 1.5 [3]: Let (X,7) beanstsand A € X. Let 74: P(A) — I is mapping define as
following 7, (U) = V{z(V):V € IX,VNA = U}, then this mapping is smooth topology on
A is called relative smooth topology on A and (4,7,) is called subspace of smooth
topological space.

Definition 1.6 [2]: let (X,t) be an sts and « € (0,1]. Then the family z, ={A €
1X:7(4) = a} is called a-level on X.

Theorem 1.1 [2]: let (X, 1) be an sts. Then the family z, is fuzzy topology on X for each
a € (0,1].

Definition 1.7: let (X,t) be a sts and px be any arbitrary fuzzy point in X. A class Bjr of
fuzzy sets B which containing py is called smooth local base for p} if for each o € (0,1],
By is fuzzy local base for 1. I.e. for each G € I* with 1(G) = a, for some a € (0,1], if

G containing py then there exist B € Byr with 1(B) = a and px € B € G.
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Definition 1.8: Let (X, t) be a sts and B < IX be a collection then B is called smooth base
for smooth topology t on X iff B is fuzzy base for fuzzy topology t,, for each a € (0,1],
i.e. B is smooth base for smooth topology t on X iff for each G € I* with ©(G) > «, for
some a € (0,1], then G is union members {U;:j € J} of B with t(U;) = a, Vj € ].
Theorem 1.2: Let (X,t) be a sts and B € I* be a collection of fuzzy sets then B is
smooth base for smooth topology t iff for any G € I¥ with ©(G) > a, for some a € (0,1],
if p% € G then there exist B € B such that p; € B € G and 1(B) = a.
Proof:
Let (X,7) be a sts and B < IX is smooth base for smooth topology t. Let G € IX with
©(G) = «a, for some a € (0,1], and px € G. Then 3{B;:j € J} € B s.t. G = Uj¢; B; with
©(B;) = a so there exist k € ] such that p; € By € G.
Let B € 1X be a collection with property: for any G € I¥ with ©(G) > a, for some
a € (0,1], if px € G then there exist B € B such that p; € BS G and t(B) = a. Let
G € IX with 1(G) = a, for some a € (0,1]. Since G = Uyexp% , VX € X and r < pg (%),
and by hypothesis for any px € G there exist Byr € B such that py € Byr € G and
t(Bpr) = athen G = Upreg Bpr, therefore B is smooth base for smooth topology .
2- Smooth first countable Space.
Definition 2.1: An sts (X,t) is called "satisfy axiom of smooth first countable™ or
"smooth first countable space” if, for each a € (0,1], (X,t ) is fuzzy first countable
space. l.e. for each fuzzy point p; € X there exist smooth countable local base.

In the following, the smooth first countable space is hereditary property.
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Theorem 2.1: Let(X,t) be asts. Let A € X, if (X, 1) is smooth first countable space then

the relative smooth (4, t,)is also smooth first countable space.

Proof:
Let py € A be arbitrary fuzzy point. px € X and since X is smooth first countable space
then there exist smooth countable local base B,r.

Now, we want to prove B,r N A = {B N A: B € B,r} is smooth countable local

base at py, in A.
It's clear that B,r N A is countable. Let G € P(A) containing py such that t,(G) = « for
some a € (0,1] = there exist H € I¥ with t(H) > a such that G = H n A. p% € H and
since X is smooth first countable space then there exist B € B,r with ©(B) = « and
PpxrEBCSH=BNACHNA Let C=BNA=1(C)=a since t(B)=>a ,CSG
and so C € Byr N A.

In the following, the smooth first countable space is topological property.
Theorem 2.2: Let f: (X, 1) - (Y, 0) be a surjective, open and continuous mapping where
T and o are smooth topology on X and Y, respectively. If (X, 1) is smooth first countable
space then so (Y, g).

Proof:

Let p§ € Y be arbitrary fuzzy point. Since f is surjective then there exist p; € X such
that f(py) = p’;. (X, ) is smooth first countable space = there exist smooth local base
Br.

Px
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Now we want to prove f(B,r) is smooth local base in Y at py. f(B,r) is
countable collection. Let G € I with 0(G) = a for some a € (0,1] containing pj, since
f is smooth continuous = f~1(G) € 1, andp; € f~'(G) = there exist B € B,r with
©1(B) = aand B € f~1(G). fis open = o(f(B)) = a, f(B) S G and f(B) € f(B,;) =
f (Bpr) is smooth local base at pj.
3- Smooth Second Countable Space.

Definition 3.1: An sts (X, 1) is called "satisfy axiom of smooth second countable™ or
"smooth second countable space" if, for each a € (0,1], (X, ) is fuzzy second countable
space. l.e. The smooth topological space (X, t) has a smooth countable base.

Proposition 3.1: A smooth second countable space is smooth first countable space, but
the converse is not true in general as in following example.

Example 3.1: Let X = {x} singleton set and t: I* — I be defined as follows:

1 ifA=0
ny (x) otherwise

©(A) = {
it's clear that t is smooth topology on X. since the interval [0,1] is not countable = there
exist no B is smooth base for this smooth but (X, 7) is smooth first countable space.
Theorem 3.1: Let (X,7) be a smooth second countable space, then for any family
{ ={G € 1*:1(G) = a for some a € (0,1]} which pair wise disjoint then { is countable.
Proof:

Let (X,7) be a smooth second countable space and { = {G € 1*: 1(G) > a for some a €

(0,1]}. Let ¢ be pair wise disjoint.
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Let B be smooth countable base for T = VG € { there exist at least one fuzzy set B € B
such that B < G (theorem 1.2) = there exist corresponding between ¢ and subcollection
of B and since B is countable = { is countable.

In the following, the smooth second countable space is hereditary property.
Theorem 3.2: Let(X,t) be a sts and A € X, if (X, 1) is smooth second countable space
then the relative smooth (4, t,)is also smooth second countable space.

Proof:
Let (X,t) be a smooth second countable space and B be a smooth countable base for
(X,1). Let A € X.

Now, we want to prove BN A = {B N A: B € B} is smooth countable base for A.
Its clear that B n A is countable. Let G € P(A) with t,(G) = « for some a € (0,1] =
there exist H € I* with t(H) = a then there exist {B;: j € J} with r(B]-) >a,Vj€E], and
H = Uj¢ Bj = G = Uj; Bj NA = Ujg(B; NA).

Bj[NA€BNA and so 14,(BjNA) = a, for each j € Jsince ©(B;) = a = G is union
members of B N A.

In the following, the smooth second countable space is topological property.
Theorem 3.3: Let f: (X, 1) = (Y, o) be a surjective, open and continuous mapping where
T and o are smooth topology on X and Y, respectively. If (X,7) is smooth second

countable space then so (Y, o).
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Proof:
Let B be a smooth countable base for 7, f(B) is countable collection in Y. Now we want
to prove f(B) is smooth base in Y.
Let G € I' with 0(G) = a for some a € (0,1] and p; € G. Since f is surjective = there
exist py € X such that f(p}) = py and so p; € f~1(G) with 7(f "1(G)) = a, since f is
smooth continuous, then by (theorem 1.2) there exist B € B with t(B) = a such that
pk € B € f~1(G) but f is open = f(pk) € f(B) S G = f(B) is smooth countable base
for Y = (Y, 1) is smooth second countable space.

4- Smooth Separable Space.

Definition 4.1: An sts (X, 1) is called "satisfy axiom of separable” or "smooth separable
space" if, for each a € (0,1], (X, ) is fuzzy separable space. l.e. There exist a countable
sequence of fuzzy points {pzi}z = 1,2, ... such that for every fuzzy set A € I* with
1(A) = a for some a € (0,1] and A # @, there exist fuzzy point p;; of this sequence
belong to A.
The following theorem, we will need to prove the theorem 4.2.

Theorem 4.1[6, pp.320]: If a fuzzy topological space (X, T) is fuzzy second countable
space then it is fuzzy separable space.

Theorem 4.2: If a sts (X, 1) is smooth second countable then it is smooth separable

space.
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Proof:
Let (X, ) is smooth second countable space = (X, ) is fuzzy second countable space
Va € (0,1] by (Definition 3.1)= (X,t ) is fuzzy separable space Va € (0,1] by
(Theorem 4.1) = (X, 1) is smooth separable space by (Definition 4.1).
Remark 4.1: The converse is not true in general.

Example 4.1: Let X be any infinite set and t: IX — I be defined as follows:

1 ifA=290
©(A) = {r ifp,(x) =rvxex

It's clear that t is smooth topology on X. (X,t) has not smooth countable base but the

1

sequence {p}f}ﬁ=1 for fixed x € X, is countable sequence and VA € 1¥ with t(4) > « for
some a € (0,1] then there exist member of this sequence belong to A.

In the following, we will explain the property of smooth separable is not
hereditary.
Example 4.2: Let X be any uncountable set and t: 1X — I be defined as follows:

1 ifA=@orX

={1
w(A) if u,(x) # 0 for fixed x € X

2
It's clear that t is smooth topology on X. (X, 1) is smooth separable since the sequence

1

{pg};;;l is countable sequence and every A € IX with 1(4) > a for some a € (0,1] there
exist member of this sequence belong to A.

Let B € I* with uy(x) = 0 and support of B is uncountable set then for any fuzzy point
py in B when x = y, t15({p}}) = a, if B relative separable = support of B is countable,

but this contradiction since the support of B is uncountable set.
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In the following, we will prove the smooth separable is topological property.

Theorem 4.3: Let f:(X,7) - (Y,0) be a smooth continuous and surjective mapping
where 7 and o are smooth topology on X and Y, respectively. If (X,t) is smooth
separable space then so (Y, o).
Proof:
Let {p;;f}‘;‘;l be a countable sequence in X then {f(P;ﬁf)}?il is countable sequence in'Y,
let B € 1Y with o(B) > « for some a € (0,1] = f~'(B) e IX and 1(f"(B)) = a =
there exist p! € {p,/}72, such that p,! € f~*(B) = f(p,)) € B= (¥,0) is smooth

separable.
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