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Abstract:  

The aim of this paper is to introduce the countability axioms in smooth fuzzy 

topological spaces (smooth fuzzy first countable, smooth fuzzy second countable and 

smooth fuzzy separable axiom) and try to find relations between them. Such that we will 

prove the following: smooth fuzzy first countable axiom  ⃖   smooth fuzzy second 

countable axiom      smooth fuzzy separable axiom. Also, we prove or disprove those 

concepts are hereditary or topological. 
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Introduction:  

The theory of smooth fuzzy topology or (smooth topology as it named by 

Ramadan) introduced by Ramadan and his colleagues [1]. Many authors have introduced 

the concept of smooth fuzzy topology and gave new definitions to some of the properties 

depend on the fuzzy topology [2, 3, 4 and 5]. In this paper we will give new definitions 

built on definitions in fuzzy topology but by different method. 

Keywords: smooth fuzzy topology, relative smooth and smooth continuous function. 

 

 

1-Preliminaries 

Definition 1.1 [6, p.332]: A fuzzy topological space       is called "satisfy axiom of 

fuzzy first countable" or "fuzzy first countable space", iff for every fuzzy point   
  there 

exists a countable local base, i.e. a countable family of open sets containing   
  such that 

every neighbouehood of   
  contains a member of the family. 

Definition 1.2 [6, p.332]: A fuzzy topological space       is called "satisfy axiom of 

fuzzy second countable" or "fuzzy second countable space", iff the fuzzy topology has a 

countable base. 

Definition 1.3 [7]: A fuzzy topological space       is called "satisfy axiom of fuzzy 

separable countable" or "fuzzy separable space", iff there exists a countable sequence 

{   

  }          such that for every member   of   and    , there exist a    

   such that 

   

    . 
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Note: in the following we will say smooth topology or smooth topological space instead 

of smooth fuzzy topology or smooth fuzzy topological space as it use in most the papers. 

Definition 1.4 [1 and 2]: A smooth topological space (sts) is a pair       where X is a 

nonempty set and           [   ]  is mapping satisfy the following properties: 

1-            . 

2-                         . 

3- For every subfamily{      }       ⋃                 . 

Such that the symbol   meaning the minimum. 

Definition 1.5 [3]: Let       be an sts and    . Let           is mapping define as 

following        {               }, then this mapping is smooth topology on 

  is called relative smooth topology on   and        is called subspace of smooth 

topological space. 

Definition 1.6 [2]: let       be an sts and       ]. Then the family    {  

         } is called  -level on X.  

Theorem 1.1 [2]: let       be an sts. Then the family    is fuzzy topology on X for each 

      ].  

Definition 1.7: let        be a sts and   
  be any arbitrary fuzzy point in X. A class    

  of 

fuzzy sets   which containing   
  is called smooth local base for   

  if for each       ], 

   
  is fuzzy local base for   . I.e. for each      with       , for some       ], if 

G containing   
  then there exist      

  with        and   
     . 
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Definition 1.8: Let       be a sts and      be a collection then   is called smooth base 

for smooth topology   on   iff   is fuzzy base for fuzzy topology   , for each       ], 

i.e.   is smooth base for smooth topology   on   iff for each      with       , for 

some       ], then G is union members {      } of   with        ,     . 

Theorem 1.2: Let       be a sts and      be a collection of fuzzy sets then   is 

smooth base for smooth topology   iff for any      with       , for some       ], 

if   
    then there exist     such that   

      and       . 

Proof: 

Let       be a sts and      is smooth base for smooth topology  . Let      with 

      , for some       ], and   
   . Then  {      }    s.t.   ⋃       with 

        so there exist     such that   
      . 

Let      be a collection with property: for any      with       , for some 

      ], if   
    then there exist     such that   

      and       . Let 

     with       , for some       ]. Since   ⋃   
 

    ,      and        , 

and by hypothesis for any   
    there exist    

    such that   
     

    and 

     
     then   ⋃    

   
   , therefore   is smooth base for smooth topology  . 

2- Smooth first countable Space.  

Definition 2.1: An sts       is called "satisfy axiom of smooth first countable" or 

"smooth first countable space" if, for each       ],     
 
  is fuzzy first countable 

space. I.e. for each fuzzy point   
    there exist smooth countable local base. 

In the following, the smooth first countable space is hereditary property. 
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Theorem 2.1: Let      be a sts. Let    , if       is smooth first countable space then 

the relative smooth       is also smooth first countable space. 

 

Proof: 

Let   
    be arbitrary fuzzy point.   

    and since   is smooth first countable space 

then there exist smooth countable local base    
 .  

Now, we want to prove    
    {         

 } is smooth countable local 

base at   
  in  . 

It's clear that    
    is countable. Let        containing   

  such that         for 

some       ]    there exist      with         such that      .    
    and 

since   is smooth first countable space then there exist      
  with        and 

  
             . Let               since        ,    

and so      
   . 

In the following, the smooth first countable space is topological property. 

Theorem 2.2: Let               be a surjective, open and continuous mapping where 

  and   are smooth topology on X and Y, respectively. If       is smooth first countable 

space then so      . 

Proof: 

Let   
    be arbitrary fuzzy point. Since   is surjective then there exist   

    such 

that     
     

 .       is smooth first countable space   there exist smooth local base 

   
 .  
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Now we want to prove      
   is smooth local base in   at   

 .      
   is 

countable collection. Let      with        for some       ] containing   
 , since 

  is smooth continuous            and  
          there exist      

  with 

       and         . f is open                   and           
     

     
   is smooth local base at   

 . 

3- Smooth Second Countable Space. 

Definition 3.1: An sts       is called "satisfy axiom of smooth second countable" or 

"smooth second countable space" if, for each       ],     
 
  is fuzzy second countable 

space. I.e. The smooth topological space       has a smooth countable base. 

Proposition 3.1: A smooth second countable space is smooth first countable space, but 

the converse is not true in general as in following example. 

Example 3.1: Let   { } singleton set and        be defined as follows: 

     {
                  

 
 
                           

it's clear that   is smooth topology on X. since the interval [0,1] is not countable   there 

exist no   is smooth base for this smooth but       is smooth first countable space. 

Theorem 3.1: Let       be a smooth second countable space, then for any family 

  {                            ]} which pair wise disjoint then    is countable.  

Proof: 

Let       be a smooth second countable space and   {                        

    ]}. Let   be pair wise disjoint.  
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Let   be smooth countable base for          there exist at least one fuzzy set     

such that     (theorem 1.2)   there exist corresponding between   and subcollection 

of   and since   is countable    is countable. 

In the following, the smooth second countable space is hereditary property. 

Theorem 3.2: Let      be a sts and    , if       is smooth second countable space 

then the relative smooth       is also smooth second countable space. 

Proof: 

Let       be a smooth second countable space and   be a smooth countable base for 

     . Let    . 

Now, we want to prove     {       } is smooth countable base for  . 

Its clear that     is countable. Let        with         for some       ]    

there exist      with         then there exist {      } with  (  )         , and 

  ⋃         ⋃         ⋃          .  

         and so           , for each    since  (  )       is union 

members of    . 

In the following, the smooth second countable space is topological property. 

Theorem 3.3: Let               be a surjective, open and continuous mapping where 

  and   are smooth topology on X and Y, respectively. If       is smooth second 

countable space then so      . 
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Proof:  

Let   be a smooth countable base for  ,      is countable collection in Y. Now we want 

to prove      is smooth base in  .  

Let      with        for some       ] and   
   . Since f is surjective   there 

exist   
    such that     

     
  and so   

         with            , since   is 

smooth continuous, then by (theorem 1.2) there exist     with        such that 

  
           but f is open      

                is smooth countable base 

for           is smooth second countable space. 

4- Smooth Separable Space. 

Definition 4.1: An sts       is called "satisfy axiom of separable" or "smooth separable 

space" if, for each       ],     
 
  is fuzzy separable space. I.e. There exist a countable 

sequence of fuzzy points {   

  }         such that for every fuzzy set      with 

       for some       ] and    , there exist fuzzy point    

   of this sequence 

belong to  . 

 The following theorem, we will need to prove the theorem 4.2. 

Theorem 4.1[6, pp.320]: If a fuzzy topological space       is fuzzy second countable 

space then it is fuzzy separable space. 

Theorem 4.2: If a sts       is smooth second countable then it is smooth separable 

space. 
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Proof: 

Let       is smooth second countable space       
 
  is fuzzy second countable space 

       ] by (Definition 3.1)       
 
  is fuzzy separable space        ] by 

(Theorem 4.1)         is smooth separable space by (Definition 4.1). 

Remark 4.1: The converse is not true in general. 

Example 4.1: Let X be any infinite set and        be defined as follows: 

     {
                  

         
 
              

It's clear that   is smooth topology on X.       has not smooth countable base but the 

sequence {  

 

 }   
  for fixed    , is countable sequence and       with        for 

some       ] then there exist member of this sequence belong to  . 

In the following, we will explain the property of smooth separable is not 

hereditary. 

Example 4.2: Let X be any uncountable set and        be defined as follows: 

     {
                      

 

 
        

 
                     

  

It's clear that   is smooth topology on X.       is smooth separable since the sequence 

{  

 

 }   
  is countable sequence and every      with        for some       ] there 

exist member of this sequence belong to  . 

Let      with  
 
      and support of B is uncountable set then for any fuzzy point 

  
  in B when    ,   ({  

 })   , if   relative separable   support of B is countable, 

but this contradiction since the support of B is uncountable set. 
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In the following, we will prove the smooth separable is topological property. 

Theorem 4.3: Let               be a smooth continuous and surjective mapping 

where   and   are smooth topology on X and Y, respectively. If       is smooth 

separable space then so      . 

Proof: 

Let {   

  }   
  be a countable sequence in X then {     

   }   
  is countable sequence in Y, 

let      with        for some       ]             and               

there exist    

   {   

  }   
  such that    

               

             is smooth 

separable. 

 

 

 

 

 

 

 

 

 

 

 

 

 



  

51 

 

Journal of AL-Qadisiyah for computer science and mathematics 

Vol.7   No.1   Year  2015 

  Munir.A/ Amer.H 

Reference: 

[1] A.A. Ramadan, Smooth Topological Spaces, Fuzzy sets and Systems, Vol. 48, PP. 

371-375, (1992). 

[2] M. Demirci, Three Topological Structure of Smooth Topological Spaces, Fuzzy Sets 

and Systems, Vol. 101, PP. 185-190, (1999). 

[3] S.E.Abbas, On Smooth Fuzzy Subspaces, IJMMS, Vol.66, PP. 3587-3602, (2004). 

[4] M. A. Alkhafaji and A.H. Almyaly, Construction Smooth Hausdroff Space from 

Fuzzy Metric Space, IOSR Journal of Mathmatics, Vol. 10, Iss. 2, PP.32-33, (2014). 

[5] M. A. Alkhafaji and A.H. Almyaly, On Connected and Locally Connected of Smooth 

Topological Spaces, Gen. Math. Notes, Vol. 24, No. 1, PP.84-88, (2014). 

[6] S.E.Rodabaugh, Erich Peter, Ulrich Hohle, Applications of Category Theory of Fuzzy 

Subsets, Kluwer Academic Publishers (1992). 

 [7] C. K. Wong, Fuzzy Points and Local Properties of Fuzzy Topology, Journal of 

Mathematical Analysis and Applications, Vol. 46, PP. 316-328, (1974). 

  

48 (1992) 371 375 

 

 

 

    

 

 

 

 



  

52 

 

Journal of AL-Qadisiyah for computer science and mathematics 

Vol.7   No.1   Year  2015 

Munir.A/ Amer.H 

الولساءالضبابيت بديهياث العد في الفضاءاث التبولوجيت   

 الباحث: هنير عبد الخالك الخفاجي

mnraziz@yahoo.com / 07704516810 

العراق -لسن الرياضياث / الجاهعت الوستنصريه -كليت التربيت  

 الباحث: عاهر حوزة الويالي

ameer_almyaly@yahoo.com / 07801587492 

العراق -لسن الرياضياث/ جاهعت الوثنى-كليت العلوم  

 الولخص:

بابية الملساء )بديهية العد الاولى الهدف مه هذا البحث هى تعزيف بديهيات العد في الفضاءات التبىلىجية الض

يجاد علاقات بيه االضبابية الملساء,بديهية العد الثاوية الضبابية الملساء وبديهية الاوفصال الضبابية الملساء( ومحاولة 

بديهية العد الثاويه الضبابية       هذه البديهيات بحيث وحه سىف وبزهه التالي: بديهية العد الاولى الضبابية الملساء

أو  ةوراثيسىف وبزهه أو ودحض بان هذه المفاهيم هي خىاص  ,بديهية الاوفصال الضبابية الملساء.أيضا   ⃖ الملساء 

 تبىلىجية.

 

 

 

 

 

 

 

 

 

 

 


