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A B S T R A C T 

 

        This study introduces ℷ-convergent for double sequence spaces of fuzzy numbers described by 

double Orlicz functions and consider some properties, such as,  (𝕞0
2)ℷ(𝔽)(𝕄,𝓅) is a solid , 

(𝕞2)ℷ(𝔽)(𝕄,𝓅) isn't solid , (𝕞2)ℷ(𝔽)(𝕄,𝓅) and (𝕞0
2)ℷ(𝔽)(𝕄,𝓅) aren't symmetric , (𝕞2)ℷ(𝔽)(𝕄,𝓅) 

and (𝕞0
2)ℷ(𝔽)(𝕄,𝓅) aren't convergence-free , (𝕞2)ℷ(𝔽)(𝕄,𝓅) and (𝕞0

2)ℷ(𝔽)(𝕄,𝓅) are sequence 

algebras . 

MSC..: 40A05 ,40A30 ,40D25 

https://doi.org/10.29304/jqcm.2021.13.4.857

 

1. Introduction : 

         In 1965, Zadeh [34] was the first describe the fuzzy set and fuzzy set operation concepts .          

Fuzzy logic became a major research topic in a variety of mathematical disciplines later on, including metric and 

topological space [5,18] and approximation theory [1] .  

         Fuzzy set theory is utilized in computer programming [9], nonlinear dynamical systems [10], population dynamics 

[2], chaos control [8], quantum physics [17], and other fields of study and engineering for modeling, uncertainty, and 

ambiguity. 
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         Many other sorts of fuzzy Numbers will be introduced by workers on sequence space. Bromwich [3], the first to 

publish a paper on double sequence, was the first to do so..   

       The concept of regular convergence of a real or complex double sequence was introduced by Hardy [11]. Tripathy and 

Dutta [25,26] studied and constructed a variety of fuzzy real-valued double sequence spaces .   

        The concept of ordinary convergence is broadened to cover sequences. The concept of ideal convergence was created 

by Kastyrko et al [12], which is a generalization of statistical convergence based on the ideal of natural number subsets .     

          [20,21,28,29,30,31,33] has some work in this approach . The Orlicz function has been used to define sequence space 

by several writers, including [6,7,13,19,22,23,24,27,30,32] .     

         We discuss a few new double sequence spaces of fuzzy numbers defined by the double Orlicz function in this study . 

Many of the topics mentioned here are regarded rare occurrences, and the space offered here is far more broad than those 

currently in use  . 

2.Definitions and Preliminaries : 

 

Definition 2.1[3]:  

         A double Orlicz function is a function that has two part 𝕄: [0,∞) × [0,∞)[0,∞) × [0,∞) as a result 𝕄(𝔑 , 𝔐) = 

(𝕄1(𝔑),𝕄2(𝔐)), in which 𝕄1: [0,∞)[0,∞) and 𝕄2: [0,∞)[0,∞), these functions are non-decreasing, continuous, 

even, convex, and satisfy the following conditions :  

𝕚) 𝕄1(0) = 0,𝕄2(0) = 0 ⟹ 𝕄(𝔄 , 𝔖) = (𝕄1(0),𝕄2(0)) = (0,0). 

𝕚𝕚) 𝕄1(𝔄) > 0,𝕄2(𝔖) > 0 ⟹ 𝕄(𝔄 , 𝔖) = (𝕄1(𝔄),𝕄2(𝔖)) > (0,0), ∀ 𝔄 > 0,𝔖 > 0, by which  

      we mean (𝔄,𝔖) > (0,0), that 𝕄1(𝔄) > 0,𝕄2(𝔖) > 0. 

𝕚𝕚𝕚) 𝕄1(𝔄) → ∞,𝕄2(𝔖) → ∞ as 𝔄 → ∞,𝔖 → ∞, then 𝕄(𝔄,𝔖) = (𝕄1(𝔄),𝕄2(𝔖)) → (∞,∞) as       

      (𝔄,𝔖) → (∞,∞) , by which we mean  𝕄(𝔄,𝔖) → (∞,∞), as 𝕄1(𝔄) → ∞,𝕄2(𝔖) → ∞  .  

 

Definition 2.2 [33]: 

       Assume 𝕏 is a non-empty set, If  1) ∀ 𝔸, 𝔹 ∈ ℷ as 𝔸 ∪ 𝔹 ∈ ℷ     2) ∀ 𝔸 ∈ ℷ , 𝔹 ⊆ 𝔸 as 𝔹 ∈ ℷ then ℷ ⊆ 2𝕏 is an ideal . 

 

Definition 2.3 [33]: 

         For every ε > 0, ∃ 𝓃0 = 𝓃0(ε),𝓂0 = 𝓂0(ε) ∈ ℕ in which 𝒹̅(𝔜𝔡𝔥, 𝔜0 ) <  ε , ∀𝓃 ≥ 𝓃0 ,𝓂 ≥  𝓂0 then (𝔜𝔡𝔥) be 

convergent to the fuzzy real number 𝔄0 in the Pringsheim sense. 

 

Definition 2.4 [33]: 

        for every ε ≻ 0 , {(𝔡, 𝔥) ∈ ℕ2 ∶ 𝒹̅(𝔜𝔡𝔥 , 𝔜0 ) ≽  ε} ∈ ℷ2 then (𝔜𝔡𝔥) is a ℷ-convergent to a fuzzy number 𝔄0 .  

 

Remark 2.5 [33]: 

         Let's 𝔼𝔽
2  be the sequence spaces of double fuzzy numbers. 

 

Definition 2.6 [33]: 
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       If (ℌ𝔡𝔥) ∈ 𝔼𝔽
2 whenever 𝒹̅(ℌ𝔡𝔥, 0̅) ≼  𝒹̅(𝔜𝔡𝔥, 0̅) , ∀ 𝔡 , 𝔥 ∈ ℕ and (𝔜𝔡𝔥) ∈ 𝔼𝔽

2 then 𝔼𝔽
2   is a solid . 

 

Definition 2.7 [33]: 

         If (𝔜⋋(𝔡)⋋(𝔥)) ∈ 𝔼𝔽
2 whenever (𝔜𝔡𝔥) ∈ 𝔼𝔽

2  in which ⋋ is a combination of ℕ × ℕ then 𝔼𝔽
2  is a symmetric . 

 

Definition 2.8 [33]: 

       If (𝔜𝔡𝔥⨂ℌ𝔡𝔥) ∈ 𝔼𝔽
2 , whenever (𝔜𝔡𝔥), (ℌ𝔡𝔥) ∈ 𝔼𝔽

2 then 𝔼𝔽
2   is a sequence algebra  

 

Definition 2.9 [33]: 

      If (ℌ𝔡𝔥) ∈ 𝔼𝔽
2 whenever (𝔜𝔡𝔥) ∈ 𝔼𝔽

2 and 𝔜𝔡𝔥 = 0̅ implies ℌ𝔡𝔥 = 0̅ then 𝔼𝔽
2 is a convergence-free . 

 

Definition 2.10 [33]: 

         A fuzzy subset of ℝ is a map 𝔽:ℝ → 𝕀 = [0,1] linking each real number 𝔤 with its membership rank 𝔽(𝔤) that fits the 

following conditions : 

1) ∀ 𝔽(𝔤) ≽ 𝔽(𝔩) ∧ 𝔽(𝔣) = min{ 𝔽(𝔩) , 𝔽(𝔣)}, in which 𝔩 < 𝔤 < 𝔣  , then 𝔽 is a convex.   

2) ∀ 𝔤0 ∈ ℝ and (𝔤0) = 1 , then 𝔽 is a normal.        

3) ∀ ϵ ≻ 0 and 𝔽−1 ([0, 𝔨 + ϵ)) is open in the usual topology of ℝ, then 𝔽 is a upper-semi-continuous ∀ 𝔨 ∈ 𝕀.          

4) ∀ 𝔽(𝔤) = 0, then 𝔽 is a non-negative number ∀ 𝔤 < 0. ℝ∗(𝕀) refers to the set of all fuzzy number that aren't negative 

of ℝ(𝕀).  

           Let's ℝ(𝕀) to be a collection of each fuzzy integer that are upper-semi-continuous, normal, and convex .  

       A real numbers ℝ can be embedded in ℝ(𝕀) if we are to define �̅� ∈ ℝ(𝕀) by 

                    �̅�(𝔶) = {
1  , if 𝔶 = 𝔮
0  , if 𝔶 ≠ 𝔮.

  .   

       The following are the arithmetic operations on ℝ(𝕀) : 

           (ℙ ⨁ ℚ)(𝔶) = sup {ℙ(𝔷) ∧ ℚ(𝔶 − 𝔷)} , 𝔶, 𝔷 ∈ ℝ, 

           (ℙ ⊖ℚ)(𝔶) = sup {ℙ(𝔶) ∧ ℚ(𝔷 − 𝔶)} , 𝔶, 𝔷 ∈ ℝ,  

          (ℙ ⊗ℚ)(𝔶) = sup {ℙ(𝔶) ∧ ℚ( 
𝔶

𝔷
 )} , 𝔶, 𝔷 ∈ ℝ, 𝔷 ≠ 0, 

           (
𝕏

𝕐
) (𝔶) = sup {ℙ(𝔷𝔶) ∧ ℚ(𝔶)} , 𝔶, 𝔷 ∈ ℝ. 

A absolute value |𝔣| of 𝔣 ∈ ℝ(𝕀) with characterized by (see [33]) 

               |𝔣|(𝔶) = {
max{𝔣(𝔶), 𝔣(−𝔷)} , ∀  𝔶 ≥ 0,
0 ,                             ∀  𝔶 < 0.

  

         Let's 𝔻 denote the set of all closed bounded intervals 𝔊 = [𝔊𝕊, 𝔊𝕋], 𝔈 = [𝔈𝕊, 𝔈𝕋] . 𝔊 ≤ 𝔈 ⟺ 𝔊𝕊 ≤ 𝔈𝕊 and 𝔊𝕋 ≤

𝔈𝕋.  

        Also 𝒹(𝕏 , 𝕐) = max [|𝔊𝕊 − 𝔊𝕊| , |𝔈𝕋 − 𝔈𝕋|] .Then (𝔻, 𝒹) is a ℂ𝕄𝕊 . Let's 𝒹̅ ∶ ℝ( 𝕀 ) ×  ℝ( 𝕀 ) → ℝ+ ∪ {0} be 

characterized by 𝒹̅(𝔊, 𝔈) = sup0≤⋉ ≤1 𝒹([𝔊]
⋉, [𝔈]α) . Because of this (ℝ ( 𝕀 ), 𝒹̅) be a complete metric space is well-

known . 
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         Let's 𝕄 = (𝕄1 , 𝕄2) be double sequence space and 𝓅 = (𝓅𝔡𝔥) denoted  double sequence of real numbers with 

positive bounds. The following are the classes of double sequence that we will discuss: 

(c2)ℷ(𝔽)(𝕄,𝓅) = {((𝔜1)𝔡𝔥 , (𝔜2)𝔡𝔥) ∶ ℷ2 − lim [𝕄1 (
�̅�((𝔜1)𝔡𝔥 ,   𝕃1)

𝜌
) ⋎ 𝕄2 (

�̅�((𝔜2)𝔡𝔥 ,   𝕃2)

𝜌
)]
𝓅𝔡𝔥

= 0, for some ρ >

0 and 𝕃1, 𝕃2 ∈ ℝ ( 𝕀 )},in which 𝕄 = (𝕄1, 𝕄2).  

 

(c0
2)ℷ(𝔽)(𝕄,𝓅) = {((𝔜1)𝔡𝔥 , (𝔜2)𝔡𝔥) ∶ ℷ2 − lim [𝕄1 (

�̅�((𝔜1)𝔡𝔥 ,   0̅ )

𝜌
) ⋎ 𝕄2 (

�̅�((𝔜2)𝔡𝔥 ,   0̅)

𝜌
)]
𝓅𝔡𝔥

= 0 , for some ρ > 0 } , in 

which 𝕄 = (𝕄1, 𝕄2).   

 

(ℓ∞
2 )(𝔽)(𝕄,𝓅) = {((𝔜1)𝔡𝔥 , (𝔜2)𝔡𝔥) ∶ sup𝔡𝔥 [𝕄1 (

�̅�((𝔜1)𝔡𝔥 ,   0̅ )

𝜌
) ⋎ 𝕄2 (

�̅�((𝔜2)𝔠𝔢 ,   0̅)

𝜌
)]
𝓅𝔠𝔢

< ∞ , for some ρ > 0 } , in which 

𝕄 = (𝕄1, 𝕄2).  

 

(ℓ∞
2 )ℷ(𝔽)(𝕄,𝓅) = {((𝔜1)𝔡𝔥 , (𝔜2)𝔡𝔥) ∶ there is such  as a real number µ ≻  0 as a result the collection {(𝔡 , 𝔥) ∈ ℕ ×

ℕ: [𝕄1 (
�̅�((𝔜1)𝔡𝔥 ,   0̅ )

𝜌
) ⋎ 𝕄2 (

�̅�((𝔜2)𝔡𝔥 ,   0̅)

𝜌
)]
𝓅𝔡𝔥

> µ} ∈ ℷ2 , for some ρ > 0 }, in which 𝕄 = (𝕄1, 𝕄2).  

We also write      

       (𝕞2)ℷ(𝔽)(𝕄,𝓅) = (c2)ℷ(𝔽)(𝕄,𝓅) ∩ (ℓ∞
2 )(𝔽)(𝕄,𝓅) 

       (𝕞0
2)ℷ(𝔽)(𝕄,𝓅) = (c0

2)ℷ(𝔽)(𝕄,𝓅) ∩ (ℓ∞
2 )(𝔽)(𝕄,𝓅)  

 

3. Main Results : 

Theorem 3.1:  

        (𝕞0
2)ℷ(𝔽)(𝕄,𝓅) is a solid . 

Proof:  

        Let's (𝔜𝔡𝔥) = ((𝔜1)𝔡𝔥, (𝔜2)𝔡𝔥) ∈ (𝕞0
2)ℷ(𝔽)(𝕄,𝓅) and (ℌ𝔡𝔥) = ((ℌ1)𝔡𝔥, (ℌ2)𝔡𝔥) be in which 𝒹̅(𝔖𝔡𝔥 , 0̅) ≼

 𝒹̅(𝔄𝔡𝔥 , 0̅) , ∀ 𝔡 , 𝔥 ∈ ℕ . Let's ε ≻ 0 be given. As a result, the solidity of (𝕞0
2)ℷ(𝔽)(𝕄,𝓅) is determined by the following 

relationship: 

{(𝔡 , 𝔥) ∈ ℕ × ℕ: [𝕄1 (
�̅�((ℌ1)𝔡𝔥 ,   0̅)

𝜌
) ⋎ 𝕄2 (

�̅�((ℌ2)𝔡𝔥 ,   0̅)

𝜌
)]
𝓅𝔡𝔥

≥ ε} ⊆

{(𝔡 , 𝔥) ∈ ℕ × ℕ: [𝕄1 (
�̅�((𝔜1)𝔡𝔥 ,   0̅)

𝜌
) ⋎ 𝕄2 (

�̅�((𝔜2)𝔡𝔥 ,   0̅)

𝜌
)]
𝓅𝔡𝔥

≥ ε} . 

 

Example 1:  

          (𝕞2)ℷ(𝔽)(𝕄,𝓅) isn't solid. 
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Proof:  

      If ℷ2(𝜌) ⊂ 2
ℕ×ℕ then  the class of all subsets of ℕ × ℕ is a known as zero natural density. Let's  ℷ2 = ℷ2(𝜌) and 𝔸 ∈

ℷ2 and 𝓅𝔡𝔥 = 1 , ∀ 𝔡 , 𝔥 ∈ ℕ and 𝕄(𝓍1, 𝓍2) = (𝓍1
2, 𝓍2

2), ∀ (𝔡 , 𝔥) ∉ 𝔸 ⟹ (𝔜𝔡𝔥) is characterized  with : 

𝔜𝔡𝔥(𝔳) =

{
 

 (1(𝔡𝔥)(𝔳1) ,1(𝔡𝔥)(𝔳1)) , ∀ 1
1

𝔡𝔥
≤ 𝔳 ≤ 1

(1(𝔡𝔥)(𝔳1), 1(𝔡𝔥)(𝔳1)) , ∀ 1 < 𝔳 ≤ 1 +
1

𝔡𝔥

(0,0)                                                                  otherwise

 . 

∀ (𝔡 , 𝔥) ∈ 𝔸  then (𝔜𝔡𝔥) = 1̅ and 𝔜𝔡𝔥(𝔵) ∈ (𝕞
2)ℷ(𝔽)(𝕄,𝓅).  

         Let's 𝕂 = {2𝔦 ∶ 𝔦 ∈ ℕ} and (ℌ𝔡𝔥) has the following definition : 

                      ℌ𝔡𝔥 = {
𝔜𝔡𝔥 , ∀ (𝔡 + 𝔥) ∈ 𝕂 

0            otherwise
 .   

 Then (ℌ𝔡𝔥) ∉ (𝕞
2)ℷ(𝔽)(𝕄,𝓅) .  Thus (𝕞2)ℷ(𝔽)(𝕄,𝓅) isn't solid. 

 

Example 2: 

         (𝕞2)ℷ(𝔽)(𝕄,𝓅) and (𝕞0
2)ℷ(𝔽)(𝕄,𝓅) aren't symmetric. 

Proof:  

       ℷ2(𝜌) ⊂ 2ℕ×ℕ ⟹ the class of all subsets of ℕ × ℕ is a known as zero natural density . Let's 

ℷ2 = ℷ2(𝜌)and 𝕄(𝓍1, 𝓍2) = (𝓍1
2, 𝓍2

2) and  

     𝓅𝔡𝔥 = {
(1,1) , ∀ 𝔡 is even and ∀ 𝔥 ∈ ℕ 
(2,2)                            other wise

 . 

∀ 𝔡 = 𝔦2, 𝔦 ∈ ℕ and ∀ 𝔥 ∈ ℕ then (𝔜𝔡𝔥) is characterized with : 

                  𝔜𝔡𝔥(𝔳) =

{
 

 (1
𝔳

2√𝔡1
, 1

𝔳

2√𝔡1
) , ∀ 12√𝔡 ≤ 𝔳 ≤ 0

(1
𝔳

2√𝔡1
, 1

𝔳

2√𝔡1
) , ∀  0 < 𝔳 ≤ 2√𝔡 1

(0,0)                                                   otherwise

  . 

∃ 𝔡 ≠ 𝔦2, 𝔦 ∈ ℕ and ∃ 𝔥 ∉ ℕ  then  𝔜𝔡𝔥 = 0̅ and 𝔜𝔡𝔥(𝔱) ∈ ℤ(𝕄,𝓅) , ∀ ℤ = (𝕞2)ℷ(𝔽), (𝕞0
2)ℷ(𝔽).  

        ∀ 𝔥 is odd and ∀ 𝔡 ∈ ℕ then (ℌ𝔡𝔥) reorganization of (𝔜𝔡𝔥) is characterized with : 

                  ℌ𝔡𝔥(𝔳) =

{
 

 (1
𝔳

2𝔡−1
, 1

𝔳

2𝔡−1
)      , ∀ 12𝔡 ≤ 𝔳 ≤ 0

(1
𝔳

2𝔡−1
, 1

𝔳

2𝔡−1
)     , ∀  0 < 𝔳 ≤ 2𝔡 1

(0,0)                                         otherwise

. 

∃ 𝔡 is even and ∃ 𝔡 ∉ ℕ  then  ℌ𝔡𝔥 = 0̅ and 𝔜𝔡𝔥(𝔵) ∉ ℤ(𝕄,𝓅), ∀ ℤ = (𝕞
2)ℷ(𝔽), (𝕞0

2)ℷ(𝔽) then (𝕞2)ℷ(𝔽)(𝕄,𝓅) and 

(𝕞0
2)ℷ(𝔽)(𝕄,𝓅) aren't symmetric .  

 

Example 3: 

          (𝕞2)ℷ(𝔽)(𝕄,𝓅) and (𝕞0
2)ℷ(𝔽)(𝕄,𝓅) aren't convergence-free. 
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Proof:  

      If  ℷ2(𝜌) ⊂ 2
ℕ×ℕ then  the class of all subsets of ℕ × ℕ is a known as zero natural density.  Let's ℷ2 = ℷ2(𝜌) and 

𝔸 ∈ ℷ2 , 𝓅𝔡𝔥 =
1

3
 , ∀ 𝔡, 𝔥 ∈ ℕ and 𝕄(𝓍1, 𝓍2) = (𝓍1, 𝓍2). ∀ (𝔡, 𝔥) ∉ 𝔸 then (𝔜𝔡𝔥) is characterized with : 

           𝔜𝔡𝔥(𝔳) =

{
 

 (12(𝔡𝔥)𝔳 ,12(𝔡𝔥)𝔳)  , ∀
1

2(𝔡𝔥)
≤ 𝔳 ≤ 0

(12(𝔡𝔥)𝔳 ,12(𝔡𝔥)𝔳)      , ∀ 0 < 𝔳 ≤
1

2(𝔡𝔥)

(0,0)                                               otherwise

 . 

∀(𝔡 , 𝔥) ∈ 𝔸 then (𝔜𝔡𝔥) = 0̅ and 𝔜𝔡𝔥(𝔳) ∈ ℤ(𝕄,𝓅) , ∀ ℤ = (𝕞
2)ℷ(𝔽), (𝕞0

2)ℷ(𝔽)   

∀(𝔡 , 𝔥) ∉ 𝔸 then (ℌ𝔡𝔥) is characterized with: 

              ℌ𝔡𝔥(𝔳) =

{
 
 

 
 (1

2𝔳

(𝔡+𝔥)
, 1

2𝔳

(𝔡+𝔥)
) , ∀

𝔡𝔥

2
≤ 𝔳 ≤ 0

(1
2𝔳

(𝔡+𝔥)
, 1

2𝔳

(𝔡+𝔥)
) , ∀  0 < 𝔳 ≤

𝔡𝔥

2

(0,0)                             otherwise

 . 

∀ (𝔡 , 𝔥) ∈ 𝔸 then (ℌ𝔡𝔥) = 0̅ and ℌ𝔡𝔥(𝔳) ∉ ℤ(𝕄,𝓅) , ∀ ℤ = (𝕞
2)ℷ(𝔽), (𝕞0

2)ℷ(𝔽).Thus (𝕞2)ℷ(𝔽)(𝕄,𝓅) and (𝕞0
2)ℷ(𝔽)(𝕄,𝓅) 

aren't convergence-free. 

 

Theorem 3.2 :  

          (𝕞2)ℷ(𝔽)(𝕄,𝓅) and (𝕞0
2)ℷ(𝔽)(𝕄,𝓅) are sequence algebras. 

Proof: 

      Takes (𝕞0
2)ℷ(𝔽)(𝕄,𝓅). Let's (𝔜𝔡𝔥) , (𝔡𝔥) ∈ (𝕞0

2)ℷ(𝔽)(𝕄,𝓅) and 

0 <  𝜀 <  1. The result is obtained by applying the following inclusion relation :  

{(𝔡 , 𝔥) ∈ ℕ × ℕ: [𝕄1 (
�̅�((𝔜1)𝔡𝔥 ,   0̅)

𝜌
) ⋎ 𝕄2 (

�̅�((𝔜2)𝔡𝔥 ,   0̅)

𝜌
)]
𝓅𝔡𝔥

< ε} ∩

{(𝔡 , 𝔥) ∈ ℕ × ℕ: [𝕄1 (
�̅�((ℌ1)𝔡𝔥 ,   0̅)

𝜌
) ⋎ 𝕄2 (

�̅�((ℌ2)𝔡𝔥 ,   0̅)

𝜌
)]
𝓅𝔡𝔥

< ε} ⊆ {(𝔡 , 𝔥) ∈ ℕ × ℕ: [𝕄1 (
�̅�((𝔜1)𝔡𝔥 ⨂ (ℌ1)𝔡𝔥 ,   0̅)

𝜌
) ⋎

𝕄2 (
�̅�((𝔜2)𝔡𝔥 ⨂(ℌ2)𝔥 ,   0̅)

𝜌
)]
𝓅𝔡𝔥

< ε} . We may also demonstrate the outcome in other cases .  
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