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Abstract:  
        The purpose of this paper is deal with the study of MKC -spaces( spaces whose 

minimal KC spaces) and spacesMLC   ( spaces whose minimal spacesLC  )also we 

studied the relationships between minimal KC spaces, minimal spacesLC  and 

minimal Hausdroff spaces. 

 

 المستخلص

 في هذه الىرقة  درسنا الصغزي كما LC فضاءات الصغزي وKCذراسة فضاءاتلتهذف هذه الىرقة 

 هاوسدورف الصغزي.  فضاءاتالصغزي و LC فضاءاتالصغزي وKCفضاءات العلاقات بين
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1.   Introduction:  
 Let P  be a topological property, X be a nonempty and let  XP denote the set of 

all topologies on X having the property P .  XP is partially ordered by set inclusion. 

 TX , is minimal P  ( P minimal) if T  is minimal in  XP . In  1 there is a good survey 

on minimal topologies and it stated there that every compact Hausdroff is minimal 

Hausdroff. 

Radhi I.M.  13  introduced a new concept of minimal KC spaces and a new 

concept of minimal spacesLC  .and showed that compact spaceKC  is minimal 

spaceKC  also showed that Lindelöf LC-space is minimal LC-space.     
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   In this paper we show that Hausdorff minimal spaceKC   is minimal Hausdorff, 1R  

minimal spaceKC   is minimal Hausdorff, regular minimal spaceKC   is minimal 

Hausdorff, If X  and Y are compact Hausdorff spaces then YX  is minimal

spaceKC   and minimal   Hausdorff space, If X  and Y are compact Hausdorff 

spacesLC  , then YX  is minimal spaceLC   and minimal spaceKC  , If X  and 

Y are Hausdorff Lindelof spacesLC  , then YX  is  minimal   spaceLC   and if X  

and Y are Hausdorff Lindelöf spacesP   then YX  is minimal spaceLC   if and 

only if X  and Y are minimal spacesLC  .Our terminology is standard. The closure of a 

subset A  of a space   TX ,  is denoted by clA .The set of all positive integer is denoted 

by  . 

 

 

 

2.   Minimal KC-spaces: 

 

Definition2.1 [15]:      A topological space  TX ,  is a spaceKC  if every compact 

subset of X  is closed. 

 

Definition2.2 [13]: Let  TX , be a KC space, we say that  TX , is a minimal KC

space iff TT 
 implies  TX , is not a spaceKC  , (we will use MKC  to denote 

minimal spaceKC  ). 

 

Definition2.3 [11]: Let  TX , be a Hausdroff space, we say that  TX ,  is a minimal 

Hausdroff space iff TT 
implies  TX , is not a Hausdroff space, (we will use MH  to 

denote minimal Hausdroff space). 

 

Theorem2.4 [13]:  Every compact KC space is a MKC . 

 

Corollary2.5:  Every   countably compact Lindelöf KC space is a MKC . 

Proof.  Obvious by theorem 2.4 

 

Theorem2.6 [13]:  Every locally compact MKC  is   a MH . 

 

 

Theorem2.7[13]: Every locally compact  spaceKC  X  is a Hausdorff. 
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Theorem2.8[13]: 
(i) Every Hausdorff space is a spaceKC  . 

(ii)  Every spaceKC  is 1T . 

Theorem2.9[13]:   For a compact spaceKC  X   and XY  the following are 

equivalent: 

(a) Y  is a closed  in   X  . 

(b) Y  is a compact in X . 

Theorem2.10 [13]:   

(i) The property of being spaceKC  is a topological property. 

(ii) The property of being spaceKC  is a hereditary property. 

 

 

Corollary2.11:   

(i) Every closed subspace of compact spaceKC  is a MKC . 

(ii) Every   subspace of hereditarily compact spaceKC  is a MKC . 

Proof . This is obvious by theorem 2.10and theorem 2.4. 

Corollary2.12:  For a compact spaceKC  X   and XY  the following are 

equivalent: 

(a) Y  is a closed in   X   . 

(b) Y  is a compact  and spaceMKC  in X . 

Proof .  (a)  (b): Let  Y  be a  closed in X ,  then Y  is a  compact  , soY is 

             a compact spaceKC  by  theorem2.10(ii),hence Y  is a spaceMK    

             by   theorem2.4. 

           (b)
 
  (a) : Let  Y  be a compact spaceMK   in X ,then Y  is a  

           compact spaceKC  ,  so Y  is   closed  . 

Theorem2.13: Every Hausdorff 
spaceMKC   is a MH . 

Proof .   Let  TX , be a Hausdorff 
spaceMKC  ,then X is a Hausdorff spaceKC  . 

              Suppose X  is not a  spaceMH  ,so there exists a topology 
T  on X , TT 

 

              and  TX ,  is a Hausdorff  space implies that  TX ,  is a spaceKC  by theore  

               2.8(i) which is a contradiction, therefore  TX , is a MH . 

            



  

75 

 

Journal of AL-Qadisiyah for computer science and mathematics 

Vol.7   No.1   Year  2015 

Reyadh.D/ Adam.A 

Theorem2.14: Every compact spaceMH   is a MKC . 

Proof .  Let  X  be a compact spaceMH   , then X  is a  compact  Hausdorff, so X  is  

             a compact spaceKC   by theorem2.8,hence X  is a spaceMKC   by  

theorem2.4. 

Corollary2.15:  For a compact Hausdorff space X  the following are equivalent: 

(a) X  is a   spaceMKC    . 

(b) X  is a  spaceMH  . 

Proof . This is obvious by theorem 2.13and theorem 2.14. 

Definition2.16 [4]:      A topological space  TX , is a spaceR 1 if  yandx  have 

disjoint neighborhoods whenever     yclxcl   .Clearly a space is Hausdorff if and only 

if its 11 RandT . 

Theorem2.17: Every 1R  spaceMKC   is a MH . 

Proof .   Let  TX , be a 1R  spaceMKC  , then X is a 1R spaceKC  ,hence X is a  

              Hausdorff by theorem2.8(ii) and definition 2.16. 

                    Suppose X  is not a spaceMH  , so there exists a topology 
T  on X ,

TT 
 

                   and  TX ,  is a Hausdorff  space implies that  TX ,  is a spaceKC  by 

theorem  

                  2.8(i)which is  a contradiction, therefore  TX , is a MH . 

Theorem2.18: Every regular spaceMKC   is a MH . 

Proof .  Let  TX , be a regular spaceMKC  ,then X is a regular spaceKC  ,hence X

is  

             a  Hausdorff by theorem2.8(ii). 

             Suppose X  is not a  spaceMH  ,so there exists a topology 
T  on X , TT 

 

             and  TX ,  is a Hausdorff  space implies that  TX ,  is a spaceKC  by theorem  

             2.8(i) which is a contradiction, therefore  TX , is a MH . 

Theorem2.19 [13]:   

      Suppose YX  is a compact spaceKC  , then each of X , Y is a spaceMKC  . 

Corollary2.20:   

 Suppose YX  is a regular compact spaceKC  , then each of X , Y is a spaceMH 

. 

Proof .   Each of X  and Y  is a spaceMKC  by theorem 2.19.Since X  and Y  

            are regular spaces, hence each of X , Y is   a spaceMH  by theorem 2.18. 

Theorem2.21: If X  and Y are compact Hausdorff spaces, then YX  is 

  a spaceMKC   and   a spaceMH  . 
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Proof .   Since X  and Y are compact Hausdorff spaces, then YX   is a compact   

              Hausdorff space, so YX  is a compact spaceKC   by theorem2.8 (i), hence  

              YX  is a spaceMKC   by theorem2.4 and YX  is a spaceMH    

              by theorem2.13. 

3.   Minimal LC-spaces: 

 

Definition3.1:           A topological space  TX ,  is an spaceLC   if every Lindelöf 

subset of X  is closed  6 ,  10 .Notice that spaceLC  is also known under the name

closedL   5 ,  7 and  12 .
 

 

Definition3.2 [13]:  Let  TX , be a spaceLC   we say that X  is a minimal 

spaceLC   ( MLC ) iff TT 
implies  TX , is not spaceLC  . 

 

Definition3.3 [3]:     A set F  in a topological space is called closedF   if it is the 

union of at most countably many closed sets.  
A setG  is called a openG  if it is the intersection of at most countably many open 

sets. 

 

 Definition3.4[8]:     A topological space  TX , is called spaceP   if every

openG  set in X  is open.  

 

Theorem3.5 [13]:  Every Lindelöf spaceLC   is a MLC .  

 

Theorem3.6 [6]:  For a Hausdorff  Lindelöf space X the following are equivalent: 

(a) X   is an   spaceLC    . 

(b) X   is a  spaceP . 

Corollary3.7:  For a Hausdorff Lindelöf space X the following are equivalent: 

(a) X   is a  spaceMLC    . 

(b) X   is a  spaceP . 

Proof . This is obvious by theorem 3.5and theorem 3.6. 
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Corollary3.8:  For a Hausdorff compact space X the following are equivalent: 

(a) X   is a  spaceMLC    . 

(b) X   is a  spaceP . 

Proof . This is obvious by theorem 3.5and theorem 3.6. 

 

Theorem3.9 [8]:  Every Huasdorff spaceP is an spaceLC  . 

 

Corollary3.10:  Every Hausdorff Lindelöf spaceP   is a MLC . 

Proof . This is obvious by theorem 3.9and theorem 3.5. 

 

Theorem3.11[13]:  

(i) Every spaceLC   is a spaceKC  . 

(ii) Every spaceLC  is a spaceT 1 . 

Theorem3.12:  For a compact  spaceP X the following are equivalent: 

(a) X   is a   spaceMH    . 

(b) X   is a Hausdorff  spaceMLC  . 

Proof .  (a)  (b): Let  X  be a  spaceMH  ,  then X  is a  Hausdorff, so X

is 

             an spaceLC  by theorem3.9,hence X is a spaceMLC    by  

theorem3.5. 

           (b)
 
  (a): Let  X  be a Hausdorff  spaceMLC  ,then X  is a   

Hausdorff    

           spaceLC  , so X  is a Hausdorff spaceKC  by   theorem3.11 (i).Since

X   

           is a compact, then X  is a spaceMKC   by theorem2.4, hence X  is  

           a spaceMH   by theorem2.13. 

Corollary3.13:  

(i) Every compact spaceMLC  is a MKC . 

(ii) Every compact spaceLC  is a MKC . 

(iii) Every   countably compact Lindelöf spaceLC   is a MKC . 

 

Proof . This is obvious by theorem 3.11(i) and theorem 2.4. 
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Theorem3.14 [13]:   

(i) The property of being spaceLC  is a topological property. 

(ii) The property of being spaceLC  is a hereditary property. 

Corollary3.15:  

(i) Every closed subspace of compact spaceLC  is a MLC  and a MKC . 

(ii) Every closed subspace of Lindelöf spaceLC  is a MLC . 

(iii) Every subspace of hereditarily Lindelöf spaceLC  is a MLC . 

Proof . This is obvious by theorem 3.14(ii), theorem 3.5, theorem3.11 (i) and theorem2.4. 

Theorem3.16:  For a compact spaceP X the following are equivalent: 

(a) X   is a   spaceMKC    . 

(b) X   is a  spaceMLC  . 

Proof .  (a)  (b): Let  X  be a  spaceMKC  ,  then X  is a  spaceKC  ,  

            so X is  a Hausdorff by  theorem2.7.Since X  is a spaceP ,then X  is 

             an spaceLC   by  theorem3.9,hence X  is a spaceMLC  by 

            theorem 3.5. 

           (b)
 
  (a) : Let  X  be spaceMLC  ,then X  is an   spaceLC  ,  so X  

           is  spaceKC  by  theorem3.11(i), hence X  is a spaceMKC   by   

           theorem 2.4. 

Definition3.17 [2]:       A topological space  T,
 is called 

(1) an spaceL 1   if every Lindelöf   closedF    is closed, 

(2) an spaceL 2 if clL is Lindelöf   whenever XL  is Lindelöf, 

(3) an spaceL 3 s if every Lindelöf   subset L  is an closedF  , 

(4) an spaceL 4 if  whenever XL  is Lindelöf, then there is a Lindelöf 

    closedF  F  with clLFL  .             

Theorem3.18 [2]:   

(i) If 
 T,  is an spaceLC  , then  

 T,
 is an ,spaceLi   i=1, 2, 3, 4. 

(ii) If  T, is an spaceL 1  and an spaceL 3 , then  T,  is an spaceLC  . 

(iii) Every setQ space is an spaceL 3 . 
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Definition3.19  [2]:    A topological space  TX ,   is called a setQ space if each 

subset of X   is an  F  closed sets. 

Corollary3.20: Every setQ  spaceL 1  is an spaceLC  . 

Proof.  Let X  be setQ space, then X  is an  spaceL 3  by theorem 3.18(iii),since 

X  

           is an spaceL 1 ,then X   is  an spaceLC   by theorem3.18(ii). 

Theorem3.21: Every P   setQ  space X  is an   spaceLC    . 

Proof. lf  L  is a Lindelöf subset in X  ,which is a setQ  space, then L  is  an

closedF  set, but X  is a spaceP  , so L  is  a closed set , hence X  is  an   

spaceLC    .  

Theorem3.22[3]:  Countable union of Lindelöf subset is Lindelöf. 

Theorem3.23:  Every Lindelöf spaceL 1  is a spaceP  . 

Proof. For each n , let nA  be closed in Lindelöf spaceL 1  X  and  



n

nAA , 

then nA is a Lindelöf subset in X  and thus A  is a Lindelöf subset in X  by theorem3.22. 

Since X  is an spaceL 1 , then  A   is closed in X ,hence X  is a spaceP  . 

Theorem3.24:  Every spacePL 3  is an spaceLC  .. 

Proof . Let  L  be a Lindelöf subset of  X  , then L  is closedF  set (since  

   X is  an 
 

spaceL 3
),so L  is  closed set( since X  is a P  space) ,hence X  is  

    an   spaceLC    . 

Corollary3.25: 

(i) Every Lindelöf spaceLL 31  is a MLC . 

(ii) Every Hausdorff  Lindelof spaceL 1  is a MLC . 

(iii) Every  Lindelof setQ  spaceL 1  is a MLC . 

(iv) Every spaceLC  having dense Lindelöf subset is a MLC . 

(v) Every  
nd2  countable  11C  spaceLC   is a MLC . 

(vi) Every Lindelöf P   setQ  space is a MLC . 

(vii) Every Lindelöf spacePL 3  is a MLC . 

(viii) Every compact 
spaceLC  is a MLC .  
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Proof .  Obvious 

 

Corollary3.26:. 

 

(i) Every compact Hausdorff space is a MKC . 

(ii) Every compact spaceTR 11 is a MKC . 

(iii) Every compact Tychonoff spaceP  is a MKC . 

(iv) Every compact P   setQ  space is a MKC . 

(v) Every compact setQ  spaceL 1 is a MKC . 

(vi) Every compact spaceLL 31 is a MKC . 

(vii) Every compact spaceLL 31 is a MKC . 

(viii) Every compact spacePL 3 is a MKC . 

 

Proof .  Obvious 

 

Theorem3.27 [4]: If X andY are Hausdorff spacesLC  , then YX  is an 

spaceLC  . 

 

Theorem3.28: If X  and Y are compact Hausdorff spacesLC  , then YX  is 

 a   spaceMLC   and      a spaceMKC  . 

Proof .   Since X  and Y are Hausdorff spacesLC  , then YX   is an spaceLC   by 

theorem3.27, so YX  is a compact spaceLC  ,hence  YX  is a spaceMLC   by 

corollary3.25(viii) and YX  is a spaceMKC   by corollary3.13(ii). 

 

Theorem3.29 [6]:  If X andY are spacesLC  and either X orY is regular , then

YX  is an spaceLC  . 
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Theorem3.30: If X  and Y are compact spacesLC   and either X orY is regular, then

YX  is a   spaceMLC   and   a spaceMKC  . 

 

Proof .   Since X  and Y are spacesLC   and either X orY is regular, then YX   is an

spaceLC   by theorem3.29, so YX  is a compact spaceLC  , hence  YX  is  

a spaceMLC   by corollary3.25(viii) and YX  is a spaceMKC   by 

corollary3.13(ii). 

 

Corollary3.31[4]: If X andY are spacesLCR 1 , then YX  is an spaceLC  . 

Theorem3.32: If X  and Y are compact spacesLCR 1 , then YX  is  

a  spaceMLC   and   a spaceMKC  . 

Proof .   Since X  and Y are spacesLCR 1 , then YX   is an spaceLC   by 

corollary3.31, so YX  is a compact spaceLC  ,hence  YX  is a spaceMLC   by 

corollary3.25(viii) and YX  is a spaceMKC   by corollary3.13(ii). 

Theorem3.33[14](Nobles Theorem):  

   If X andY are Lindelöf spaceP , then YX  is a Lindelöf. 

Theorem3.34[6]:  Every Lindelof spaceLC   is a spaceP  . 

Theorem3.35:   

If X  and Y are Hausdorff Lindelöf spacesLC  , then YX  is a   spaceMLC   . 

Proof .   Since X  and Y are Hausdorff spacesLC  , then YX   is an spaceLC   by 

theorem3.27.Since X  and Y are Lindelöf spacesLC  ,then X  and Y are spaceP  by 

theorem3.34, so YX  is a Lindelöf by theorem3.33, hence  YX  is a spaceMLC   

by theorem3. 5. 

Theorem3.36:  

If X  and Y are Lindelöf spacesLCR 1 , then YX  is a  
spaceMLC  . 

Proof.   Since X  and Y are spacesLCR 1 , then YX   is an spaceLC   by 

corollary3.31.Since X  and Y are Lindelöf spacesLC  ,then X  and Y are spaceP  

by theorem3.34, so YX  is a Lindelöf by theorem3.33, hence  YX  is a 

spaceMLC   by theorem3. 5. 

Theorem3.37: 

 If X  and Y are Lindelöf spacesLC   and either X orY is regular, then YX  is a   

spaceMLC  . 
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Proof.   Since X  and Y are spacesLC   and either X orY is regular, then YX   is an

spaceLC   by theorem3.29, Since X  and Y are Lindelöf spacesLC  ,then X  and Y

are spaceP  by theorem3.34, so YX  is a Lindelöf by theorem3.33, hence  YX 

is a spaceMLC   by theorem3. 5. 

 

Theorem3.38: If X  and Y are Hausdorff Lindelöf spacesP  , 

 then YX  is a spaceMLC   if and only if X  and Y are spacesMLC  . 

Proof.   Let YX  be a spaceMLC  ,then YX   is an spaceLC  ,so X  and Y are

spacesLC   by theorem3.14(i)and(ii), hence X  and Y are spacesMLC   by 

theorem3.5. 

Conversely, Let X andY are spacesMLC  , then X andY are spacesLC  ,so YX  is 

an spaceLC   by theorem3.27. Since X  and Y are Lindelöf spacesP  , then YX  is a 

Lindelöf by theorem3.33, hence YX  is a spaceMLC   by theorem3.5. 

Theorem3.39 [9]:  Let X andY be topological spaces. If A is closed in X and B is 

closed inY , then BA  is closed in YX  . 

Theorem3.40 [9]: X is Hausdorff spaces if and only if the diagonal 

  Xxxx  :, is closed in XX  . 

Theorem3.41: Let X andY be Hausdorff Lindelöf spacesLC  .  

If A is closed in X and B is closed inY , then BA   is a   MLC . 

Proof .  Since X  and Y are Hausdorff spacesLC  , then YX   is an spaceLC   by 

theorem3.27.Since X  and Y are Lindelöf spacesLC  ,then X  and Y are spaceP  by 

theorem3.34, so YX  is a Lindelöf by theorem3.33, hence  BA  is a MLC  by 

theorem3. 39 and theorem3. 15(ii). 

Theorem3.42: If X is a Hausdorff  Lindelöf  spaceLC  ,then the diagonal 

  Xxxx  :,  is a   MLC .  

Proof.  Since X  is a Hausdorff spacesLC  , then XX   is an spaceLC   by 

theorem3.27.Since X  is a Lindelöf spacesLC  ,then X  is a  spaceP  by 

theorem3.34, so XX  is a Lindelöf by theorem3.33, hence  the diagonal 

  Xxxx  :,  is a   MLC  by theorem 3. 40 and theorem 3. 15(ii). 
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