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Abstract

In this paper, we introduce and study new subclassf(z) € 3S,(p, v, 8, A)defined
byconvolution. we obtain necessary and sufficient condition of these class and some
properties (the radii of starlikeness, convexity and close-to-convexity; weighted mean
and arithmetic mean; We also obtain convolution properties andneighborhood property of
the functionsf (z) in this class).
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1. Introduction
Let A, (1) be the class of normalized functions f of the form
fA=2+ ) @z, (neN={12.}ze0), (1)

k=ntp
which are analytic and p-valent in the open unit disk U = {z € C:[z| < 1}.
Let 3, (n) be the subclass of <A, (n) consisting functions f of the form

==

FO=22— ) ez, (@=0pneN={12.}z€0), ()
k=n+p

which are analytic and p-valent in U.

Let (f*g)(z) denote the Hadamard product (or convolution) of the functions f(z) and
gl(z), thatis, if f(z) is given by (1) and g(z) is given by

glz)=2zF — Z b, z¥, (zelU) (3)
then o
(Fe9)=f@=2"= ) abz* (z€V) (4

In this paper, we will use (1) to define a new subclass of J,(n) as follows:

35,(pv.,4) =1{ flz) € 3, (n):

(Fg) @)
p(f=g)(z)
9@

- -2Foo

z(f * 9)'(2)

p(F*9)(2) _ 1‘ P
2(f+9)(2) _ 1|

p(f=g)(z)

o

< v,

4

0<f=1,0<A<pa=00<v=1pn€Nzelll

(5) Some authors studied for another classes, like, Atshan, Mustafa and Mouajeeb[1],
Aouf and Mostafa[2], Mahzoon[9]andYang and Li [14] consisting of multivalent

functions.
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2. Necessary and Sufficient Condition for f(z) € IS,(p, v, B, 1)

Theorem 1.Let the function f(z) € 3, (n) be given by (1), then f(z) € 1Sz(p, v, B, 1)
if and only if

D le=p) @1 +v) + 1) = vl = fp( - Wlaxby < wBp =21, (©)
k=n+p

where0 < 8 <1,0<A<p,a=00<A<ppneN,zel.
Proof.Suppose that the equality(6)holds true and let |z| = 1

Yra)@)_ | @y
9@ “pF=9)(@ P |-
NN ICENEENION

R e RN ariomE

:| 2(f * 9) (2) — a|z(f * g) (2) = p(f * (D] = p(f * 9)(2)
Br(® —V(f * g)(2) — z(f * 9) (2) — alz(f x g)'(2) — p(f * g) (2|

then
|z(f * 9)' (@) — a|z(f * 9)'(2) — p(f * 9)(D)| — p(f * 9)(2)|

)

—v|Bp(p — D(f * 9)(2) — 2(f * 9)'(2) — a|z(f * ) (2) — p(f * 9)(2)|

= > G- pahst

k=n+p

= Y Ge-pabzt-a

k=n+p

o0

(Bp* = ppa—pzP = ) [Bp(p — ) = klaybz* —

k=n+p

o]

= > U-pahst

k=n+p

%

< Y k-pabzl+a ) (k= pagblzlt

k=n+p k=n+p
£ vlBpp )~ Klagblzl + av Y (e = pagylzl* - v(Bp* — fpa - p)lzP
k=n+p k=n+p
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o]

= D (k=)@ +v) + 1) = vlk = Bp(p — Dlah — vp(Bp — f1— 1) < 0.

k=n+p

Hence, by the maximum modulus Theorem, for any z € U, we have
|2(f * 9)'(2) — a|z(f * 9) (2) — p(f * ) (@) | — p(f * 9)(2)|
VB = DG @)~ 2(f * 9) (D) ~al2(f x 9) (D) —p(f * (@)

= Z [(k =p)(a(1 +v) +1) —v(k - Bp(p — D)]laxby —vp(Bp — A - 1) <0,

k=n+p

which is equivalent to

z [(k =p)(a(1+v) +1) —v(k — Bp(p — D)]axby < vp(Bp — A - 1).

k=n+p

Then f(2) € 3S,(p, v, B, ).
Conversely, assume that f(z) € IS, (p, v, 5, 1). Then from (5), we have

z2(f*g)'(z) ztf*g)’(zl_l‘_

p(F=9)@  “lp(F=a)@) P
2(f<9)' @ __|2(f*9)' ()

B2~ SIS —a [ S |

s

=,

_ 2(f * 9) (2) — a|z(f * g) (2) = p(f * ()| = p(f * 9)(2)
Br(® — D(f * 9)(2) — z(f * 9) (2) — alz(f x g)'(2) — p(f * g) (2|

]

- Z (k — p)aybyz*

k=n+p

o0

- z (k _p)akbkzk

k=n+p

- < i (k —p)agb,z* + a

k=n+p

0

(Bp? = ppA—p)zP — . [Bp(p — 1) — kl(k — p)agbyzk — a

k=n+p

<,
since Re(z) < |z| for all z, we have

o0

Y. (k—plagbez* + a

o0

- z (k—P)akkak

k=n+p

0

- Z (k — p)aybyz*

k=n+p

|

(
|
]?e k=n+p
(Bp? — BpA—p)zP — D [Bp(p — ) — kl(k — paxbyz* —a

k=n+p
<.
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We choose the values of z on the real axis, so that %is real. Then , we have
Y. (k—plagbez* +a ‘— > (k= p)agbyz*
k=n+p k=n+p

o0

(Bp? — BpA—p)zP — D [Bp(p — ) — kl(k — plagbez* —

k=n+p

‘ > (k=p)aybizf+a D, (k—p)aybizk

k=n+p k=n+p

o0

- Z (k — p)ayb,z*

k=n+p

o0

(B —ppr-p)z2— S [Bo(p-A)—k|(k—p)ahzi—a Y (k—p)agbyzl

k=n+p k=n+p
<.
_ _ _ (7)
Letting z — 1~ throughout real values in (7), we obtain
Z (k —plagb, + a Z (k —p)agby
k=n+ k=n+
p p <v,

o0

(Bp? = B2 —p) = X [Bp( =2~ klk —pab—a Yk~ plasb
itis

Z [(k =p)(a(l+v)+ 1) —v(k = Bp(p — M)laxb, < vp(Bp — A - 1).
k=n+p

This completes the proof of the theorem.

Corollary 1.Let the function f(z) €3,(nbe given by (1). If £ (2) € IS,(p, v, B, 1),
then
vp(Bp —BA—-1)
ag < .
[(k =p)(a(@ +v) + 1) —v(k — Bp(p — D)) ]bx

The result is sharp for the function given by

vp(Bp — A —1) K
[(k —p)(@(@+v)+1)—v(k—Bp(p—D))b

f(2) =27 -
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3. Radii of Starlikeness, Convexity and Close-to-Convexity
In the section, we obtain the radii of starlikeness, convexity and close — to —
convexity for functions in the class 3S,(p, v, 5, A).

Theorem 2. Let the function f(z)defined by (1) be in the class IS, (p, v, B, 4). Then
f(z) is starlike of order §(0 < 6 <p)in|z| < R,(k,p,v, 4, B,6), where

1
[k~
(= 8)[(k—p)a@+v) +1) = v(k — fp(p - A))]bk} v
R,(k,p,v,A,B,6) =in
Wop v 45,00 f{ vp(k — 8)(Bp — pA— D)
(8)
Proof.We need to show that
Zf,(Z)—p‘<p—5 for |z| < Ry(k,p,v, A, B,95)
f(Z) — 1 yr Uiy, Py .
Since
, |— > (k - p)akZ"l > (k — p)ag|z|*P
zf (z) —pf(2) _ k;p < k;p
VA © - o0 )
/(@) zP — Z a,zk 1-— Z ay|z|k-P
k=n+p k=n+p
To prove (8), it is sufficient to prove
Y. (k—p)aglz|*?
k=n+p < p— 5
1- Z ay|z| P
k=n+p
It is equivalent to
[ee] k _
Z (k = p) a|z|*P < 1. (9)
e (p—9)
=n+p

By Theorem 1, we have

o0

Z [((k=p)(@(l+v)+ 1) —v(k—Bp(p—1))]
vp(Bp — A —1)

akbk < 1,
k=n+p

hence (9) will be true if

(k—=9)
(p—96)

[((k=p)(@(1+v)+1)—v(k—Bp(p —1)]bk

k—
1217 < (8o —Pa—1)
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It is equivalent to
(p =)k —p)a(l+v)+1) —v(k - Bp(p — 1)]b

|z|*7P < :
vp(k —8)(Bp — A —1)

therefore
12| < {(p ~ Otk —p)ad+v) + D —v(k —pp(p - A))]bk} fen

vp(k —6)(Bp — A —1)
This completes the proof .

Theorem 3. Let the function f(z)defined by (1) be in the class 3Sy(p, v, B,4). Then
f(z) is convex of order n(0 < 6 < p)in|z| < R,(k,p,v,A,B,5), where

(- &k —p)(a(l+v)+1)— vk —Bpr(p— A))]bk}l/k—p
v(k? —k&)(Bp —BA—1)

Ry(k,p,v,A,B,6) = inf{

(10)
Proof.We need to show that
2f (@) _ - 1)‘ <p—6 for |z] < Ry(k,p, v, 4, B, 8).
f(2)

Since

o0 o0

= > kk=paz* | > k(k—p)aglzl*?

k=n+p k=n+p
<

zf (@) - (- Df @
f'@

- — )

o0 o0

pzP~1 — > kayz* 1 p— > kaglz|*P

k=n+p k=n+p

to prove (10), it is sufficient to prove

0

D k(k—plaglz|*?

k=n+p

<p-6.
p— z kay|z|*P
k=n+p
It is equivalent to
= k(k —8)
—a,|z|FP < 1. 11
k_z p(p—06) (1)
=n+p

By Theorem 1, we have
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o]

Z [((k—p)(a(1+v)+ 1) —v(k—Bp(p— )]
vp(Bp — A —1)

akbk < 1,
k=n+p

hence (11) will be true if

k(k — &)
p(p — 90)

It is equivalent to

[(k=p)a(l+v)+1) —v(k = Bp(p — D)]Ibk

k—
l2177F = p(Bp—BA—1)

(=l —p)ad+v)+1) —v(k - Bp(p — D)]b

2] <
v(k2 = k&) (Bp — fA— 1)

therefore

= {(p Ol p)atl+v) + 1) - vl fplp - a))]bk}l/"-p
) v(k? — k8)(Bp — fA— 1) .

This completes the proof .

Theorem 4. Let the function f(z)defined by (1) be in the class IS, (p, v, B, ).
Then f(z) is close— to— convex of order u(0 < 6 < p)in|z| < R3;(k,p,v,A,[5,8), where

(p—8)[k—p)al+v)+1)—v(k—Bpp - /’D)]bk}l/k—p
vpk(Bp — A — 1)

R;(k,p,v,A,B,6) = inf{

(12)

Proof.We need to show that

f(2)

) —-pl<p-6 for |z| < R;(k,p,v, A, B,0).
Since

_ . k-1
Fe-per) | ke
Zp—l - Zp—l — k;p aklzl )

to prove (12), it is sufficient to prove

2 kag|z|FP <p— 6.

k=n+p

97



Journal of AL-Qadisiyah for computer science and mathematics
Vol.7 No.l Year 2015

Asra.A

It is equivalent to

0

k
z m&klZlk_p <1 (13)

k=n+p
By Theorem 1, we have

o0

z [((k—p)a(1+v)+1)—v(k—Bp(p— )]
vp(Bp — fA—1)

akbk <1,
k=n+p

hence (13) will be true if

k 2k < [(k = p)(a(1 +v) + 1) = v(k — Bp(p = 1)) ]y

(p—96) - vp(bp —pA—1)

It is equivalent to

(p = 8)[(k = p)(a(1 +v) + 1) —v(k = Bp(p — 1)) ]br

1217 < vpk(Bp — BA— 1)

therefore

|z|*P S{

-8k -p)a@+v)+1)—v(k—pplp - A))]bk}l/k_p
vpk(fp — A —1) :

This completes the proof .

4. Weighted Mean and Arithmetic Mean

Definitionl. Let the function £, (z)(t = 1,2) defined by
D=2 ) @k =12) (12)

k=n+p
belong to IS, (p, v, B, 1), then the weighted mean h;(z) of f.(z)(t = 1,2) is given by

W) =510~ DAE + A+ DAL

In the theorem below we will show the weighted mean for this class.
Theorem 5.If f,(2)(¢t = 1,2)are in the class IS, (p, v, B, 1), then the weighted mean of

ft(2)(t = 1,2) isalso in 3S,(p, v, B, 1).
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Proof.wWe have h;(z) by Definition 1,

hﬂz):%[(l—j}(zl’— z ak,1zk>+(1+j)<zp_ 2 ak,zzk>‘

k=n+p k=n+p

1 . , k
=zP — z E[(l—])ak,l + (1 + Pae | 2"
k=n+p

Since f;(z)(t = 1,2)are in the class IS, (p, v, B, 1)so by Theorem 1, we must prove that

1
D [t @ +v) + 1) = vl = fp - D)5 [(1 = Dars + A+ Na b

k=n+p

1 o8]
=5 =) D [e=p) @ +v)+ D) = v(k = B = D)]ass be

k=n+p

1 o0
+50+D) Y [te=p @ +v) + D = vk = fpp - D)) a2 by

k=n+p
<-(1—vp(Bp— fA—1) + (1 + Hvp(Bp — fA— 1)
= vp(Bp — A —1).
which shows that h;(2) € 3S,(p, v, B, A).
The proof is complete.

Theorem 6.Let the functionsf; (z)defined by

[ee]

fiz) = 2P — z 02" (@ 20, i=12,..0) (13)
k=n+p
be in the class3IS, (p, v, B, 1), then arithmetic mean of f;(z) (i = 1,2, ... £) defined by

¢
1
H) =7 ) /i), (14)

Is also in the class 35, (p, v, B, 1).
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proof .By (13),(14) we can write

4 0 0 14
1 1
H(z) = ZZ 7P — Z ap; 2" | =zP — Z ZZ ap; |z*
i=1 k=n+p k=n+p i=1

Since f;(z) € 3S4(p, v, B, ) for everyi = 1,2, ... £, so by using Theorem1, we prove that

0

1 ¢
D 1tk =p) @1+ )+ D) = vk = fp( = D 7 ) awe |be

k=n+p i=1

4 ©
1
= ?z < z [(k —p)la@d+v)+1) - v(k — Bp(p — A))]ak,i bk)

i=1 \k=n+p

<vp(Bp—pBA— 1.

which shows that H(z) € 3S,(p, v, 8, 1).
The proof is complete.

5. Convolution Properties.

Theorem  7.1ff,(z)(t = 1,2)defined by (12) be in the class3S,(p,v,B,2).
ThenTheHadamard product of the functions f; (z) and f,(z) is given by

RrR@ =27~ ) auan, (15)
k=n+p

is in the class 3S;(p, v, By, 1), where
p1 <
vp(Bp — A — 1)*[vk — (k —p)(a(1 +v) + D] = [(k —=p)(a(1 +v) + 1) — v(k — Bp(p — A))]zbk_

(0= [v?p2(Bp — B2 =D = [(k = ) (@(1 +v) + D) = v(k = Bp(p — V)] by

Proof.We need to find the largest 8, such that

o]

Z [(k —p)(a(l+v)+1) —v(k — Bip(p — D)]by
e vp(Bip — 1A — 1)

Since the functions f;(z)(t = 1,2) belong to class G, (B, 1, «), then from Theorem 1, we
have

ak’l ak’z < 1.

0

Z [((k—p)(a(l+v)+1)—v(k—Bp(p — )b
vp(Bp — A —1)

age <1,(t=1.2)

k=n+p

100



Journal of AL-Qadisiyah for computer science and mathematics
Vol.7 No.l Year 2015

Asra.A
by the Cauchy — Schwarzinequality, we have
o [(k—p)(a(l+v) + 1) — vk — Bp(p — A))]by
Z vp(ﬁp—ﬁ/l— 1) 1/ak‘1 ak‘z < 1 (16)

k=n+p

Thus, we want only to show that

[(k=p)ad+v)+1) —v(k—Bip(—D)]

B = FiA- D e e
[k =p)@C +v) + 1) — vk~ ppp ~ )]
(Bp — BA—1) V e Gz

That is, if
Bup — BiA = D[(k = p)(a(1 +v) + 1) — v(k — Bp( — D)]
V&1 ez = T B T Dk —p) @ + ) + 1) — vk — Bip@ — D))

from(19), we have

vp(Bp — A - 1)
Va1 a2 < [(k—p)(a(1 +v) + 1) —v(k — Bp(p — )by

Consequently, if

vp(Bp — A —1)
[(k—p)(a(1+v)+1) —v(k —Bplp —1)]bi

_Bip— B2 - D[k —=p)(a(l +v) +1) —v(k = pp(p — 1))]
= Br—pA- DItk —p) @+ ) + D —v(k = Bp(p — D)

(17)

From (17), we have
P1 <

vp(Bp — BA~ 1)2[vk — (k= p)(@(1 + v) + D] = [(k = p)(@(1 +v) + 1) ~ v(k — Bp(p — )] bi
(@ =) [v22(Bp — BA— 1) = [tk = ) (@(1 + v) + 1) = v(k = fp(p — D)] by

This completes the proofof Theorem 7.
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Theorem 8.Let the functions f,(z) (t = 1,2) defined by (12) be in the class
3Sg(p,v, B, 4). Then the function

F@=2= ) (an? + a2, (18)

also belong to the class IS, (p,k;,T;;r,a) , Where
Y= ,
2up(Bp — BA — 1)?[vk — (k —p)(a(1 +v) + D] = [(k = p)(a(1 +v) + 1) —v(k = Bp(p — V)| by
(p — D) [2v2p2(Bp — A — 1)2 — [(k = p) (a1 + v) + 1) — v(k — fp(p — )] by ]

proof.By Theorem 1,wewant to find the largest y such that

o]

Z [((k—p)(a(l+v)+1)—v(k—yp(p—1))]bk
yp—vA—1)

(akllz + ak,Z 2) <1.
k=n+p

Since f;(z)(t = 1,2)belong to the class IS, (p, v, 5, 1), we have

o]

z [(k —p)a(1+v)+1) - v(k — Bp(p — l))]zbkz .

_ _ 2 k1
L (Bp—B2-1)
2
o [(k—p)ad+v)+ 1) —vk—Bp(p— Db,
S<k_z+ Bp—pA-1) ak'1> =1
=n+p
And

o]

Z [(k —p)(a(1 +v) + 1) —v(k — Bp(p — D)]?b;° L2
(Bp — pA — 1)2 o2

k=n+p

(Bp—BA—-1)

k=n+p

<< 3 DU+ ) v o= Dlh, ) -
< k2" | =1

Hence, we have

1 ([(k—p)(a(l+v)+1) —v(k — — ))]?b,2
2. §<( - v(ﬁp—ﬁzv—(nzﬁp(p ” k>(a"’12+a"’22)S1’

k=n+p

F(z) € 35,(p,v,y,4) ifand only if
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(ak‘lz + ak,z 2) <1.

i [(k = p) (a1 +v) + 1) — v(k —yp(p — D)) by

S (vp—vA-1)

Therefore, we need to find the largest y such that

[(k = p)(a(1 +v) + 1) —v(k —yp(p — 1))] b
(rp—vA-1)

(k —p)(a(1l+v) + 1) —v(k — Bp(p — 1))]?b;.”
2(Bp — pA—1)? ’

L

(19)

(p,n € N)
from (19), we have

y <
2vp(Bp — B2 — 1*[vk — (k — p)(a(1 +v) + D] = [(k = p)(@( + v) + D) — v(k — p(p — 1)] by
(p — ) [2v2p2(Bp — A — 1)2 = [(k = p)(a(1 + v) + 1) — v(k — fp(p — )] by ]

This completes the proofofTheorem 10.

6. Neighborhood propertyfor the Class 35, (p, v, 8, 4)

Now, following the earlier investigations by Goodman [7], Ruscheweyh[11], and others
including Altintas and Owa [4], Altintas et al.([5] and [6]),Murugusundaramoorthy and
Srivastava [8], Raina and Srivastava [10], Srivastava and Orhan [13] (see also [3] and
[12]), we definetheWe define the (n, t) — neighborhood of a function f(z) € J,(n) by

N, (f) = {g € 3,(n): g(2) =zP — Z byz*and z klay —by] <t,0<t < 1}.

k=n+p k=n+p
(20)
For the identity function e(z) = z, we have
N, .(e) = {g €3,nkg(z) =2zP — Z by z*and Z klby| <t,0<t< 1}.
k=n+p k=n+p
(21)

Definition 2. A function f € Zis said to be in the class IS, (p, v, B, 1)if there exists
a function g € JS,(p, v, B, A)such that

@

<p-—w, (z€eU0<w<1).
9(2) P (
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Theorem 9. If g € 3S,(p, v, B, Dand
t|(k —p)(a(l +v) + 1) —v(k — Bp(p — D))]a
(k —p)(a(1 +v) + 1) —v(k - Bp(p — D)) ]ax — vp(Bp — A — 1)
(22)

w=p—[

ThenN,,.(9) © 35,“(p, v, B, A).

Proof.Let f € N, 5(g). We want to find from(20) that

Z klag — by| <t,

k=n+p

which readily implies the following coefficient inequality

Z la, — bi| <t, (n,p €N). (23)

k=n+p
And, since g € 3S,(p, v, B, 1), we have from Theorem 1

[ee]

Z by < vp(Bp — A1)
“Tlke-p)(@ +v) +1) —v(k - Bp(p — D)]ay

k=n+p
So that

o0

z |ar — byl
‘f(z) _1‘ < k=n+p

9(z) L i b,

k=n+p

- t[(k—p) @ +v) +1) —v(k - fp( — 1) ] cpi
" [ =p)a(@ +v) +1) —v(k = Bp(p — D)]a, —vp(Bp — B2~ 1) '

Hence, by Definition (2),f € IS, (p, v, B, )for w given by (22).
This completes the proof.
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