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We introduce enriched contractions, a big class of contractive mappings, a section
that involves and several others contractive mappings, nonexpansive mappings and
Picard—Banach contractions. We showed that each there is an unique fixed point in
enriched contraction that can be approximated. using a Krasnoselskij iterative approach
that is adequate, in the theory of fixed points proven to be either corollaries or
ramifications of the primary findings of the most important outcomes of this section.
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The Picard—Banach fixed point theorem, throughout the last nine decades a substantial
body of work has emerged. See, for example, the monographs [4,13,17], as well as the
references to them, furthermore, the picard Banach fixed point theorems and several of
it's expansions have shown to be extremely useful and adaptable in the solution of a
variety of nonlinear problems: integral equations, differential equations, integro-
differental equations, variational inequalities, optimization problems, etc, see [4,17,20]
and [21].

Following that, Fixed points of enriched Banach contractions are studied for their
existence and uniqueness, for the Kransnoselskij iteration, as well as a strong
convergence theorem, It is used to find the fixed points of enriched Banach
contractions, is proved. A local iteration of the Picard—Banach fixed point theorem is
also discussed, after which apply the key findings to Banach contractions with
asymptotic enriched.

[16] :If M nonempty is a linear space having s > 1, let ||.|| dnotes a
functon from linear space M into R that satisfies the following axioms:

l.forallxe M ||x]|= 0, ||x]|= 0 ifandonlyifx = 0;
2.forallx,y € M ,|lx+yll < s[lix|[ + [lyIl;
3.forallx € M,a € R,|lax|| < |al|lx||;

(M, |I. || )is called generalized normed linear space. If for s = 1, it reduces to standard
normed linear space.

[16] :A Banach space (M, ||. || ) is a normed vector space such that M is
complete under the metric induced by the ||. ||.

[16] :A linear generalized normed space in which every Cauchy sequence
Is convergent is called generalized Banach space.

[16] Let (M, ||. || ) be a generalized normed space then the sequence {x.}
in M is called

1. Cauchy sequence iff for each £ > 0, there exist n(g) € N such that for all m,n >
n(e) we have ||x, — x,, || <e.

2. Convergent sequence iff there exist x € M such that for all € > 0, there exist n(g)
€ N such that for every n > n(€) we have ||x, — x || <e.



Wesam Nafia khuen, Journal of Al-Qadisiyah for Computer Science and Mathematics VoL. 14(2) 2022, pp MATH. 15-26 3

[10]. Let (H,||.||) be a generalized Banach space with a real numbers > 1,
and F self-mapping on H, suppose that {un} is a sequence in H induced by un+1 = Fup
if

up_tpiqll < a|lu,—q1 — uy,ll, forall, ne N, (1.1)
where a € [ 0, 1). Then {u,} is a Cauchy sequence.

Definition 1.5[7]. Let (H, I.I ) be a linear normed space. A mapping F: H — H is said to
be a (k , a )-enriched contraction if there exist ke[0 ,+o0) and a € [0, k+1) such that,

lk(x —y) + Fx — Fy|| <al|lx —y||, for allx,y €H, (1.2)

See [6,7,8] and [9], proved that (k , a )-enriched contraction and (k , b )-enriched
Kannan mapping have a unique fixed point.

See [9] Considering a self-mapping T on X, then for any A € (0,1], the so-called
averaged mapping T, given by

Tyx=(1—-2A)x + ATx, for all x € H, (1.3)
has the property that Fix(T;) = Fix(T).
2. Enriched contraction conditions in generalized Banach space

. Let (H,]|.]]) be a generalized Banach space and, s > 1. A mapping F :
H — H is said to be an enriched Chatterjea mapping or call it (k , £, s)-enriched
Chatterjea mapping, such that

lk(x —y) + Fx = Fy|| < Blll(k + D(x—y) +y — Fyl|
+||[(k+1)(y—x)+x—Fx||]], forall x,ye H (2.1)

where § €[0, ), (s < —-)and k 2 0.

: Let (H,||.||) be a generalized Banach space, and, F: H - H a (k, f3, S)-
enriched Chatterjea mapping. Then F has a unique fixed point, and there exists 1 €
(0,1] such that,

Une1 = (1 - A)un + AFU,, n >0, (2.2)

where {u,,} Converges to u”, for any up € H, n=0,1,2,3,...
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Proof: Consider the averaged F, defined by (1.2) for A = ﬁ 0 <1A<1

we show that in this case k= 71 — 1 and the contractive condition (2.1)

|G = 1)Ce =)+ Fx = Fy|| < BllIGe + DG — ) +y — Fyl
+[(k+ 1D —x) +x — Fxll],

which can be written in the same way as,

IFax — Byl < B(llx — Fayyll+ lly — Faxll), forallx,ye€H, (1.3)
we show that F; is a Chatterjea mapping.
as stated by (9), the iterative {u, }o=o define by (1.2) is the Picard iteration in relation
to F,, that is,

Un+1 = Fu,, n = 0.

letx=u, and y=x,_1 in (1.3) to get

lunsr = un Il < B(llup — unll+ llup-1 — upsall)

”un+1 — Uy ” < IBS( ”un—l - un” + ”un - un+1” )l
we get,

Bs
1- Bs
lunsr —un Il < p llun-1 — unll
By Lemma (1.1) we can say that {un} is a Cauchy sequence in (H,]|. ||).
Since (H,||. ) is a generalized Banach space, {u,} is a converges to some

— _Bs 1
[un-1 = unll , where p=-——<1 (fs <)

||un+1 — Up ” <

u” € H as n— +oo.

We will show that u” is the fixed point of F.

lu* — Bl < s[llu” — uppall + llupes — Fu'll]
=s[llu" — upsall + lIFpuy — Fut|l ]
<s [[u” = uppall +s[B(lluy, — Ru'll+ llu”™ — Fugll ) ]
=s |lu" — upyall +s[ B(llup — Futll+ [l — upeqll ) ]

By taking lim we get,
n—-oo

lu* — Fu*|| <sp |lu* — Fu'|| = |lu*—FKu*l|=0 ie FLu* =u*
we prove u* is the fixed point of F;.

Now, we have to show that u* is unique fixed point of F;.
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Assume that v" is deferent fixed point of F, then F;v° = V',

and [lu” —v*|| =llFRu” — Ryl < B(llu* — Ko+ [lve — Bu'll)
lu* —v*l| < 28 |lu* — v*|l, since B < .

Which is a contradiction ||[u* —v*||=0 = u* =v"

As a result, u* is the unique fixed point.

Let (H,]||.]|) be a generalized Banach space and s > 1. A mapping F :
H — H is said to be an enriched Kannan contraction mapping orcall it (k, 8 , a, s )-
enriched Kannan contraction mapping, such that,

lk(x —y) + Fx = Fyl| <6llx — yll + a(llx — Fx|[+ |ly = Fyl), (2.1)

for allx,y € H,
wherea €[0,—),0 €[0,1), (6 +2a< 1),as< —and k=0.

Let (H,||.||) be a Banach space,and F: H - H a(k, 8, a,s)-enriched
Kannan contraction mapping. Then F has a unique fixed point, and there exists 1 € (0,1]
such that,

Un+1 = (1 - A)un + AFun, n =0, (2.2)

where {u, } Converges to u*, for any up € H, n=0,1,2,3,...
: Consider the averaged F; defined by (1.3) for A = k—il 0 <A<1

we show that in this case k= 71 — 1 and the contractive condition (2.2),

1
|G = 1)Ce =) + Fx = Fy|| < 6llx = yll + a(llx = Fxll+ lly - Fyll)
which can be written in the same way as,
IFax — Fyyll < 0Allx — yll + a(llx — Fax|l+ [y — Byl ),
forall x,y € H, since 61 < 6,
we show that,

IFax — Byl < 6llx —yll + B(lIx — Exxll+ [ly = Byl ), (2.3)

forall x,y € H,
We show that F; is a Kannan contraction mapping.
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as stated by (1.3) , the iterative {u,, } defined by (2.2) is the Picard iteration associated
to Fy, that is up+1 = Fu, ,n = 0.
letx=u, and y=x,_1 in (2.3) to get,
||un+1 —Up ” < “F)lun - F/lun—l ”
= Ollup —up—q |l + alllup —upsall+ llup-1 —unll)

Now we get,
6+
1_

0+ a
1-«
||un+1 —Up ” < U ”un—l - un”-

”un+1_un”S ”un—l_un” ,Whereu: Z<1 (9+2a<1)

By Lemma (1.1 ) we can say that {un} is a Cauchy sequence in (H,||.||).
Since (H,]|.]|) is a generalized Banach space, {u,} is a converges to some u” € H as n—
Co,

We will show that u” is the fixed point of F .
lu* = Rl < sTllu” — upsall + llupgss — Fu'll]
=s[llu” —upsall + 1Fuy — Full ]
<8 lu” = upall #s[0llun, —u'll + a (lluy — Fugll+ [lu” = FRut|l )]
=S |lu" = upqll +s[Ollup, —u’ll + a (lluy — upall+ llu™ = Fu’|l )]
By taking 1121010 we get,

lut = Fu'll < s llu* = Fue'll, as < 5,
= |lu* — FHu*||=0 ie. Hu* =u"
we prove u* is the fixed point of F;.

Now, we have to showed that u* is unique fixed point of F,.

Assume that v” is deferent fixed point of F; then,

BV =v" and |lu” = v*|| =|Fu” — Fv'll < Ollu” —v*|| + a (lu” — Ru'||
+|lv" = Fvt|l)

lu* —v*|| <86 ||lu*—v*|l,since 8 < 1

Which is a contradiction |[u* —y*||=0 = u* =y"

As a result, u* is the unique fixed point.
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Let (H,||.]|) be a generalized Banach space and s > 1. A mapping F :
H — H is said to be an enriched Chatterjea contraction mapping or call it (k, 8, 8, s )-
enriched Chatterjea contraction mapping, such that

lk(x —y) + Fx = Fy|| <@|lx —y|[ + Blll(k + D(x —y) + y — Fy]|
+[|(k+ 1)y —x) +x — Fx|l], (3.1)

for allx,y € H,
Where,[?e[o,?l),e €[0,1), (8 +2Bs< 1)and k =0.

. Let (H,]|.]]) be a Banach space,and F: H - H a(k, 8, ,s)-enriched
Chatterjea contraction mapping. Then F has a unique fixed point, and there exists A €
(0,1] such that,

Un+1 = (1 - A)un + AFU,, n=>0 (3.2)

Where {u,,} Converges to u”, for all up € H,

: Consider the averaged F; defined by (1.3) for A = ﬁ 0 <A<1

we showed that in this case k= 71 — 1 and the contractive condition (3.1)

|(5=1)Cc=») +Fx = Fy| < 6llx -y
+RII(k + D(x —y) +y = Fyll+ [I[(k + D(y —x) + x — Fx][],
which can be written in the same way as,
IFax — Byl < 0Allx — yll + B(llx = Fayll+ lly — Faxll),
forall x,y € H, since 64 < 6,
we show that,
IFax — Byl < 6llx —yll + B(lIx = Eyyll+ lly — Eaxll ), (3.3)
forallx,y€H,
We show that F, is a Chatterjea contraction mapping.
as stated by (1.3), the iterative {u,, }o=, defined by (3.2) is the Picard iteration associated
to F,, that is,
Un+1 = Fju,, N = 0.
letx=u, and y=x,_1 in (3.3) to get,
”un+1 —Up | < “F/lun — Fun—4 [

= 0llun = up_1 Il + B(llup = upll+ llun-1 = tpsqll)
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||un+1 —Up ” < Qllun —Up-1 ” + ﬁ S[ ”un—l - un” + ”un - un+1” ]
we obtain

6+ s
1-fs
||un+1 —Up ” < u ”un—l - un”-

By Lemma (1.1 ) we can say that {un} is a Cauchy sequence in (H,||.|]) .
Since (H,||.|]) is a generalized Banach space, {u,} is a converges to some

6+ Bs
1-fs

||un+1 —Up ” = “un—l_un”’Where U= <1 (8+2BS< 1)

u” € H as n— oo,
we will showed that u” is the fixed point of F.
lu* = Rl < s [ v = upsall + g — FRutll]
=s [llu" —upsall + 1Fuy — Fu™ll ]
< s J[u” = upgall #s[Ollun —u'll + B(lluy — FRu™ ||+ [lu” — Fyu, )]
=S |lu" = upqll +s[Ollun, —u’ll + B(llun — Butll+ llu” — up4q ],
by taking TllLr?o we get,

* * * % 1
lu” = Rl <Bs flu” = Full, Bs <
= |lu* — Fu*|| =0 ie FLu" =u".
We showed that u* is the fixed point of F;.

Now, we have to show that u* is unique fixed point of F;.

Assume that v" is deferent fixed point of F then,

BV =v" and |lu” —v*|| =l|Fu” — Fv'll < 0llu” —v*|| + B(llu” — Rl
+||v* = FRutl)

lu* —v*|| < (0 +2B) ||lu* —v*||,since 6 + 28 < 1,

which is a contradiction |[u* —y*[|=0 = u* =y".

As aresult, u* is the unique fixed point.

: Let (H,||.]|) be a generalized Banach space and s = 1. A mapping F :
H — H is said to be an enriched Kannan and Chatterjea contraction mapping or call it
(k, a, B ,s)-enriched contraction mapping, such that,
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lk(x —¥) + Fx — Fyll < a(llx — Fx|[+ |ly — Fyll)
BRIk + Dx —y) +y = Fyli+ [[(k + Dy —x) +x - Fx|l],  (4.1)

for allx,y € H,

where g €[0,—) ,a €[0,1) , (s(@+p) < 5) and k = 0.
: Let (H,]|.||) be a generalized Banach space,and, F: H - H a(k,a,pf

,S)-enriched contraction mapping. Then F has a unique fixed point , and there exists 1 €
(0,1] such that

Un+1 = (1 - A)un + AFU,, n =0, (4.2)

where {u,,} Converges to u”, for all up € H ,

Proof: Consider the averaged F;, defined by (1.3) for A = ﬁ 0 <A<1,
we showed that in this case k = 71 — 1 and the contractive condition (4.1)
|G = 1)C =)+ Fx = Fy|| < a(llx = Fxll+ lly - Fyll

BllItk + D(x —y) +y — Fyll+ |I(k + D (y — x) + x — Fx][],
which can be written in the same way as,

IFax = Fyyll < a(llx = Eayxll+ |ly = Fayll )+ B(llx = Fayll+ lly — Faxll), (4.3)
forallx,y€H,
we showed that F; is a Kannan mapping.
According to (1.3), the iterative {u,},~, defined by (4.2) is the Picard iteration
associated to F,, that is,

Upy = Fu,, n =0,

letx=u, and y=X,_1 in (4.3)to get,
luns1 — un ll = lIFaun — Faup—q |l
= a(”un — Fun ”+”un—1 — Fun—4 ”) +ﬁ(”un — Fun—4 ”+||un—1 — Fuy, ”)
= a (g = nsrll+ Itnog —un 1) + Bl — Unll+ Nty — Unaall)
= a ( ”un - un+1||+ ”un—l —Un “ )+ ﬁS( ”un—l - un” + ”un - un+1“ )
now we get,
__atbBs
1—(a+ps)

a+fs

lup—1 — unll, where u = m

”un+1 —Up ” < < 1,

(s(@+p) < 5)

”un+1 — Uy ” S U ”un—l - un”
By Lemma (1.1 ) we can say that {un} is a Cauchy sequence in (H,||.|]).
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Since (H,||. ) is a generalized Banach space, {u,} is a converges to some

u” € H as n— oo,

we will show that u” is the fixed point of F.

lu® = Bu'll <s [ llu" = upiq [l + llupe — Fru'll ]

=s [ [[u* —upqll + [Frun, — But|[ ]
< s Jlu” = upgall +sla (llup = Fugll+ [[u* = Bu®l] )+ B(llu, — Fu’||

+{u" = Fugl) ]

=5 |lu = upsall + sl (llug — v ll+ llu* = Rusll) + B(Cllu, — Fu’||
+lu” = up4qll) 1.

By taking rlll_{lolo we get,

* * * * 1
lu" = Rull < s(a+pB) llu" —FRul, s(a+p) < 5
= |lu* — FHu*||=0 ie. Hu* =u"
we proved, u* is the fixed point of F;.

Now, we have to showed that u* is unique fixed point of F;.
Assume that, v* is deferent fixed point of F, ,then F;v" =V",
lu* = vl = IRy — [yl < a(lu” = Ru'll+ llv' = FRvrll)
+B (llu” = FRv'|l+ v = Fu®l)
lu* — y*|| < 2B ||lu* — y*|l, since, 28 < 1, which is a contradiction
lu" =y ll=0 = u" =y~
I.e. u™ is the unique fixed point.
Remark (2.1). By selecting:

% s =1in definition (2.1), we get definition (1) of [6].

% s =1and 6 = 0 in definition (2.2), we get definition (2.1) of [5].
% s=1land a = 0 in definition (2.2), we get definition (2.1) of [7].
% s=1in definition (2.2), we get definition (2.3) of [9].
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+ s=1land 6 =0 in definition (2.3), we get definition (1) of [6].
¢ s=land g =0 in definition (2.3), we get definition (2.1) of [7].

L)

s=1and B =0, in definition (2.4), we get definition (2.1) of [5].

s s=1and a=0 in definition (2.4), we get definition (1) of [6].
Conclusion:

1. We have demonstrated that each enriched contraction has a single fixed point that may be
approximated using Kransnoselskij iterations. Specifically, we get the traditional Banach
contraction principle in the case of a Banach space using the fixed point techniques presented
in this study.

2. It's worth noting that enriched contractions retain a basic quality of Picard—Banach
contractions, namely that each enriched contraction has a single fixed point and is continuous
(as the definition shows).
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