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1. Introduction:
A lot off scientists ([1],[2],[3]) worke in the area of operator semigroups and they

introduce many types of semigroups. In particular, the progress is mad in asymptatic

theory of strongly continuous semigroups. A semigroup on a Banach space is considered
one of major results of this direction. In this work , we constraction the solution of the

following equations:
—e~h®@
du(x,t) —e du(x,t) u(x,0) = o), h(0) = 0

h'(x) 0x

Jt

By using the Negative Logarithm semigroup
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2. Fundamental concepts

2.1 Definition [6]:

Let E be a Banch space ,then a function ¢(x) is continuous at point x, if
lo(x) — @(xy)||g — 0, at x — x,, continouos on interval [a, b], if it is continuous for

all elements in [a,b].

2.2 Definition [9]:

If x, €D (A),x, = xy = ||Ax;,, — yoll — 0 and Ax, = y, then Ais closed

2.3 Defnition [8]:

If X is a Banach space. One parameter family T(t), 0 <t < oo ,of bounded linear

oprators from X into X is semigroup bonded linear operator if

i) T(0) = I,(I is the identity operator on X)

i) T(t+s)=T{)T(s)for everyt,s =0

A semigroup of buonded linear opertors T'(t) , is uniformly continous if
m|ITC)ll =1

The operators A which is defined on the domain

dT (t) .
D(A) = {x eEX: —— exlsts}
dt le=o

Is considered generator of the semigroup T(t), D(A) is the domain of A.
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2.4 Definition [6]:

If (a, b) is interval and h(x) is a differentiable function and h(x) = o where x = b,

we introduce a space Ly, 4, by :

( : Z
Lpaon = {6 Wl = | [ lexploh(] g (6P ARG 1p21,0> 0,90
k a
\
>0,9(x)> O}

I11. Negative Logarithm semiqgroup

3.1 Defnition:

Lett <O0andx € (a,b) c R, h(t) is rael functions and the domain D(h) = (a, b),
continuous differentiable and strictly montone h(x) € D (A1), where A~ inverse

function of h, we define an oneparameter family of operators:

Ty (Do) = ¢ (h‘l (ln(eh(x) — t))) : (3.1)

3.2 Proposition:

Tk, (t) is semigroup and its generator is

A -1 3.2
log — eh) h’(x) ’ ( . )
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Proof:

DT, (o) = @ (h‘1 (in(e"® — o)))

Tl (000 = @ (h™ (1n(e"®))) > T, (000 = ¢ (7 ()
Tiog(0)9(x) = @(x) >Thus Tyg, (0) =1

) Ty (t)Tisy (€2)0(x) = Thg (e (A7 (In(e" = 1))

Let 7 = A" (In(e"™® = t;,)) » h(T) = In(e"® —t,)

T, (6T, (t2)o(x) = T, (8)@(T)

Tl (Tl (62000 = @ (h7 (In(e"? - 1))
T (60Tl (60000 = @ (h‘l CICRRE tl))>

Tl}ég(tl)Tl’(l)g(tZ)(P(x) = Tl’(l)g(tl)(p (h_l (ln(eh(x) —t - tz)))

Tl’ég (tl)leg (tz)(P(x) = Tl%g (t1+ tz)(P(x)

ho dT} 5 () e(x)
log — dt

t=0

d d
Mg = 0 (17 (1n(e" = )))| = Ay = To@lics
dt

Ah
dt

log = (P,(T)

t=0

Lett = h™* (In(e"® —t)) = h(r) = In(e"® —¢)
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-1 -1
—1 dv e dr _ eh—¢

_— Sy — = ,— —_ — =
eh) —¢ dt h'(r) dt n (h—l(ln(eh(x) — t)))

B )dr_
Ve T

-1

N , ()
A?Og =@ (T)% - A?og =0 (1) < S
t=0 b (h(n(er® - 1))
t=0
1 1
h(x)_ h(x)
A?"g - - > - A?og = y
h' (h—l(ln(eh(X) — 0))) h' (h—l(ln(eh(x))))
1 1
AL = eh() S AR eh()

Y )

-1
Ay = ==
log ™= oh(x) ' (x)

3.3 Remark:

We say that the semigroup Tl’gg (t) isa Negative Logarithm semigroup.

The following proposition shows that Tl’},g (t) is bounded operator in the space
L, .n , 1.€. it is continuous operator to use this property to find the solution of certain

types of pde .

3.4 Proposition:

The operators Tl’},g(t) is strongly continuous semigroup works on Ly, ,, , — space and

the following inequality holds:

ITEe@e@ll,  <leGll,,, (33)
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Proof:
b
ITEs@o@Il} = j e"®|p[h~1(In(e"®) — t)]|” d (h(x))

Let h™?! (ln(eh(x) _ t)) =t h(t) =In(e"® —t) —eh® = pIn(eh—t)
eh® | ¢ = ph(O)

In(e"™® +t) = Ineh®

h(x) = In(eP® +1¢)

e h(T)d(h(T))
eh® +¢

d( h(X)) =

eh

IThe eIy <7 (0[P S d(h(D)) = [ e "Dlp()P d(h(1))

I @eCOll; |, < lleGOII]

Lpah

75 0Cll, < N0l

3.5 Proposition:

The solution of the following pde :

ou(t,x) e ") gu(t, x)
at  h'(x) o0x

u(x,0) = ¢(x), h(0)=0

Is a function u(x, t) = T}5, () (x)
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Proof:

To prove that the function u(x,t) = Tl’;g (t)e(x) is solution , we must prove that u(x,t)

satisfies the equation.

du(tx) _ 0Tlog()o(x)

et =h"1 (ln(eh(x) — t)) = h(7) = ln(eh(x) — t)

at ot
e
% = (P'(T)% since h(r) = ln(e"® —t) then h’ (T) eh(_Tit - % — % ,
thus we get
u(t,x) _ —
ot ¢'() e;:o? )t (3.4)

In other hand we can find 9

# as following:

du(t,x) _ 0Ty, (D)e(x)
ox 0x

Lett = h™! (ln(eh(x) — t)) = h(7) = In(e"™ —¢)

% @' (t )— Since h(z) = In(e™™® — t) then
PO o)
h' (1) Z; h(i) -e" IR (x) > — = e;‘:’;&‘)t — , thus we get
ou(t,x) _ e
Ix o' (T) =7 e (3.5)
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By Eq.s(3.4 and 3.5) and cancelation law in ¢'(7)h'(7) we get:

ou(x,t) 1 _Ou(x,t) 1
dx "W 9t 1
2h(0)_¢ eh()—t

du(x,t)  —e "™ du(x,t)
at  h'(x) Ox

4.Conclusion:

In this paper we found a solution of certain type of partial differential equation by

using a canonical continuous semigroup namely , Negative Logarithm Semigroup.
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