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A B S T R A C T 

                  In this work, we introduce certain type of semigroup, namely (Negative Logarithm 
semigroup) ,in the functional analytic study of differential equations. We construct a solution 
of the pde as the form: 

𝜕𝑢(𝑡, 𝑥)

𝜕𝑡
=
−𝑒−ℎ(𝑥)

ℎ′(𝑥)

𝜕𝑢(𝑡, 𝑥)

𝜕𝑥
, 𝑢(𝑥, 0) = φ(𝑥),    ℎ(0) = 0 

Properties of this semigroup is studied.  

 

MSC..47DXX 

https://doi.org/10.29304/jqcm.2022.14.3.991 

1. Introduction: 

A lot off  scientists ([1],[2],[3]) worke in the area of operator semigroups and they 

introduce many types of semigroups. In particular, the progress is mad in asymptatic 

theory of strongly continuous semigroups. A semigroup on a Banach space is considered 

one of major results of this direction. In this work , we constraction the solution of the 

following equations: 

𝜕𝑢(𝑥, 𝑡)

𝜕𝑡
=
−𝑒−ℎ(𝑥)

ℎ′(𝑥)

𝜕𝑢(𝑥, 𝑡)

𝜕𝑥
   , 𝑢(𝑥, 0) = 𝜑(𝑥) , ℎ(0) = 0 

By using the Negative Logarithm semigroup  
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2. Fundamental concepts 

2.1 Definition [6]: 

Let E be a Banch space ,then a function 𝜑(𝑥)  is continuous at point 𝑥0  if 

‖𝜑(𝑥) − 𝜑(𝑥0)‖𝐸 ⟶ 0, at 𝑥 ⟶ 𝑥0, continouos on interval [𝑎, 𝑏], if it is continuous for 

all elements in [a,b]. 

 

2.2 Definition [9]: 

If 𝑥𝑛 ∈ 𝐷 (𝐴) , 𝑥𝑛 → 𝑥0   ‖𝐴𝑥𝑛 − 𝑦0‖ ⟶ 0 and 𝐴𝑥0 = 𝑦0 then A is closed 

 

2.3 Defnition [8]:  

If X is a Banach space. One parameter family  𝑇(𝑡),  0 ≤ 𝑡 < ∞  ,of bounded linear 

oprators from 𝑋 into 𝑋 is  semigroup bonded linear operator if 

𝑖) 𝑇(0) = 𝐼,(𝐼 𝑖𝑠 𝑡ℎ𝑒 𝑖𝑑𝑒𝑛𝑡𝑖𝑡𝑦 𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟 𝑜𝑛 𝑋) 

𝑖𝑖) 𝑇(𝑡 + 𝑠) = 𝑇(𝑡)𝑇(𝑠)𝑓𝑜𝑟 𝑒𝑣𝑒𝑟𝑦 𝑡, 𝑠 ≥ 0  

A semigroup of buonded linear opertors 𝑇(𝑡) , is uniformly continous if 

lim
𝑥→0

‖𝑇(𝑥)‖ = 𝐼 

The operators  𝐴 which is defined on the domain 

𝐷(𝐴) = {𝑥 ∈ 𝑋: 
𝑑𝑇(𝑡)

𝑑𝑡
⌉
𝑡=0

 𝑒𝑥𝑖𝑠𝑡𝑠} 

Is considered generator of the semigroup 𝑇(𝑡), 𝐷(𝐴) is the domain of 𝐴. 
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2.4 Definition [6]: 

If (𝑎, 𝑏) is interval and h(x) is a differentiable function and   ℎ(𝑥) → ∞  𝑤ℎ𝑒𝑟𝑒 𝑥 → 𝑏 , 

we introduce  a space 𝐿𝑝,𝜔,ℎ by : 

𝐿𝑝,𝜔,ℎ =

{
 

 
𝜙:  ‖𝜙‖𝑝,𝜔,ℎ,𝑔 = [∫|exp[𝜔ℎ(𝑥)] 𝑔(𝑥)𝜙(𝑥)|

𝑝𝑑ℎ(𝑥)

𝑏

𝑎

]

1

𝑝

, 𝑝 ≥ 1 , 𝜔 > 0 , 𝑔(𝑥)

> 0, 𝑔′(𝑥) > 0

}
 

 
 

 

III. Negative Logarithm  semigroup 

3.1 Defnition:  

Let 𝑡 < 0 𝑎𝑛𝑑 𝑥 ∈ (𝑎, 𝑏) ⊂ 𝑅 , ℎ(𝑡)  is rael functions and the domain 𝐷(ℎ) = (𝑎, 𝑏) , 

continuous differentiable and strictly montone ℎ(𝑥) ∈  D (ℎ−1) , where ℎ−1  inverse 

function of h, we define an oneparameter family of operators: 

𝑇𝑙𝑜𝑔
ℎ (𝑡)φ(𝑥) = φ(ℎ−1 (𝑙𝑛(𝑒ℎ(𝑥) − 𝑡)))  .                       (3.1) 

 

3.2 Proposition: 

𝑇𝑙𝑜𝑔
ℎ (𝑡)   is semigroup and its generator is  

𝐴𝑙𝑜𝑔
ℎ =

−1

𝑒ℎ(𝑥) ℎ′(𝑥)
    ,                                                               (3.2) 
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Proof: 

 1)𝑇𝑙𝑜𝑔
ℎ (0)φ(𝑥) = φ(ℎ−1 (𝑙𝑛(𝑒ℎ(𝑥) − 0))) 

𝑇𝑙𝑜𝑔
ℎ (0)φ(𝑥) = φ(ℎ−1 (𝑙𝑛(𝑒ℎ(𝑥)))) → 𝑇𝑙𝑜𝑔

ℎ (0)φ(𝑥) = φ(ℎ−1(ℎ(𝑥))) 

𝑇𝑙𝑜𝑔
ℎ (0)φ(𝑥) = φ(𝑥) →Thus 𝑇𝑙𝑜𝑔

ℎ (0) = 𝐼 

2) 𝑇𝑙𝑜𝑔
ℎ (𝑡1)𝑇𝑙𝑜𝑔

ℎ (𝑡2)φ(𝑥) = 𝑇𝑙𝑜𝑔
ℎ (𝑡1)φ (ℎ

−1 (𝑙𝑛(𝑒ℎ(𝑥) − 𝑡2))) 

Let 𝒯 = ℎ−1 (𝑙𝑛(𝑒ℎ(𝑥) − 𝑡2)) → ℎ(𝒯) = 𝑙𝑛(𝑒ℎ(𝑥) − 𝑡2) 

𝑇𝑙𝑜𝑔
ℎ (𝑡1)𝑇𝑙𝑜𝑔

ℎ (𝑡2)φ(𝑥) = 𝑇𝑙𝑜𝑔
ℎ (𝑡1)φ(𝒯) 

𝑇𝑙𝑜𝑔
ℎ (𝑡1)𝑇𝑙𝑜𝑔

ℎ (𝑡2)φ(𝑥) = φ(ℎ
−1 (𝑙𝑛(𝑒ℎ(𝒯) − 𝑡1))) 

𝑇𝑙𝑜𝑔
ℎ (𝑡1)𝑇𝑙𝑜𝑔

ℎ (𝑡2)φ(𝑥) = φ(ℎ
−1 (𝑙𝑛 (𝑒𝑙𝑛(𝑒

ℎ(𝑥)+𝑡2) − 𝑡1))) 

𝑇𝑙𝑜𝑔
ℎ (𝑡1)𝑇𝑙𝑜𝑔

ℎ (𝑡2)φ(𝑥) = 𝑇𝑙𝑜𝑔
ℎ (𝑡1)φ (ℎ

−1 (𝑙𝑛(𝑒ℎ(𝑥) − 𝑡1 − 𝑡2))) 

 𝑇𝑙𝑜𝑔
ℎ (𝑡1)𝑇𝑙𝑜𝑔

ℎ (𝑡2)φ(𝑥) = 𝑇𝑙𝑜𝑔
ℎ (𝑡1+𝑡2)φ(𝑥) 

𝐴𝑙𝑜𝑔
ℎ =

𝑑𝑇𝑙𝑜𝑔
ℎ (𝑡)φ(𝑥)

𝑑𝑡
|
𝑡=0

 

𝐴𝑙𝑜𝑔
ℎ =

𝑑

𝑑𝑡
φ(ℎ−1 (𝑙𝑛(𝑒ℎ(𝑥) − 𝑡)))|

𝑡=0
→ 𝐴𝑙𝑜𝑔

ℎ =
𝑑

𝑑𝑡
φ(𝜏)|𝑡=0 

𝐴𝑙𝑜𝑔
ℎ = φ′(𝜏)

𝑑𝜏

𝑑𝑡
|
𝑡=0

 

Let 𝜏 = ℎ−1 (𝑙𝑛(𝑒ℎ(𝑥) − 𝑡)) ⟹ ℎ(𝜏) = 𝑙𝑛(𝑒ℎ(𝑥) − 𝑡) 
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ℎ′(𝜏)
𝑑𝜏

𝑑𝑡
=

−1

𝑒ℎ(𝑥) − 𝑡
→
𝑑𝜏

𝑑𝑡
=

−1

𝑒ℎ(𝑥)−𝑡

 ℎ′(𝜏)
→
𝑑𝜏

𝑑𝑡
=

−1

𝑒ℎ(𝑥)−𝑡

 ℎ′ (ℎ−1(𝑙𝑛(𝑒ℎ(𝑥) − 𝑡)))
 

𝐴𝑙𝑜𝑔
ℎ = φ′(𝜏)

𝑑𝜏

𝑑𝑡
|
𝑡=0

→ 𝐴𝑙𝑜𝑔
ℎ = φ′(𝜏)

−1

𝑒ℎ(𝑥)−𝑡

 ℎ′ (ℎ−1(𝑙𝑛(𝑒ℎ(𝑥) − 𝑡)))
|

𝑡=0

 

𝐴𝑙𝑜𝑔
ℎ =

−1

𝑒ℎ(𝑥)−0

 ℎ′ (ℎ−1(𝑙𝑛(𝑒ℎ(𝑥) − 0)))
→ 𝐴𝑙𝑜𝑔

ℎ =

−1

𝑒ℎ(𝑥)

 ℎ′ (ℎ−1(𝑙𝑛(𝑒ℎ(𝑥))))
 

𝐴𝑙𝑜𝑔
ℎ =

−1

𝑒ℎ(𝑥)

 ℎ′ (ℎ−1(ℎ(𝑥)))
→ 𝐴𝑙𝑜𝑔

ℎ =

−1

𝑒ℎ(𝑥)

 ℎ′(𝑥)
 

𝐴𝑙𝑜𝑔
ℎ =

−1

𝑒ℎ(𝑥) ℎ′(𝑥)
 

3.3 Remark: 

We say that the semigroup  𝑇𝑙𝑜𝑔
ℎ (𝑡)     is a Negative Logarithm  semigroup. 

 The following proposition shows that 𝑇𝑙𝑜𝑔
ℎ (𝑡)   is bounded operator in the space  

𝐿𝑝,𝜔,ℎ , i.e. it is continuous operator to use this property to find the solution of certain 

types of pde . 

 

3.4 Proposition: 

The operators  𝑇𝑙𝑜𝑔
ℎ (𝑡) is strongly continuous semigroup works on 𝐿𝑝,𝜔,ℎ − 𝑠𝑝𝑎𝑐𝑒 and 

the following inequality holds: 

‖𝑇𝑙𝑜𝑔
ℎ (𝑡)φ(𝑥)‖

𝐿𝑝,1,ℎ
≤ ‖φ(𝑥)‖𝐿𝑝,1,ℎ                                   (3.3) 
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Proof: 

‖𝑇𝑙𝑜𝑔
ℎ (𝑡)φ(𝑥)‖

𝐿𝑝,1,ℎ

𝑝
= ∫ eh(x)|φ[h−1(ln(𝑒ℎ(𝑥)) − t)]|

p
b

a

d (h(x)) 

Let   h−1 (ln(𝑒ℎ(𝑥) − t)) = τ → h(τ) = ln(𝑒ℎ(𝑥) − t)    → 𝑒  h(τ) = 𝑒ln(𝑒
ℎ(𝑥)−t)

 

𝑒  h(τ) + 𝑡 = 𝑒ℎ(𝑥) 

𝑙𝑛(𝑒  h(τ) + 𝑡) = 𝑙𝑛𝑒ℎ(𝑥)  

 ℎ(𝑥) =  𝑙𝑛(𝑒  h(τ) + 𝑡) 

d( h(x)) =
𝑒  h(τ)𝑑(h(τ))

𝑒  h(τ) + 𝑡
 

 ‖𝑇𝑙𝑜𝑔
ℎ (𝑡)φ(𝑥)‖

𝐿𝑝,1,ℎ

𝑝
≤ ∫ eh(x)|φ(τ)|p

b

a

𝑒  h(τ)

𝑒  h(x)
𝑑(h(τ)) = ∫ 𝑒  h(τ)|φ(τ)|p

b

a
𝑑(h(τ)) 

‖𝑇𝑙𝑜𝑔
ℎ (𝑡)φ(𝑥)‖

𝐿𝑝,1,ℎ

𝑝
≤ ‖φ(𝑥)‖𝐿𝑝,1,ℎ

𝑝
 

‖𝑇𝑙𝑜𝑔
ℎ (𝑡)φ(𝑥)‖

𝐿𝑝,1,ℎ
≤ ‖φ(𝑥)‖𝐿𝑝,1,ℎ 

 

3.5 Proposition: 

The solution of the following pde : 

 
𝜕𝑢(𝑡, 𝑥)

𝜕𝑡
=
𝑒−ℎ(𝑥)

ℎ′(𝑥)

𝜕𝑢(𝑡, 𝑥)

𝜕𝑥
, 𝑢(𝑥, 0) = φ(𝑥),    ℎ(0) = 0 

Is a function u(x, t) = 𝑇𝑙𝑜𝑔
ℎ (𝑡)φ(𝑥)  
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Proof: 

To prove that the function u(x, t) = 𝑇𝑙𝑜𝑔
ℎ (𝑡)φ(𝑥) is solution , we must prove that u(x,t) 

satisfies the equation. 

𝜕𝑢(𝑡,𝑥)

𝜕𝑡
=

𝜕𝑇𝑙𝑜𝑔
ℎ (𝑡)φ(𝑥)

𝜕𝑡
, let 𝜏 = ℎ−1 (𝑙𝑛(𝑒ℎ(𝑥) − 𝑡)) ⟹ ℎ(𝜏) = 𝑙𝑛(𝑒ℎ(𝑥) − 𝑡) 

𝜕𝑢(𝑡,𝑥)

𝜕𝑡
= φ′(𝜏)

𝜕𝜏

𝜕𝑡
   since ℎ(𝜏) = 𝑙𝑛(𝑒ℎ(𝑥) − 𝑡) then  ℎ′(𝜏)

𝜕𝜏

𝜕𝑡
=

−1

𝑒ℎ(𝑥)−𝑡
→

𝜕𝜏

𝜕𝑡
=

−1

𝑒ℎ(𝑥)−𝑡

 ℎ′(𝜏)
 , 

thus we get 

𝜕𝑢(𝑡, 𝑥)

𝜕𝑡
= φ′(𝜏)

−1

𝑒ℎ(𝑥)−𝑡

 ℎ′(𝜏)
                                                 (3.4) 

In other hand we can find  
𝜕𝑢(𝑡,𝑥)

𝜕𝑥
   as following: 

𝜕𝑢(𝑡, 𝑥)

𝜕𝑥
=
𝜕𝑇𝑙𝑜𝑔

ℎ (𝑡)φ(𝑥)

𝜕𝑥
 

Let 𝜏 = ℎ−1 (𝑙𝑛(𝑒ℎ(𝑥) − 𝑡)) ⟹ ℎ(𝜏) = 𝑙𝑛(𝑒ℎ(𝑥) − 𝑡) 

𝜕𝑢(𝑡,𝑥)

𝜕𝑥
= φ′(𝜏)

𝜕𝜏

𝜕𝑥
 .  Since ℎ(𝜏) = 𝑙𝑛(𝑒ℎ(𝑥) − 𝑡) then  

ℎ′(𝜏)
𝜕𝜏

𝜕𝑥
=

1

𝑒ℎ(𝑥)−𝑡
𝑒ℎ(𝑥)ℎ′(𝑥) →

𝜕𝜏

𝜕𝑥
=

𝑒ℎ(𝑥)ℎ′(𝑥)

𝑒ℎ(𝑥)−𝑡

 ℎ′(𝜏)
→ , thus we get 

𝜕𝑢(𝑡, 𝑥)

𝜕𝑥
= φ′(𝜏)

𝑒ℎ(𝑥)ℎ′(𝑥)

𝑒ℎ(𝑥)−𝑡

 ℎ′(𝜏)
                                                 (3.5) 
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By Eq.s(3.4 and 3.5) and cancelation law in φ′(𝜏)ℎ′(𝜏)  we get: 

𝜕𝑢(𝑥, 𝑡)

𝜕𝑥

1

𝑒ℎ(𝑥)ℎ′(𝑥)

𝑒ℎ(𝑥)−𝑡

=
𝜕𝑢(𝑥, 𝑡)

𝜕𝑡

1
−1

𝑒ℎ(𝑥)−𝑡

   

𝜕𝑢(𝑥, 𝑡)

𝜕𝑡
=
−𝑒−ℎ(𝑥)

ℎ′(𝑥)

𝜕𝑢(𝑥, 𝑡)

𝜕𝑥
 

 

4.Conclusion: 

 In this paper we found a solution of certain type of partial differential equation by 

using a canonical continuous semigroup namely , Negative Logarithm Semigroup. 

 

References 

[1] A.V,Kostin, 1995, The uniformly correct solvability of boundary value problems for 

abstract equations with the Keldysh-Feller operator , Differential equation, 7(8), pp. 

1419-1425. 

 [2] A.V. ,Kostin ,1989, On analytic semigroups and strongly continuous cosine-functions 

, DAN SSSR, 307(4), pp. 796-799.  

[3] A.V. ,Kostin , 2011, C0-operator integral of Laplace DAN Journal , 441(1), pp. 10-

13.  

[4] A.V. , Kostin ,2007, Theory of function spaces Stepanova,Voronezh. Publishing and 

printing VSU center. 

[5] crane S. G. , 1967, Linear differential equations in Banach space, Moscow. Science.  

[6] E. , Hille, 1962, Functional analysis and semigroups,R. Phillips.- M.. Publishing house 

of foreign literature.  



Ahmed Abdel Amir Mohamed, , Journal of Al-Qadisiyah  for Computer Science and Mathematics Vol. 14(3) 2022 , pp  Math.   9–18      9 

 

[7] L.,Yu., 1970, Stability of solutions of differential equations in a Banach space,Phys 

— mate. lit.. 

 [8] M. A. , 1968, Analytic functions, Moscow. science publ. 

 [9] M. H. Geem , 2014, On coercivity of systems of C0-operator polynomials, Bulletin 

of Voronezh state University, Mathematical-TIKA, Physics, 4, pp. 150-159. 

 [10] M. H. Geem and M. V. Mukovnin , 2014, On fractional powers of one class of 

integral operators, Actual directions of scientific studies of the XXI century. theory and 

practice, 5(1) (10-1), pp.43- 46.  

 


