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A B S T R A C T 

The aim of this paper is to introduce new types of dimension functions which are sf-
covering.dimension,sf-dim X, and sf-local dimension, sf-loc dim X , by using semi feebly open 
(sf-open) sets, with examples and theorems. The relationships between them and other 
concepts will be studied like sf-T1-space,  sf ˶-regular space and sf `-normal space. 
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1.Introduction: 
        The foundation of dimension theory is the "dimension function," It has the properties of d(X)=d(Y) if X 

and Y are homeomorphic and d(Rn) = n for every positive integer n. It is a function defined on the class 

of topological spaces where d(X) is an integer or ∞ .The dimension functions taking topological spaces to 

the set {-1,0,1,…} .[1] studied the dimension functions ind,Ind,dim. Actually dimension functions S −

indX, S − IndX, S − dimX were examined using S-open sets in [10], dimension functions b − indX, b −

IndX, b − dimX,  were researched using b-open sets in [11], and dimension functions f − indX, f −

IndX, f − dimX,  were studied using f-open sets in [5], [2] investigated the dimension functions N −

indX,N − IndX,N − dimX utilizing N-open sets. We recall the definitions of 𝑑𝑖𝑚, 𝑙𝑜𝑐 𝑑𝑖𝑚 from [1] , and 

then use sf − open sets to add the dimension functions sf − 𝑑𝑖𝑚  , sf − loc dim .Finally, certain 

connections between them are investigated, and some conclusions about these notions are established . 

2.Preliminaries 

      In this section, we recall some of the basic definitions and theorems. 

Definition (2.1): [7] 
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     Let B be subset  of a topological space X . If there is an open set  D where D B D , then B called semi-

open (s-open) set in X  

Remark(2.2): [6] 

        A set U is semi-open (s-open ) set in X iff U ⊆ U∘, equivalent  U = U∘, the complement semi-open set 

is semi-closed (s-closed) set. 

       If there is an closed set D where D° ⊆ U ⊆ D, then U called semi-closed(s-closed) set in X . 

Definition (2.3): [3] 

          Let D subset of a topological space X , define semi-closure (s-closure) of D as an the intersection of 

every semi-closed sets contained D in X and define semi-interior (s-interior) of D as an the union of semi 

open sub set of  X contained D  and are denoted by D 
s
, D∘srespectfully 

Proposition  (2.4): [7] 

        let X be a topological space , if  V is open subset of X and D is s-open set in X, then D ∩ V is an s-

open set in X . 

Proposition (2.5):[12] 

          If  H is s-open in Y where Y is open subset of a topological space X,then H is s-open in X. 

Proposition (2.6):[12] 

         If H is s-open of a topological space X and Y is open subset of  X,then H is s-open in Y for H ⊆ Y. 

Proposition (2.7): 

            If H is s-open set of a topological space X and 𝑊 is open sub set of X , then H ∩ W is s-open in W 

Proof: 

       By Proposition  (2.4) and Proposition (2.6), then H ∩ W is s-open in W 

Definition (2.8): [4] 

           If  X  be topological space and E  X  .Then E is called feebly open (f-open) set in X if there is an 

open set  O like O  E  O 
s
. 

Remark (2.9): [6]  

           If D is subset of a topological space  X , then D called feebly open set in X iff D ⊆ D∘
∘
. Feebly 

closed(f-closed)isThe complement of feebly open set where D
∘

⊆ D. 

Remark (2.10): [8]  

      Any open set is f-open set and any closed set is f-closed set 

Definition(2.11): [9] 
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       If  B be subset of a topological space X ,then 𝐵 called semi feebly open (sf −open) set in X ; if for any 

semi open set 𝑊 where BW we get  B
f
 W. Semi feebly closed(sf-closed) is the counterpart of sf- open 

set that  W ⊆ B∘f where V semi closed set in X. 

Remark (2.12): [9]         

           Any f-closed set and any closed set is sf-open set . however, the opposite is untrue. 

Proposition (2.13): [9] 

         If { Aα ∶ α ∈ Λ } is arbitrary collection of sf −open sets.Then ⋂  Aαα∈Λ  is sf −open set.  

Definition (2.14): [9]: 

If the union of  sf − open sets in topological space X is  

also sf − open sets, Then X is said to be satisfy conduct union  

Definition (2.15): [9] 

           If X is a topological space and  D ⊆X.Then sf-closure of  D is the intersection of all sf-closed of X 

which Contains D and denoted  by D
sf

, that means D
sf

=∩ {M: M is sf-closed in X  and D ⊆ M}.  

Definition (2.16): [9] 

          Let X be a topological space and   D ⊆ X. Then sf-Interior of  D is the union of all sf-open sets of X 

contained in D is and denoted by D°sf, that means D°sf = ⋃{E : E is sf − open in X and E ⊆ D}.  

Theorem (2.17):[12] 

   If  Y is open subspace of a topological space X,then D
fy

= D
f

∩ Y for each D ⊆ Y. 

Definition (2.18): [9] 

        A topological space X is called sf-T1-space if for any  x ≠ y in X there is sf-open sets A and B where  

x ∈ A , y ∉ A  and  y ∈  B , x ∉  B . 

Proposition (2.19): [9] 

        Let X be a conduct union topological space, then {x} is sf − closed set  ∀ x ∈ X iff X is  sf  -T1-space 

Definition (2.20):[12] 

          A topological space X is called sf ˶-regular space if any x in X and sf − closed subset M where  

x  M ,there is disjoint sf-open sets A , B such that  x ∈ A, M ⊆ B. 
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Proposition (2.21):[12] 

           Let X be a conduct union topological space, then X is sf ˶-regular space iff  ∀ x ∈ X and ∀ sf-open set 

𝐴 ∋ x ∈ A , ∃ sf-open set V ∋ 𝓍 ∈ V ⊆ V
sf

⊆ A . 

Definition (2.22): [9] 

         A topological space X is called sf `-normal space if for every disjoint  sf-closed sets G1 , G2 there exists  

disjoint  sf-open sets B1 , B2 such that G1 ⊆  B1 , G2 ⊆  B2. 

Proposition (2.23):[9] 

         A conduct union topological space X is  sf `-normal space iff ∀ sf -closed set E ⊆ X , and ∀ sf -open set 

V in X ∋ E ⊆  V , ∃ sf -open set U ∋ E ⊆ U ⊆ U̅sf  ⊆  V   

Proposition (2.24):  

        Let Y open sub space of a topological space,then the subset D of Y is sf − open in Y if it is sf − open 

in X. 

Proof: 

        Let D is sf-open in X.To show D is sf-open in 𝑌 ,by definition D ⊆ H when H  s −open in Y. Then H is 

s-open in X  by proposition ( 2.5). Therefore D 
f

⊆ H , to prove D 
fy

⊆ H 

D 
fy

= D 
f

∩ Y       by theorem (2.17) 

         ⊆ D
f
                

         ⊆ H  , therefor D is sf − open in Y 

Theorem(2.25): 

            Let Y is open and f-closed subset of a topological space X,then B is sf-open in X.If  it is sf −

open in Y  

Proof: 

     To show B is sf-open in X, by definition B ⊆ H ∶ H is s-open in X .Then H ∩ Y is s-open in Y by 

Proposition  (2.7) . Since B is sf-open in Y and            B ⊆ H ∩ Y , then B
f

⊆ H ∩ Y  
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To prove B
f

⊆ H 

                B
f
=B ∩ Y

f
                  (since B is sf-open in Y) 

                   ⊆ B
f

∩ Y
f
             

                   = B
f
 ∩ Y              ( since Y is f-closed ) 

                   = B
fy

                     by theorem (2.17) 

                    ⊆ H ∩ Y                  

                    ⊆ H 

Therefor B is sf-open in X .    

Proposition (2.26): 

          Let Y is open and f-closed subset of a topological space X,then D ∩ Y is sf-open in Y for any sf-open 

set D of  X 

Proof: 

         Since Y is f-closed in X, then Y is sf − open in X, then D ∩ Y is sf-open in X. Since  D ∩ Y ⊆  Y, then 

 D ∩ Y is sf − open in Y by proposition  (2.24) 

Theorem (2.27): 

          Let Y is open and f-closed subset of a topological space X.then 𝑊 is sf-open in Y iff ∃ V sf-open in X 

∋ W = V ∩ Y. 

Proof: 

         Let W is a sf-open in Y. Then 𝑊 is sf-open in X by proposition  (2.25) . Put W = V, we have  W =

W ∩ Y = V ∩ Y. 

Conversely : 

       Let V be sf-open in X , then by proposition(2. 26)  V ∩ Y is sf − open in Y . 

therefor W is sf-open in Y. 

  Definition(2.28)[1]:  
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     Let ℋ be a family of subsets of  a set X, we define an order of the family ℋ as the greatest integer 

n where the family ℋ have n+1 sets with a non-empty intersection ;we say the family ℋ has order ∞ 

if there is no such integer. ord ℋ denotes the order of a family ℋ.     

Definition(2.29)[1]:  

        Let {Gα}α∈Λ be a cover of a set X,then {Vγ}
γ∈Г

 is said to be a refinement of {Gλ}λ∈Λ if it is a cover 

of X and for any γ ∈ Г there is α ∈ Λ such that Vγ ⊆  Gα 

Definition(2.30)[1]: 

           A reduction of the family {Aλ}λ∈Λ is any family {Bλ}λ∈Λ such that Bλ ⊂ Aλ for each λ ∈ Λ such 

that the union is the same. Then every reduction which covers X is a refinement   

Definition (2.31) )[1]: 

      Let {Bα}α∈A be a family of subsets of space X ,then{Bα}α∈A is called point finite if for any x ∈ 𝑋 

,the set { α ∈ A: 𝑥 ∈ Bα} is finite . 

3.The Main Results 

Definition(3.1): 

         Let X be a topological space ,The sf −covering dimension ,sf − dimX, of X is the least integer n 

where each finite sf-open covering of X has an sf − open refinement of order ≤ n or is ∞ if no such 

integer exists .Thus sf − dimX = −1 if and only if X is empty,and sf − dimX ≤ n if each finite sf-open 

covering of X has  sf − open refinement of order ≤  n. We have sf − dimX = n if it is true that sf −

 dimX ≤ n but sf − dimX ≤ n − 1 is not true . Finally sf − dimX = ∞ if for every integer n it is false 

that sf − dimX ≤ n. 

Theorem (3.2): 

         Let X be a topological space with sf  − dimX = 0. Then X is sf′ − normal  space. 

Proof: 

            Let E1 and  E2 be sf − closed sets of X with E1 ∩ E2 = ∅. Then E= {X ∖ E1 , X ∖ E2} is an sf −

open covering of X, since sf − dimX = 0, then there is U ={U1 , U2} sf − open refinement of E which 

is covers X with order  0, hence U1 ∩ U2 = Ø  and X=  U1  ∪  U2 ,then U1 , U2  are sf-open and𝑠𝑓 −

𝑐𝑙𝑜𝑠𝑒𝑑 sets,and U1 ⊂ X ∖ E1 and  U2 ⊂ X ∖ E2.Thus 

.E1 ⊆ U1
∁ = U2 , E2 ⊆ U2

∁ = U1and U1 ∩ U2 = ∅ ,then X is sf −` normal space. 

Theorem (3.3):  

           If X is a topological space and B is a clopn subset of X, then sf − dimB ≤ sf − dimX. 

Proof: 
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        Let sf − dimX ≤ n, to prove sf − dimB ≤ n.  Let {U1, U2, … , Uk} be an finite sf − open covering of 

B,Then for any  i ,there is Gi  is sf − open  set.in  X such.that  Ui = B⋂Gi  by.theorem(2.27).The finite  sf −

open covering {G1, G2, … , Gk, X ∖ B}  of X  has an sf − open  refinement 𝒲  of  order ≤ n.  Let K =

{W ∩ B: W ∈ 𝒲} where W ∩ B is an sf − open in B by proposition (2.26).There for K  is an sf − open 

refinement of {U1, U2, … , Uk} of order ≤ n. There for  sf − dim B ≤ n. ∎ 

Proposition(3.4): 

        If X is sf − T1-space and sf − dimX =0, then X is sf ˶ − regular space . 

Proof: 

            Let x ∈ X  and F sf − closed set of X with x ∉ F.Then x ∈ Fc , where Fc is sf − open set in X 

.Since X is sf − T1-space then {x} is sf − closed by Proposition (2.19).Therefore {X-{x}, Fc} be finite 

sf − open  covering of X .Since  sf − dimX  =0 ,then {X-{x}, Fc } has sf − open  refinement{V,W} 

which is cover of X with order zero. Then V ⊆ X-{x} , W ⊆ Fc then x ∈ W ⊆ Fc and F ⊆ Wc = V. 

Therefore there is V,W sf-open set where F  ⊆ V  and x  ∈ W  with V ∩ W = Ø .Thus X is  sf ˶ −

regular space 

Proposition (3.5): 

        Let X be a conduct union topological space, then sf − dimX ≤ n iff each finite  sf − open cover 

of X can be reduced to an  sf − open cover of  order ≤ n. 

Proof: 

       If 𝒢 = {Gλi
}

i=1

n
is finite sf − open  covering ofX,since sf − dimX ≤ n  then 𝒢  has sf − open 

refinement 𝒲 = {Wα}α∈Λ of order ≤ n. If Wα ∈ 𝒲 then there exists Gλi
∈ 𝒢 such that Wα ⊂ Gλi

 .Let 

Vλi
= ⋃ Wα ⊂α∈Λ Gλi

, then 𝒱 = {Vλi
}

i=1

n
is sf − open reduction of 𝒢  which is the  X cover and it is 

order ≤ n .  

 

Conversely 

        Let 𝒢 = {Gλi
}

i=1

n
 be a finite sf − open  covering of   X  then there exists a reduction 𝒲 =

{Wλ}λ∈Λ which is sf − open covering of  X . W is thus a refinement of 𝒢 that is open of  order ≤ n. 

Hence sf − dimX ≤ n. 

Theorem (3.6): 

         Let X be a conduct union topological space, then sf − dimX ≤ n if, and only if, every sf − open 

cover of X with n + 2 sets, has an sf − open reduction of  n + 2 sets with empty intersection. 
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Proof: 

         Suppose that  sf − dimX ≤ n ,then every finite sf − open covering of X has sf − open reduction 

of order ≤ n by Theorem (3.5).In particular if the number of elements of the cover is n+2 then the 

number of its reduction is also n+2 with order ≤ n that is the intersection is not empty for at most n+1 

elements . Hence the intersection of all n+2 elements is empty   

Conversely  

         Let 𝒢 = {G1, G2, … , Gk} be a finite sf − open covering of  X, suppose that the order of  𝒢 > n, 

then there exists G1, G2, … , Gn+2 ∈ 𝒢  such.that  ⋂ Gi ≠ ∅ n+2
i=1 .Suppose that G∗ = Gn+2 ∪ … ∪ Gk  then 

{G1, G2, … , Gn+1, G∗} is sf − open covering of X with n + 2 sets , which it has an sf − open reduction 

{V1, V2, … , Vn+1, V∗}  with empty intersection. Then { V1, V2, … , Vn+1, V∗ ∩ Gn+2, … , V∗ ∩ Gk}  is sf −

open reduction of 𝒢  which cover X  the non-empty intersection of the first n + 1  sets may not be 

empty. But the intersection of all sets of the reduction is empty. Let x ∈ X  where x ∉ Vi, i =

1,2,3, … n + 1 then x ∈ V∗, therefore x ∈ 𝒢i for some i = 1,2, … , k hence x ∈ V∗⋂𝒢i for some i = n +

2, … , k. By repeating the procedure finite we will get a reduction of 𝒢 such that the intersection for 

each n + 2 set is empty thus the order  of reduction is ≤ n ,hence sf − dimX ≤ n. ∎ 

Definition (3.7): 

         Let {Aλ}λ∈Λ be an sf − open cover of X, {Aλ}λ∈Λ is called sf − shrinkable if and only if there is 

an  sf − open  covering {Bλ}λ∈Λ  where Bλ ⊆ Bλ
̅̅ ̅sf

⊆ Aλ for each λ ∈ Λ . In this case we say that 

{Bλ}λ∈Λ sf − shrinks  {Aλ}λ∈Λ, denoted by B ≪sf A. 

Theorem (3.8): 

      If X is an conduct union topological space ,the following claims are thus equivalent: 

1) X is an sf ` − normal space. 

2) every point-finite sf − open covering of  X is sf − shrinkable . 

3) every finite sf − open covering of  X has sf − closed refinement. 

Proof:𝟏 → 𝟐  

     Suppose that  {Gα}α∈A  be a point-finite sf − open covering of sf − normal  space X and let A be 

well-ordered.We shall construct an sf − shrinkable of {Gα}α∈A by introduction of the transfinite. Let μ 

be an element of A and let for any α < μ there are an sf − open set Uα where  Uα
̅̅̅̅ sf

⊂ Gα and for each 

γ < μ, ⋃ Uλα≤γ ∪ ⋃ Gαα>γ = X.Let x be a point of  X.Then since {Gα}α∈Ais a point finite there is a 

largest element  Σ , say, of A  where x ∈ GΣ .If  Σ ≥ μ  therefor x ∈ ⋃ Gλα≥μ ,whilst if Σ < μ  then x ∈
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⋃  Uλα≤Σ ⊂ ⋃  Uαα<μ . Hence ⋃  Uαα<μ ∪ ⋃ Gαα≥μ = X . Thus Gμ  contains the complement of 

 ⋃  Uλα<μ ∪ ⋃ Gαα>μ .Since X is sf ` − normal space,there exist an sf − open set Uμ where: 

X ∖ ( ⋃  Uλ

α<μ

∪ ⋃ Gα

α≥μ

) ⊂ Uμ ⊂ Uμ
̅̅̅̅ sf

⊂ Gμ 

Thus Uμ
̅̅̅̅ sf

⊂ Gμ and ⋃  Uλα≤μ ∪ ⋃ Gλα>μ = X.The construction of a sf-shrinking of  {Gα}α∈A is 

completed by introduction of the transfinite.  

𝟐 ⟶ 𝟑 

     Let {Gα}α∈Λ be a finite sf − open covering of  X then {Gα}α∈Λ is a point- finite sf − open covering 

of  X. Therefore there exists {Uα}α∈Λ an sf − open family of covering of  X such that Uα
̅̅̅̅ sf

⊂ Gα  for 

each α ∈ Λ. Therefore {Uα
̅̅̅̅ sf

}
α∈Λ

 is a sf − closed refinement of  {Gα}α∈Λ.  

𝟑 ⟶ 𝟏 

     Let every finite sf − open covering of  X has a sf − closed refinement and let M, N be disjoint sf −

closed sets of  X. The covering {X ∖ M, X ∖ N} of  X has a sf − closed refinement K.Let D be the union 

of the members of  K disjoint from A and let H be the union of the members of  K disjoint from N then 

D, H are sf − closed sets and D ∪ H = X. Then if  V = X ∖ D, W = X ∖ H then V, W are disjoint sf −

open sets M ⊆ V, N ⊆ W. Therefor X is sf ` − normal space. 

Proposition (3.9): 

          Let X is a conduct union topological space, the following claims are thus equivalent: 

1) sf − dimX ≤ n. 

2) For each finite sf − open  covering {A1, A2, … , Ak}  of X  there is an sf − open  covering 

{V1, V2, … , Vk} of order ≤ n such that Vi ⊂ Ai for i = 1,2, … , k. 

3) If {A1, A2, … , An+2}  is an sf − open  covering of  X , there is an sf − open  covering 

{V1, V2, … , Vn+2} such that each Vi ⊂ Ai and ⋂ Vi
n+2
i=1 = ∅. 

 

Proof: 𝟏 ⟶ 𝟐       

 Suppose sf − dimX ≤ n .The.finite sf − open covering {A1, A2, … , Ak}  has an sf − open refinement 

𝒲 of order ≤ n. If W ∈ 𝒲 then W ⊂ Ai for some i. Let each w in 𝒲 be associated with one of the 

sets Ai containing it and let Vi be the union of those members of 𝒲 thus associated with Ai.Then Vi is 

sf − open and Vi ⊂ Ai and each point of X is in some member of 𝒲 and hence in some Vi ,each point 
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x ∈ X is in at most n + 1 members of 𝒲, each of which associated with a unique Ai, and hence x is in 

at most n + 1 members of {Vi}. Thus {Vi} is an sf − open covering of X of order ≤ n.  

𝟐 ⟶ 𝟏 

     Let 𝒜 = {A1, A2, … , Ak}  be a finite sf − open  covering of  X  has sf − open  covering 𝒱 =

{V1, V2, … , Vk} of order ≤ n such that Vi ⊂ Ai  for i = 1,2, … , k. Let 𝒢 = {G1, G2, … , Gk} be sf − open 

covering of X such that Vi = Gi  for each i. Thus 𝒢 be an sf − open refinement of X with order ≤ n. 

Hence  sf − dimX ≤ n.  

𝟐 ⟶ 𝟑 

     Let 𝒜 = {A1, A2, … , An+2}  be an sf − open  covering of X  then 𝒰  has sf − open  covering 𝒱 =

{V1, V2, … , Vn+2} of order ≤ n such that Vi ⊂ Ai. Since order𝒱 is ≤ n then ⋂ Vi
n+2
i=1 = ∅. 

𝟑 ⟶ 𝟐 

     Let X be a space satisfying (3) and let {A1, A2, … , Ak} be a finite sf − open covering of  X.We may 

assume that k > n + 1. Let Gi = Ai if i ≤ n + 1 and let  Gn+2 = ⋃ Ai
k
i=n+2 . Then {G1, G2, … , Gn+2} is 

an sf − open  covering of X  and hence by inference there exists an sf − open  covering 

{H1, H2, … , Hn+2}  such that each Hi ⊂ Gi  and  ⋂ Hi
n+2
i=1 = ∅ . Let Wi = Ai  if n + 1 ≥ iand let Wi =

Ai ∩ Hn+2 if  n + 1 < i. Then         𝒲 = {W1, W2, … , Wn+2} is an sf − open covering of X, each Wi ⊂

Ai and ⋂ Wi
n+2
i=1 = ∅. If there is a subset B of {1,2, … , k} with elements such that ⋂ Wi ≠ ∅i∈B .Let's 

renumber the members of W to give a family 𝒫 = {P1, P2, … , Pk} such that ⋂ Pi
n+2
i=1 ≠ ∅. By applying 

the above construction.to 𝒫 , we obtain .an  sf − open covering 𝒲′ = {W1
′, W2

′ , … , Wk
′} such that each 

Wi
′ ⊂ Pi and ⋂ Wi

′n+2
i=1 = ∅.Clearly if C is a subset of {1,2, … , k} with n + 2 elements where ⋂ Pi =i∈C

∅ and ⋂ Wi
′ = ∅i∈C . Thus by a finite number of repetitions of this process we obtain an sf − open 

covering {V1, V2, … , Vk} of X of order ≤ n such that each Vi ⊂ Ai.  

Theorem (3.10): 

           Let X be an sf ` − normal space. Then the following statements are equivalents: 

1. sf ` − dimX ≤ n. 

2. Every finite sf − open  covering is sf − shrinkable to an  sf − open covering and the order of 

its sf − closure is ≤ n. 

3. Every finite sf − open covering can be reduced to sf −  closed  covering of  order ≤ n. 

4. Every finite sf − open  covering of n + 2  sets can be reduced to a sf −  closed with empty 

intersection. 
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Proof: 𝟏 ⟶ 𝟐 

        Suppose that sf ` − dimX ≤ n and let 𝒰 = {Uλ}λ∈Λ  be a finite sf − open covering of X.Then 𝒰 

has an sf − open  reduction 𝒱 = {Vλ}λ∈Λ  of sf − open  covering of order ≤ n  by 

Theorem(3.5).Since  X is sf ` − normal  space then 𝒱  is sf − shrinkable  to an sf − open  covering 

𝒲 = {Wλ}λ∈Λ hence Wλ ⊆ Wλ
̅̅ ̅̅ N

⊆ Vλ therefore 𝒲 is an sf − open covering of X and sf − shrinks 𝒰. 

Since order𝒱 ≤ n then orderW̅sf ≤ n and ⋂ W̅sfn+2
i=1 ⊂ ⋂ Vi

n+2
i=1 = ∅ hence orderW̅sf ≤ n.  

𝟐 ⟶ 𝟑 

      If U is a finite sf − open covering of X. Then U is sf − shrinkable to an sf − open covering W of 

X such that orderW̅sf ≤ n. Then W̅sf is sf −  closed reduction of  U, orderW̅sf ≤ n.  

𝟑 ⟶ 𝟒 

      Let 𝒰 = {U1, U2, … , Un+2} is afinite sf − open  covering of X .Then 𝒰  has sf −  closed  reduction 

ℱ = {F1, F2, … , Fn+2} of order ≤ n which covers X.Since orderℱ ≤ n then ⋂ Fi
n+2
i=1 = ∅. 

𝟒 ⟶ 𝟏 

     Let 𝒰 = {U1, U2, … , Un+2}is afinite sf − open covering of X also let ℱ = {F1, F2, … , Fn+2} be sf −

 closed reduction 𝒰 with empty intersection, for each i. 

Let Gi = X ∖ Fi then 𝒢 = {G1, G2, … , Gn+2}be sf − open covering of X.Since  X is  sf ` − normal space 

then 𝒢 is sf − shrinkable to sf − open covering {V1, V2, … , Vn+2} hence Vi ⊆ Vi̅і
N ⊆ Gi. Let Wi = Ui ∖

V̅sf ⊂ Ui for some i where 𝒲 = {W1, W2, … , Wn+2} is sf − open reduction of  U which covers X , then 

⋂ Wi

n+2

𝔦=1
= ⋂ (Ui\Vi̅

sf
)

n+2

𝔦=1
= ⋂ (Ui ∩ Vi̅

sf∁

)
n+2

𝔦=1
⊂ ⋂ (Vi̅

sf∁

)
n+2

𝔦=1
⊂ ⋂ (Vi

∁)
n+2

𝔦=1
  ⊂ (⋃ Vi

n+2

𝔦=1
)

∁

= X∁ = ∅ 

Therefore by Theorem (3.6) then  sf − dimX ≤ n. ∎  

Definition(3.11): 

      Let X be a topological space ,then The sf −  local dimension, sf − loc dimX , of a space X has the 

following definition. If X  is empty then  sf − loc dimX = −1 , otherwise sf − loc dimX  is the least 

integer n  where for each point  x  of  X  there exists some sf − open  set U  containing x  where sf −

dimU̅ ≤ n, or if there is no such integer then sf − loc dimX = ∞. 

Theorem(3.12): 

           If(X,𝜏) be a topological  space , thensf − locdimX ≤ sf − dim X 

  Proof: 

 Suppose that sf − dimX ≤ n and x ∈ X  
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hence X sf − open set X containing x, 

then sf − dimX̅ = sf − dimX ≤ n 

Proposition (3.13): 

        Let A be an closed set of a space X, then sf − locdimA ≤ sf − locdimX. 

Proof: 

      Suppose that sf − locdimX ≤ n and let x∈ A,then there exists an sf − open set U of X where x ∈ U 

and sf − dimU̅ ≤ n . Then U ∩ A  is an sf − open  set in A  such that x ∈ U ∩ A  by Proposition 

(2.26).And the closure of  U ∩ A in A is closed set of U̅ ,therefor has sf-dimension ≤ n by Proposition 

(3.3).Then sf − locdimA ≤ n, thus sf − locdimA ≤ sf − locdimX  

Proposition (3.14): 

          Let  Y  be an  open  set of locally indiscrete sf ˶ − regular  space X  then,  sf − locdimY ≤ sf −

locdimX. 

Proof: 

Suppose that sf − locdimX ≤ n and let x∈ Y, then there is an  s f  − open 

set U of X such that x ∈ U and sf − dim U̅ ≤ n. Then U ∩ Y is an sf − open set in Y such that x ∈ U ∩

Y by Propositio (2.26). Since X is an sf ˶ − regular space, then there exists an sf − open set  𝐺 such 

that x ∈ 𝐺 ⊂ G
sf

⊂ U ∩ Y. Then 𝐺  is an sf-open in Y , and 𝐺 ̅  is closure of  𝐺  in Y.Since 𝐺 ̅  is closed 

subset of U̅ , it follows that sf − dim𝐺 ̅ ≤ n by Proposition  (3.3). Hence  sf − locdimY ≤ sf −

locdimX. 

Theorem(3.15): 

        Let(X,𝜏) be a topological  space , then sf − locdimX ≤ n iff every sf-open covering of  X has sf-open 

refinement {Vλ: λ ∈ Λ} such that sf − dim Vλ
̅̅ ̅ 

≤ n . ∀ λ ∈ Λ 

Proof: (→) 

      let sf − locdimX ≤ n and {Uλ: λ ∈ Λ} be sf-open cover of  X . Let x ∈ X , then  

x ∈ Uλ for some λ ∈ Λ, then 

either ∃ Vα sf-open such that  x ∈ Vλ ⊂ Uλ  

hence V λ sf-open set such that x ∈ Vλ ⊂ Uλ and  sf − dim Vλ
̅̅ ̅ 

≤ n  

 therefore the prove is finish . 

Otherwise if  ∃ W λ sf-open set such that  x ∈ W λ and sf − dim Wλ
̅̅ ̅̅  

≤ n 

let Vλ = Uλ ∩ W λ , then x ∈ V𝜆 ⊂ U𝜆 . 
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since V�̅� is closed in W𝜆
̅̅ ̅̅   ,then sf − dim V�̅�

 
≤ n   by Proposition (3.3). 

(←) 

Let 𝑥 ∈ 𝑋 and {U𝜆: λ ∈ Λ} is sf-open covering  of X , then x∈U for some λ ∈ Λ  

Then U has sf-open refinement {Vλ: λ ∈ Λ}  

Hence V𝜆 is sf-open set such that x ∈ V𝜆 some λ ∈ Λ and  sf − dim V̅ ≤ n 

There for sf − locdimX ≤ n 
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