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1.Introduction.

The foundation of dimension theory is the "dimension function," It has the properties of d(X)=d(Y) if X
and Y are homeomorphic and d(R™) = n for every positive integer n. It is a function defined on the class
of topological spaces where d(X) is an integer or co .The dimension functions taking topological spaces to
the set {-1,0,1,...} .[1] studied the dimension functions ind,Ind,dim. Actually dimension functions S —
indX, S — IndX, S — dimX were examined using S-open sets in [10], dimension functionsb —indX,b —
IndX, b — dimX, were researched using b-open sets in [11], and dimension functions f — indX, f —
IndX, f — dimX, were studied using f-open sets in [5], [2] investigated the dimension functions N —
indX,N — IndX,N — dimX utilizing N-open sets. We recall the definitions of dim, loc dim from [1] , and
then use sf—open sets to add the dimension functions sf —dim , sf—locdim .Finally, certain
connections between them are investigated, and some conclusions about these notions are established .

2.Preliminaries
In this section, we recall some of the basic definitions and theorems.
Definition (2.1): [7]
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Let B be subset of a topological space X . If there is an open set D where D =B <D, then B called semi-
open (s-open) set in X
Remark(2.2): [6]

A set U is semi-open (s-open ) set in X iff U € U°, equivalent U = U°, the complement semi-open set
is semi-closed (s-closed) set.

If there is an closed set D where D° € U € D, then U called semi-closed(s-closed) set in X .
Definition (2.3): [3]

Let D subset of a topological space X , define semi-closure (s-closure) of D as an the intersection of

every semi-closed sets contained D in X and define semi-interior (s-interior) of D as an the union of semi

open sub set of X contained D and are denoted by 35, D°srespectfully
Proposition (2.4): [7]
let X be a topological space, if Vis open subset of X and D is s-open set in X, thenD NV is an s-

open setin X.
Proposition (2.5):[12]

If Hiss-openinY where Y is open subset of a topological space X,then H is s-open in X.
Proposition (2.6):[12]

If H is s-open of a topological space X and Y is open subset of X,then H is s-openinY forH € Y.

Proposition (2.7):

If H is s-open set of a topological space X and W is open sub set of X, then H n W is s-open in W
Proof:
By Proposition (2.4) and Proposition (2.6), then H n W is s-open in W
Definition (2.8): [4]
If X be topological space and E — X .Then E is called feebly open (f-open) set in X if there is an

openset 0 like OCEcO .
Remark (2.9): [6]

If D is subset of a topological space X, then D called feebly open set in X iff D € D . Feebly

closed(f-closed)isThe complement of feebly open set where ﬁ c D.
Remark (2.10): [8]

Any open set is f-open set and any closed set is f-closed set
Definition(2.11): [9]
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If B be subset of a topological space X ,then B called semi feebly open (sf —open) set in X ; if for any

semi open set W where BCcW we get §fg W. Semi feebly closed(sf-closed) is the counterpart of sf- open
set that W € B°f where V semi closed set in X.
Remark (2.12): [9]
Any f-closed set and any closed set is sf-open set . however, the opposite is untrue.
Proposition (2.13): [9]

If { A, : « € A} is arbitrary collection of sf —open sets.Then N ep Aq IS sf —0pen set.
Definition (2.14): [9]:

If the union of sf — open sets in topological space X is

also sf — open sets, Then X is said to be satisfy conduct union
Definition (2.15): [9]

If X is a topological space and D ©X.Then sf-closure of D is the intersection of all sf-closed of X

—sf —sf
which Contains D and denoted by D , that means D =n {M: M is sf-closed in X and D € M}.
Definition (2.16): [9]

Let X be a topological space and D < X. Then sf-Interior of D is the union of all sf-open sets of X

contained in D is and denoted by D°sf, that means DS’ = U{E: E is sf — open in X and E € D}.
Theorem (2.17):[12]

—fy  —f
If Y is open subspace of a topological space X,then D =D nYforeachD C Y.
Definition (2.18): [9]

A topological space X is called sf-T,-space if for any x # y in X there is sf-open sets A and B where
XxEA,y¢Aandy € B, x ¢ B.

Proposition (2.19): [9]

Let X be a conduct union topological space, then {x} is sf — closed set V x € Xiff X is sf -T,-space

Definition (2.20):[12]

A topological space X is called sf”-regular space if any x in X and sf — closed subset M where

x ¢ M ,there is disjoint sf-open sets A, B such that x € A,M < B.
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Proposition (2.21):[12]

Let X be a conduct union topological space, then X is sf”-regular space iff V x € X and V sf-open set

—sf
AaxeA,Elsf-opensetVBxEVQVS cA.

Definition (2.22): [9]

A topological space X is called sf -normal space if for every disjoint sf-closed sets G, , G, there exists

disjoint sf-open sets B; , B, such that G; € B;, G, € B,.

Proposition (2.23):[9]

A conduct union topological space X is sf -normal space iff v sf -closed set E € X , and V sf -open set

VinX3Ec V,3sf-opensetUSEcCU cUSf c Vv

Proposition (2.24):

Let Y open sub space of a topological space,then the subset D of Y is sf — open in Y if it is sf — open
in X.

Proof:

Let D is sf-open in X.To show D is sf-open in Y ,by definition D € H when H s —open inY. Then H is
—f —f
s-open in X by proposition ( 2.5). Therefore D < H, to prove D Y cH

—fy —f
D =D nY by theorem (2.17)

—f
€D

C H , therefor D is sf — openinY

Theorem(2.25):

Let Y is open and f-closed subset of a topological space X,then B is sf-open in X.If it is sf —

openinY
Proof:

To show B is sf-open in X, by definition B € H : H iss-open in X .Then HN Y is s-open in'Y by

—f
Proposition (2.7) . Since B is sf-openin'Y and BSHNY,thenB € HNY
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—f
Toprove B € H

—f —f
B=BNnY (since B is sf-open in Y)
—f —
CBNY
—f
=B NnY (‘since Y is f-closed )
_fy

= by theorem (2.17)

Therefor B is sf-open in X..

Proposition (2.26):

Let Y is open and f-closed subset of a topological space X,then D N'Y is sf-open in Y for any sf-open
set D of X

Proof:

Since Y is f-closed in X, then Y is sf — open in X, then D N Y is sf-open in X. Since DNY <€ Y, then
D NYissf—openinY by proposition (2.24)
Theorem (2.27):

Let Y is open and f-closed subset of a topological space X.then W is sf-open in Y iff 3 V sf-open in X
SW=VnY.

Proof:

Let W is a sf-open in Y. Then W is sf-open in X by proposition (2.25).PutW =V, we have W =
wnY=VvVny.

Conversely :

Let V be sf-open in X, then by proposition(2.26) VN Yissf—openinY.
therefor W is sf-openin Y.
Definition(2.28)[1]:




14 Ghazwan Farhan, Journal of Al-Qadisiyah for Computer Science and Mathematics 2022, pp Math. 19-32

Let I be a family of subsets of a set X, we define an order of the family 7 as the greatest integer
n where the family A have n+1 sets with a non-empty intersection ;we say the family H has order oo
if there is no such integer. ord H denotes the order of a family 7.
Definition(2.29)[1]:

Let {G, }qen be a cover of a set X then {VY}YEF is said to be a refinement of {G, },e, if it is a cover

of X'and forany y € T there is « € A such that V,, € G,
Definition(2.30)[1]:
A reduction of the family {A; }5ea is any family {B; },eca such that B, < A, for each A € A such

that the union is the same. Then every reduction which covers X is a refinement
Definition (2.31) )[1]:

Let {B,}4ca be a family of subsets of space X ,then{B,}.ca is called point finite if for any x € X

the set { a € A: x € B, } is finite .
3.The Main Results

Definition(3.1):

Let X be a topological space ,The sf —covering dimension ,sf — dimX, of X is the least integer n
where each finite sf-open covering of X has an sf — open refinement of order < n or is o if no such
integer exists .Thus sf — dimX = —1 if and only if X is empty,and sf — dimX < n if each finite sf-open
covering of X has sf— open refinement of order < n. We have sf — dimX = n if it is true that sf —
dimX < n but sf — dimX < n — 1 is not true . Finally sf — dimX = oo if for every integer n it is false
that sf — dimX < n.

Theorem (3.2):

Let X be a topological space with sf — dimX = 0. Then X is sf’ — normal space.

Proof:

Let E; and E, be sf — closed sets of X with E; N E, = @. Then E= {X\ E; , X\ E,} is an sf —
open covering of X, since sf — dimX = 0, then there is U ={U; , U,} sf — open refinement of E which
is covers X with order 0, hence U; nU, = @ and X=U; U U,,then U;,U, are sf-open andsf —
closed sets,and U; € X\ E; and U, c X\ E,.Thus
E, cU,“=U,,E, € U," =U;and U; N U, = @ ,then X is sf — normal space.

Theorem (3.3):

If X is a topological space and B is a clopn subset of X, then sf — dimB < sf — dimX.

Proof:
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Let sf — dimX < n, to prove sf — dimB < n. Let {U;, Uy, ..., Uy} be an finite sf — open covering of
B, Then for any i,there is G; is sf — open set in X such that U; = BNG; by theorem(2.27).The finite sf —
open covering {Gq, Gy, ...,Gy, X\ B} of X has an sf— open refinement W of order <n. Let K=
{WnB:W e W} where WN B is an sf — open in B by proposition (2.26).There for K is an sf — open

refinement of {U;, U,, ..., Uy} of order < n. There for sf —dimB < n.m

Proposition(3.4):

If X is sf — T;-space and sf — dimX =0, then X is sf” — regular space .

Proof:

Let x € X and F sf — closed set of X with x & F.Then x € F¢, where F€ is sf — open set in X
.Since X is sf — T; -space then {x} is sf — closed by Proposition (2.19).Therefore {X-{x}, F¢} be finite
sf — open covering of X .Since sf —dimX =0 ,then {X-{x}, F¢} has sf — open refinement{V,W}
which is cover of X with order zero. Then V € X-{x} , WS F¢then xe WCS F¢and FS W® =V,
Therefore there is V,W sf-open set where F €V and x € W with VAW =@ .Thus X is sf” —
regular space

Proposition (3.5):

Let X be a conduct union topological space, then sf — dimX < n iff each finite sf — open cover
of X can be reduced to an sf — open cover of order < n.

Proof:

If G = {G;\i}?=1 is finite sf— open covering ofX,since sf —dimX < n then G has sf— open
refinement W = {W,}qea Of order < n. If W, € W then there exists G,, € G such that W, c G, .Let
Vi, = Ugea Wy €Gy,, then V = {Vhi};is sf — open reduction of G which is the X cover and it is

order <n.

Conversely

Let G = {G;\i}in=1 be a finite sf— open covering of X then there exists a reduction W =
{W, }rea Which is sf — open covering of X. W is thus a refinement of G that is open of order < n.
Hence sf — dimX < n.

Theorem (3.6):

Let X be a conduct union topological space, then sf — dimX < n if, and only if, every sf — open

cover of X with n + 2 sets, has an sf — open reduction of n + 2 sets with empty intersection.
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Proof:

Suppose that sf —dimX < n ,then every finite sf — open covering of X has sf — open reduction
of order < n by Theorem (3.5).In particular if the number of elements of the cover is n+2 then the
number of its reduction is also n+2 with order < n that is the intersection is not empty for at most n+1
elements . Hence the intersection of all n+2 elements is empty
Conversely

Let G = {G4, Gy, ..., Gy} be a finite sf — open covering of X, suppose that the order of G > n,
then there exists Gy, Gy, ..., Goyo € G such that N2 G; # @ .Suppose that G* = Gyip U ... U Gy then
{G1, Gy, ..., Gh41,G"} is sf — open covering of X with n + 2 sets , which it has an sf — open reduction
{Vi, Vs, ..., Ve, V'3 with empty intersection. Then { Vi, Vy, ..., Vi1, VN Gpyg, o, VN Gy} s sf—
open reduction of G which cover X the non-empty intersection of the first n + 1 sets may not be
empty. But the intersection of all sets of the reduction is empty. Let x € X where x ¢ V,,i =
1,2,3,...n + 1 then x € V*, therefore x € G; for some i = 1,2, ...,k hence x € V*NG; for somei =n +
2, ..., k. By repeating the procedure finite we will get a reduction of G such that the intersection for
each n + 2 set is empty thus the order of reduction is < n ,hence sf —dimX < n. m
Definition (3.7):

Let {A, }oea be an sf — open cover of X, {A; },ea is called sf — shrinkable if and only if there is

an sf—open covering {B,}yea Where B, S B_;\Sf C A, foreachA € A. In this case we say that
{By}rea sf — shrinks {A; }ea, denoted by B <« A.
Theorem (3.8):

If X is an conduct union topological space ,the following claims are thus equivalent:

1) Xisansf — normal space.
2) every point-finite sf — open covering of X is sf — shrinkable .
3) every finite sf — open covering of X has sf — closed refinement.
Proof:1 - 2
Suppose that {G,}.ca be a point-finite sf — open covering of sf — normal space X and let A be

well-ordered.We shall construct an sf — shrinkable of {G,},ca by introduction of the transfinite. Let p
be an element of A and let for any a < p there are an sf — open set U, where U_an c G, and for each
Y < K, Uaey Up U Ugsy G = X.Let x be a point of X.Then since {G,}qeais a point finite there is a

largest element X, say, of A where x € Gy .If X = p therefor x € Ugs,, Gy ,whilst if T < pthenx €
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Uasz Ux © U<y Uq . Hence Ugey Ug U Ugs, G =X . Thus G, contains the complement of

Ua<p Ua U Ugsy Gg.Since X is sf' — normal space,there exist an sf — open set U, where:

X\ UUAuUGa cU,cT. cG,

a<p azp

Thus U_qu c Gy and Ug<y Up U Ugsy G = X.The construction of a sf-shrinking of {Gg}uea is
completed by introduction of the transfinite.
2—3

Let {G, }4en be a finite sf — open covering of X then {G,}.ca IS @ point- finite sf — open covering
of X. Therefore there exists {U,}q4ea @n sf — open family of covering of X such that U_(ff c G, for

each a € A. Therefore {U_an} A is a sf — closed refinement of {G}qea.

ae

3—1

Let every finite sf — open covering of X has a sf — closed refinement and let M, N be disjoint sf —
closed sets of X. The covering {X \ M, X \ N} of X has a sf — closed refinement K.Let D be the union
of the members of K disjoint from A and let H be the union of the members of K disjoint from N then
D, H are sf — closed sets and D UH = X. Then if V=X\D,W =X\ H then V,W are disjoint sf —
open sets M € V,N € W. Therefor X is sf — normal space.

Proposition (3.9):

Let X is a conduct union topological space, the following claims are thus equivalent:
1) sf—dimX < n.
2) For each finite sf —open covering {A,,A,,...,Ax} of X there is an sf— open covering
{Vi,V,, ..., Vi } of order < n such that V; c A, fori = 1,2, ..., k.
3) If {A, A, ...,A 42} is an sf—open covering of X, there is an sf— open covering
{V1,Vy, ..., Vo4 2} such that each V; c A; and N2V, = 0.

Proof: 1 — 2

Suppose sf — dimX < n .The finite sf — open covering {A;, A,, ..., Ay} has an sf — open refinement
W of order < n. If W € W then W c A; for some i. Let each w in W be associated with one of the
sets A; containing it and let V; be the union of those members of W thus associated with A;. Then V; is

sf — open and V; c A; and each point of X is in some member of W and hence in some V; ,each point
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x € Xis in at most n + 1 members of W, each of which associated with a unique A;, and hence x is in
at most n + 1 members of {V;}. Thus {V;} is an sf — open covering of X of order < n.
2—-1

Let A ={A;, A, ...,Ax} be a finite sf—open covering of X has sf—open covering V =
{Vi, Vs, ..., Vi } of order < n such that V; c A; fori=1,2,...,k Let G = {Gy, Gy, ..., G} be sf — open
covering of X such that V; = G; for each i. Thus G be an sf — open refinement of X with order < n.
Hence sf— dimX < n.
2—3

Let A ={A; A, ...,A .} be an sf — open covering of X then U has sf — open covering V =
{V,V,, ..., V4, of order < n such that V; c A;. Since orderV is < n then N2V, = 9.
3—2

Let X be a space satisfying (3) and let {A,, A,, ..., Ax} be a finite sf — open covering of X.We may
assume thatk >n+ 1. Let G; = A; ifi < n+1and let Gy, = UX ., A;. Then {G;, Gy, ..., Gpyp} is
an sf—open covering of X and hence by inference there exists an sf— open covering
{H,,H,, ...,Hp,,} such that each H; ¢ G; and NMX2H; = @. Let Wy = A; if n+1 >iand let W, =
AiNnH,, if n+1<i. Then W = {W,;,W,,...,W,,,}is an sf — open covering of X, each W, c
A; and N2 W, = @. If there is a subset B of {1,2, ...,k} with elements such that N;cg W; # @.Let's
renumber the members of W to give a family P = {P,,P,, ..., P} such that N\"*2 P, # @. By applying
the above construction to P, we obtain an sf — open covering W' = {W,, W;, ..., Wy} such that each
W/ c P and N2H2 W, = @.Clearly if Cis a subset of {1,2, ..., k} with n + 2 elements where Nicc P, =
@ and Nijec Wy = @. Thus by a finite number of repetitions of this process we obtain an sf — open
covering {V;,V,, ..., Vi } of X of order < n such that each V; c A;.
Theorem (3.10):

Let X be an sf — normal space. Then the following statements are equivalents:

1. sf —dimX < n.

2. Every finite sf — open covering is sf — shrinkable to an sf — open covering and the order of
its sf — closure is < n.

3. Every finite sf — open covering can be reduced to sf — closed covering of order < n.

4. Every finite sf — open covering of n + 2 sets can be reduced to a sf — closed with empty

intersection.
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Proof: 1 — 2
Suppose that sf — dimX < n and let U = {U,},ea be a finite sf — open covering of X.Then U
has an sf—open reduction V ={V,}hen Of sf—open covering of order<n by

Theorem(3.5).Since X is sf — normal space then V is sf — shrinkable to an sf— open covering

W = {W, }hep hence Wy € W;f“ c V, therefore W is an sf — open covering of X and sf — shrinks U.
Since orderV < n then orderWsf < n and N2 WSt ¢ N2V, = @ hence orderWs! < n.
2—3

If U is a finite sf — open covering of X. Then U is sf — shrinkable to an sf — open covering W of
X such that orderWsf < n. Then W5t is sf — closed reduction of U, orderWsf < n.
3—4

Let U = {U,,U,,...,U,,,}is afinite sf — open covering of X.Then U has sf — closed reduction
F = {F,,F,, ..., Fp42} of order < n which covers X.Since orderF < n then N2 F; = 0.
4 -1

Let U = {U,,U,, ..., U, }is afinite sf — open covering of X also let F = {F,,F,,...,F,;,} be sf —
closed reduction U with empty intersection, for each i.
Let G; = X \ F; then G = {Gy, G, ..., G4 }be sf — open covering of X.Since X is sf — normal space
then G is sf — shrinkable to sf — open covering {Vy,V,, ..., V42 hence V; € ViN € G;. LetW; = U; \

Vst c U; for some i where W = {W,,W,, ..., W,,;.,} is sf — open reduction of U which covers X, then

n+2 n+2 n+2 n+2 n+2 n+2 €
ﬂi:l W, = ﬂi:l (uAT™) = ﬂi:l (Un7™) ﬂi:l WE ﬂi:l (VO < (Um vi)
=XC=0
Therefore by Theorem (3.6) then sf — dimX < n. m
Definition(3.11):
Let X be a topological space ,then The sf — local dimension, sf — loc dimX, of a space X has the

following definition. If X is empty then sf —loc dimX = —1, otherwise sf —loc dimX is the least
integer n where for each point x of X there exists some sf — open set U containing x where sf —
dimU < n, or if there is no such integer then sf — loc dimX = oo.
Theorem(3.12):

If(X,7) be a topological space , thensf — locdimX < sf — dim X

Proof:

Suppose that sf — dimX < nand x € X
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hence X sf — open set X containing x,
then sf — dimX = sf — dimX < n

Proposition (3.13):

Let A be an closed set of a space X, then sf — locdimA < sf — locdimX.
Proof:

Suppose that sf — locdimX < n and let x€ A then there exists an sf — open set U of X where x € U
and sf—dimU <n. Then UNA is an sf—open set in A such that x € Un A by Proposition
(2.26).And the closure of UN A in A is closed set of U ,therefor has sf-dimension < n by Proposition
(3.3).Then sf —locdimA < n, thus sf — locdimA < sf — locdimX
Proposition (3.14):

Let Y be an open set of locally indiscrete sf” — regular space X then, sf —locdimY < sf —
locdimX.
Proof:
Suppose that sf — locdimX < n and let x€ Y, then there isan sf — open
set U of X such that x € Uand sf —dim U < n. Then UN Y is an sf — open set in Y such thatx € U N

Y by Propositio (2.26). Since X is an sf” — regular space, then there exists an sf — open set G such

thatx € G G c UNY. Then G isan sf-openinY,and G is closure of G inY.Since G is closed
subset of U , it follows that sf—dimG < nby Proposition (3.3). Hence sf—locdimY < sf—
locdimX.

Theorem(3.15):

Let(X,7) be a topological space, then sf —locdimX < n iff every sf-open covering of X has sf-open
refinement {V,: A € A} such that sf —dimV, <n.VA€A

Proof: (=)
let sf — locdimX < n and {U;,:A € A} be sf-open cover of X . Letx € X, then
X € U, for some A € A, then
either 3 V,, sf-open such that x € V, c Uy
hence V 1 sf-open set such that x e V;, < U; and sf—dimV, <n
therefore the prove is finish .
Otherwise if 3 W » sf-open set such that x € Waand sf —dimW, <n

letV, = U, NnWa,thenx eV, c U;.
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since V, is closed in W, ,then sf —dim V; < n by Proposition (3.3).

(<)

Let x € X and {U;: A € A} is sf-open covering of X, then xeU for some A € A
Then U has sf-open refinement {V,: A € A}

Hence Vj is sf-open set such that x € V; some A € Aand sf—dimV <n

There for sf — locdimX < n
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