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A B S T R A C T 

             In this paper, we introduce a new transformation , namely , -g-transformation  and 
denote it as Dgα. This transformation consider as generalized to double g-transformation. We 
defined it as the following form : 

Dgα(f(x, t) = p1(s)p2(s) ∫ ∫ Eα(−(q1(s)x)α. Eα(−(q2(s)t)α))f(x, t)(dx)α(dt)α
∞

0

∞

0

 

 

MSC..44-XX 
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1. Introduction: 

The integral transformations are one of import methods for solving many of 

problems. Such that we can convert ordinary differential equation to algebraic equation 

and then we back by inverse of this integral transformation, but the case partial differential 

equations we use the integral transformation to convert partial differential equations to 

ordinary differential equations. By using double integral transformation we can convert  

partial differential equations to algebraic equations , thus the double integral 

transformation is has import applications. This transformation is distinguished by the 

generalities of the most known integral transformations and the possibility of finding new 
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integral transformations from it, which helps in solving differential equations with 

variable coefficients and in different orders. 

The kerenal of any transformation is considered import part because by the kerenel we 

can distinguish type of this transformation. In [4] , H.Jaferi present  general integral 

transformation and he called it g-transformation also he studied properties of g-

transformation  and its applications in differential equations. mitttag-leffler  function is 

import function . In this work we introduce a generalized double gtransformation by using 

mitttag-leffler  function as a substitute for exponential fuction in g-transformation . Also 

we present many theorem and examples related with topic of paper.  

 

2. Double 𝛂-g-transformation 

 2.1 Definition [4]: 

g-transformation g(f(x))   for a piecewise function f(x)  where  x ∈ [  0 , ∞  [  and 

|f(x)| ≤ Mekx     is defined  by the  following  integral  

g(f(x)) = p(s) ∫ e−q(s)x  f(x)dx   
∞

0

, p(s)

≠ 0                                                                                               (1)    

such that the integral is convergent for some q(s), s is positive constant, and 

‖g(f(x))‖ ≤
p(s)M

k − q(s)
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2.2 Definition [7]: 

We say that r-gamma function and denote it as Γr  and it is defined as: 

Γα(n) =
1

Γ(α + 1)
∫ x(n−1)αEα(x)α (dx)α   , Re(n) > 0, r

∞

0

> 1                                                                      (2) 

We note that if α =1 we get the classical gamma function    Γ(n) 

Γ(n) = ∫ xn−1e−x  dx   , Re(n) > 0
∞

0
  

2.3 Definition: 

Let f(x,y) be a function such that x ,y >0 we define a fractional Double α-g-

transformation which it is denoted as Dgα and it is defined as following:  

Dgα(f(x, t) = p1(s)p2(s) ∫ ∫ Eα(−(q1(s)x + q2(s)t)α))f(x, t)(dx)α(dt)α∞

0

∞

0
    (3) 

Where 𝐸𝛼(𝑧)  is mittag-liffler function Eα(Z) = ∑
zk

Γ(αk+1)

∞
k=0  where p1(s) , p2(s) >

0      q1 , q2 > 0 

 

2.4 Remark : 

  By properties of Mittag-leffler function then we can Define the fractional  

double g-transformation of order 𝛼 

Dgα(f(x, t) = p1(s)p2(s) ∫ ∫ Eα(−(q1(s)x)α. Eα(−(q2(s)t)α))f(x, t)(dx)α(dt)α∞

0

∞

0
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2.5 Proposition: 

 If  f1(x, t)  and f2(x, t) are a functions of the vairables x , t then 

Dgα(a1f1(x, t) + a2f2(x, t)) = a1α − Dg(f1(x, t) + a2α − Dg(f2(x, t)) 

Proof:  

 the proof is performed  from  Definition    (2.3) 

 

2.6 Example: 

1)Dgα(1) = [p1 ∫ Eα(−q1x)α(1)(dx)α∞

0
] [p2 ∫ Eα(−q2x)α∞

0
(dt)α] 

=
p1

q1
α Γα(1)Γ(α + 1).

p2

q2
α Γα(1)Γ(α + 1) 

p1p2

q1
αq2

α Γα
2(1)Γ2(α + 1) 

 

2) Dgα(xn) = p1p2 ∫ ∫ Eα(−q1x)α∞

0

∞

0
Eα(−q1x)α(xn)(dx)α(dt)α 

Dgα(xn) = [p1 ∫ Eα(−q1x)α(xn)(dx)α
∞

0

] [p2 ∫ Eα(−q2x)α
∞

0

(dt)α] 

p1

q1
α(n+1)

Γα (
n

α
+ 1) Γ(α + 1)  .

p2

q2
α Γ(1)Γ(α + 1)  .   

p1p2

q1
α(n+1)

q2
α

Γα(
n

α
+ 1)Γα(1)Γ2(α + 1) 

 

3) Dgα(xntm) = p1p2 ∫ ∫ Eα(−q1x)α∞

0

∞

0
Eα(−q1x)α(xntm)(dx)α(dt)α 

Dgα(xntm) = [p1 ∫ Eα(−q1x)α(xn)(dx)α
∞

0

] [p2 ∫ Eα(−q2x)α (tm)
∞

0

(dt)α] 
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p1

q1
α(n+1)

Γα (
n

α
+ 1) Γ(α + 1)  .

p2

q2
α(m+1)

Γ (
m

α
+ 1) Γ(α + 1)  .  

p1p2

q1
α(n+1)

q2
α(m+1)

Γα(
n

α
+ 1)Γα(

m

α
+ 1)Γ2(α + 1)  

 

2.7 Proposition:  

 Dgα(f(ax, bt)) =
p1p2

aαbα
Fα (

q1

a
,

q2

b
)     where a, b are constants 

Proof:     

Dgα(f(ax, bt)) = p1p2 ∫ ∫ Eα(−(q1(s)x + q2(s)tα))f(ax, bt)(dx)α(dt)α∞

0

∞

0
  

let  u=ax    ,    v=bt 

Dgαf(ax + bt) =
p1p2

aαbα
∫ ∫ Eα (− (

q1u

a
+

q2v

b
)

α

) f(u, v)(du)α(dv)α
∞

0

∞

0

 

=
p1p2

aαbα
Fα (

q1

a
,
q2

b
) 

2.8 Proposition: 

 Dgα(Eα(−(ax + bt)α)f(x, t)) = p1p2Fα(q1 + a, q2 + b) 

Proof: 

 Dgα(Eα(−(ax + bt)α)f(x, t)) = p1p2 ∫ ∫ Eα(−(ax + bt)αEα(−(q1x +
∞

0

∞

0

q2t)αf(x, t)(dx)α(dt)α 

  By using the equality            Eα(k(x + t)α) = Eα(kxα)Eα(ktα) 

  Then we have 
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 Dgα(Eα(−(ax + bt)α)f(x, t) = p1p2 ∫ ∫ Eα(−(a + q1)x + (b +
∞

0

∞

0

q2)t)αf(x, t)(dx)α(dt)α 

  Therefor   Dgα(Eα(−(ax + bt)αf(x, t) = p1p2Fα(q1 + a, q2 + b) 

  2.9 Proposition:  

  Dgα(xαtαf(x, t)) =
p1p2 ∂2α

∂𝑞2
𝛼𝜕𝑞1

𝛼 Dgα(f(x, t)          

 Proof :    

Dgα(xαtαf(x, t) = p1(s)p2(s) ∫ ∫ xαEα(−(𝑞1x)αtαEα(−(𝑞2t)α))f(x, t)(dx)α(dt)α∞

0

∞

0
  

 By using the equality    Ds
α(Eα(−sxα)) = −xαEα(−sxα) 

 Thus  Dgα(xαtαf(x, t)) =

p1p2 ∫ ∫
∂α

∂q1
α Eα(−q1x)α ∂α

∂q2
α Eα(−(q2t)αf(x, t)(dx)α(dt)α∞

0

∞

0
 

          = p1p2 ∫ ∫
∂2α

∂q1
αq2

α Eα(−q1x)αEα(−(q2t)αf(x, t)(dx)α(dt)α∞

0

∞

0
 

=
p1p2 ∂2α

∂𝑞1
𝛼𝑞2

𝛼  Dgα(f(x, t)) 

2.10 Definition [3]: 

 Let f , h be a function such that x , t >0 we can define  the fractional double convolution 

is defined as following: 

(f(x, t) ∗∗α h(x, t)) = ∫ ∫ f(x − θ, t − τ)h(τ, θ)(dτ)α(dθ)α
α

0

α

0
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2.11 Theorem:  

 let f , h  be a function with Dgα transformation f and h are known  

Then : Dgα (𝑓(x, t) ∗∗α h(x, t) = Dgα(f(x, t) Dgα(h(x, t)) 

Proof   

Dgα(f ∗∗α g)(x, t) = p1p2 ∫ ∫ Eα((q1t)αEα(−((q2x)α(f ∗∗α h)(x, t)(dx)α∞

0

∞

0
 (dt)α  =

p1p2 ∫ ∫ Eα(−(q1t)αEα(−((q2x)α)[∫ ∫ f(x − θ,
∞

0

∞

0
t −

∞

0

∞

0

τ)h(τ, θ)(dτ)α(dθ)α](dx)α (dt)α 

let   𝑢 = 𝑡 − 𝜏    , 𝑣 = 𝑥 − 𝜃      𝑎 𝑛𝑑 𝑡𝑎𝑘𝑖𝑛𝑔 𝑡ℎ𝑒 𝑙𝑖𝑚𝑖𝑡 𝑓𝑟𝑜𝑚 0 𝑡𝑜 = ∞,  

= p1p2 ∫ ∫ Eα(−q1
α(u + τ)α)Eα(−q2

α(v
∞

0

∞

0

+ θ)α) ∫ ∫ f(u, v)h(τ, θ)(dτ)α(dθ)α(du)α(dv)α
∞

0

∞

0

 

= p1p2 ∫ ∫ Eα(−q1
αuα)Eα(−q2

αvα)f(u, v)(du)α(dv)α ∫ ∫ Eα(−q1
ατα)Eα(−q2

αθα)h(τ, θ)(dτ)α(dθ)α
∞

0

∞

0

∞

0

∞

0

 

=
1

p1p2
Dgα(f(x, t)) Dgα(h(x, t)) 

 

2.12 Definition: 

Two variables delta function 𝛿𝛼(𝑥 − 𝑎, 𝑡 − 𝑏) of fractional order 𝛼      0 < 𝑎 ≤ 1  we 

can defined  

∫ ∫ f(x, t)δα(x − a, t − b)(dx)α(dt)α = α2f(a, b)
RR
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2.13 Example :  

We take the delta function δα(x − a, y − b) 

𝐷𝑔𝛼{(x − a, y − b)} = ∫ ∫ 𝐸𝛼(−(𝑞1𝑥 + 𝑞2𝑦)𝛼
∞

0

∞

0

δα(x − a, y − b)(dx)α(dy)α 

= 𝛼2𝐸𝛼(−(𝑞1𝑥 + 𝑞2𝑦)𝛼) 
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