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A B S T R A C T 

In this work we present an integral transform, namely g-g-transform and defined as : 

𝐠(𝐟(𝐱)) = 𝐩(𝐬)𝐦 ∫ 𝐟(𝐱)𝐞−𝐪(𝐬)𝐧𝐱 𝐝𝐱

∞

𝟎

   , 𝐩(𝐬) ≠ 𝟎  , 𝐪(𝐬) > 𝟎 𝒐𝒓 𝒏 𝒆𝒗𝒆𝒏 𝒑𝒐𝒔𝒊𝒕𝒊𝒗𝒆 𝒊𝒏𝒕𝒆𝒈𝒓𝒆𝒓 

This transformation consider generalized for g-transformation which defined as : 

g(𝒇(𝒙)) = 𝒑(𝒔) ∫ 𝒆−𝒒(𝒔)𝒙  𝒇(𝒙)𝒅𝒙   
∞

𝟎

, 𝒑(𝒔) ≠ 𝟎  , 𝒒(𝒔) > 𝟎 

We study differential and integration of this transformation. Also we find the inverse of 
this transformation by using g-g-transformati of integration . we use differential of g-g-
transormation for finding g-g-transformation of some function of the form  𝒙𝒌𝒇(𝒙). 

MSC..44-XX 

https://doi.org/10.29304/jqcm.2022.14.3.994 

1. Introduction: 

The method of integral transformations is widely used in the classical sections of 

mathematical physics, in the theory of differential equations, integral equations, in the 

theory automatic regulation and control, in the theory of queuing and other areas,[4],[11].  

There are various types of such transformations: the Fourier transform, Laplace, Hankel, 

Meyer, Kontorovich-Lebedev series others. We confine ourselves to considering the 

integral Laplace transforms, [6],[8],[10] . 
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The most important property of the integral transform is that the operations 

differentiation in the space of the originals corresponds to the operation of image 

multiplication to the operational variable s. This property allows us to replace the solution 

of differential equations to solve algebraic ones, which is much simpler. 

In [9], H.Jafari introduce a new integral transformation as generalized for many integral 

transformation like Laplace transformation, Fourier transformation and others. He define 

it as the following: 

g(𝑓(𝑥)) = 𝑝(𝑠) ∫ 𝑒−𝑞(𝑠)𝑥  𝑓(𝑥)𝑑𝑥   
∞

0

, 𝑝(𝑠) ≠ 0  , 𝑞(𝑠) > 0 

in this work we generalize g-transformation by introducing a g-g-transformation and we 

define as: 

g(f(x)) = p(s)m ∫ f(x)e−q(s)nx dx

∞

0

   , p(s) ≠ 0  , q(s) > 0 𝑜𝑟 𝑛 𝑒𝑣𝑒𝑛 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑖𝑛𝑡𝑒𝑔𝑟𝑒𝑟 

2. g-g-trans formation : 

2.1 Definition: 

g-g-transform for a function f(x) where x ∈ [0. ∞] is defined as: 

𝑔(𝑓(𝑥)) = 𝑝(𝑠)𝑚 ∫ 𝑓(𝑥)𝑒−𝑞(𝑠)𝑛𝑥  𝑑𝑥

∞

0

   , 𝑝(𝑠) ≠ 0  , 𝑞(𝑠) > 0 𝑜𝑟 𝑛 𝑒𝑣𝑒𝑛 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑖𝑛𝑡𝑒𝑔𝑟𝑒𝑟 

2.2 Examples:  

 𝑔 − 𝑔(1) = (𝑝(𝑠))𝑚 ∫ 𝑒−(𝑞(𝑠))𝑛𝑥∞

0
𝑑𝑥 =

(p(s))
m

−(q(s))
n e−(q(s))

n

x =
(p(s))m

(q(s))n  

2.3 Examples:     

  𝑔 − 𝑔(𝑒𝑎𝑥) = (𝑝(𝑠))
𝑚

∫ 𝑒−(𝑞(𝑠))
𝑛

𝑥

∞

0

𝑒𝑎𝑥𝑑𝑥 
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= (𝑝(𝑠))
𝑚

∫ 𝑒−(𝑞(𝑠)𝑛−𝑎)𝑥

∞

0

𝑑𝑥 

=
(𝑝(𝑠))

𝑚

−(𝑞(𝑠)𝑛 − 𝑎
𝑒−(𝑞(𝑠)𝑛−𝑎)𝑥]

0

∞

=
(𝑝(𝑠))

𝑚

(𝑞(𝑠)𝑛 − 𝑎)
 

2.4 Example:  

  𝑔 − 𝑔(𝑥) = (𝑝(𝑠))
𝑚

∫ 𝑒−(𝑞(𝑠))𝑛𝑥∞

0
𝑥𝑑𝑥 

=(𝑝(𝑠))𝑚 [
1

(𝑞(𝑠))𝑛 𝑥𝑒−(𝑞(𝑠))𝑛𝑥 −
1

(𝑞(𝑠))2𝑛 𝑒−(𝑞(𝑠))𝑛𝑥]
0

∞
=

𝑝(𝑠)𝑚

(𝑞(𝑠))2𝑛 

2.5 The following table explain g-g-transformation for some selected functions 

NO 

Function 

f(x) 

𝐠 − 𝐠(𝐟(𝐱)) Condition 

1 𝐱𝐤 
(𝐩(𝐬))𝐦𝐤!

(𝐪(𝐬))(𝐤+𝟏)𝐦
 Re(q(s)) > 0 

2 𝐬𝐢𝐧𝐚𝐱 
𝐚(𝐩(𝐬))𝐦

(𝐪(𝐬))𝟐𝐧 + 𝐚𝟐
 Re(q(s)) > 0 

3 𝐜𝐨𝐬𝐚𝐱 
(𝐩(𝐬))𝐦(𝐪(𝐬))𝐧

(𝐪(𝐬))𝟐𝐧 + 𝐚𝟐
 Re(q(s)) > 0 

4 𝐬𝐢𝐧𝐡𝐚𝐱 
(𝐩(𝐬))𝐦𝐚

(𝐪(𝐬))𝟐𝐧 − 𝐚𝟐
 |𝐑𝐞(𝐪(𝐬))| > √𝐚𝐧

 

3.  g-g-transform of Differentiation  

3.1 Theorem:  

 Let  𝑓   be a continuous function on [ 0 , ∞ [   and  g − g(𝑓(𝑥))  = 𝑔 − 𝑔(𝑠) , q(s)=s , n=1    , where s  is 

a positive constant then  

𝑑𝑘

𝑑𝑠𝑘
 g − g(𝑓(𝑥)) =

(−1)𝑘

(𝑝(𝑠))
𝑚  ∑ 𝐶𝑖

𝑘(−1)𝑖(𝑝(𝑠))(𝑖)  g − g (𝑥𝑘−𝑖 𝑓(𝑥)) 

𝑘

𝑖=0
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where Ci
k          is combonation of k, i 

Proof: 

g − g(𝑓(𝑥)) = (𝑝(𝑠))
𝑚

∫ 𝑒−(𝑞(𝑠))
𝑛

𝑥𝑓(𝑥)𝑑𝑥
∞

0   
 ,𝐺(𝑓(𝑥))|𝑞(𝑠)=𝑠  = (𝑝(𝑠))

𝑚
∫ 𝑒−𝑠𝑥𝑓(𝑥)𝑑𝑥

∞

0   
  

  Then by using (Leibniz formula) we get: 

         
𝑑𝑘

𝑑𝑠𝑘  g − g(𝑓(𝑥))         =      ∑ 𝐶𝑖
𝑘((𝑝(𝑠))

𝑚
)

(𝑖)
 ( ∫ 𝑒−𝑠𝑥   𝑓(𝑥)𝑑𝑥

∞

0
 )

(𝑘−𝑖)𝑘
𝑖=0    

𝑁𝑜𝑤 𝑤𝑒  𝑛𝑜𝑡𝑒: 

( ∫ 𝑒−𝑠𝑥 𝑓(𝑥)𝑑𝑥
∞

0

 )

(𝑘−𝑖)

 = (−1)𝑘−𝑖  ∫ 𝑥𝑘−𝑖 𝑒−𝑠𝑥 𝑓(𝑥) 𝑑𝑥
∞

0

   

                                      =  
(−1)𝑘−𝑖

(𝑝(𝑠))
𝑚  𝑔 − 𝑔 ( 𝑥𝑘−𝑖 𝑓(𝑥))  

Thus,   
𝑑𝑘

𝑑𝑠𝑘
 𝑔 − 𝑔(𝑓(𝑥))  =  ∑ 𝐶𝑖

𝑘((𝑝(𝑠))
𝑚

)
(𝑖) (−1)𝑘−𝑖

(𝑝(𝑠))
𝑚   𝑔 − 𝑔 ( 𝑥𝑘−𝑖𝑓(𝑥))

𝑘

𝑖=0

  

𝑑𝑘

𝑑𝑠𝑘
 𝑔 − 𝑔(𝑓(𝑥)) =

(−1)𝑘

(𝑝(𝑠))
𝑚  ∑ 𝐶𝑖

𝑘(−1)𝑖(𝑝(𝑠))(𝑖)  𝑔 − 𝑔 (𝑥𝑘−𝑖 𝑓(𝑥)) 

𝑘

𝑖=0

   

3.2 Example:  

 Find  𝑔 − 𝑔( 𝑥𝑒𝑥) , 𝑠𝑢𝑐ℎ  𝑡ℎ𝑎𝑡 𝑝(𝑠) = 𝑠2 , 𝑚 = 𝑛 = 1, 𝑞(𝑠) = 𝑠    , 𝑓(𝑥) = 𝑒𝑥    

 We note that     𝑘 = 1   

𝑑

𝑑𝑠
 𝑔 − 𝑔(𝑒𝑥) =

(−1)1

𝑠2
 ∑ 𝐶𝑖

𝑘(−1)𝑖(𝑠2)(𝑖)  𝑔 − 𝑔(𝑥1−𝑖 𝑒𝑥)

1

𝑖=0

    

                =  −2 [
1

2
𝑔 − 𝑔(𝑥𝑒𝑥) − 𝑠−1𝑔 − 𝑔(𝑒𝑥)] =

𝑑

𝑑𝑠
( 𝑔 − 𝑔(𝑒𝑥)).   

           𝑇ℎ𝑒𝑛, 2 𝑠−1 𝑔 − 𝑔(𝑒𝑥) − 𝐺( 𝑥𝑒𝑥)   =
𝑑

𝑑𝑠
( 𝑔 − 𝑔(𝑒𝑥))   

               2
𝑠

𝑠 − 1
  − 𝑔 − 𝑔(𝑥𝑒𝑥)  =

𝑑

𝑑𝑠
(

𝑠2

𝑠 − 1
)     
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      𝑇ℎ𝑢𝑠, 𝑔 − 𝑔(𝑥𝑒𝑥)    =
2𝑠

𝑠 − 1
 −

2𝑠(𝑠 − 1) − 𝑠2

(𝑠 − 1)2
    

                                             =  
 2𝑠(𝑠 − 1) − 2𝑠2 + 2𝑠 − 𝑠2

(𝑠 − 1)2
    

             𝑔 − 𝑔(𝑥𝑒𝑥)  =   
 2𝑠2 − 2𝑠 − 3𝑠2 + 2𝑠

(𝑠 − 1)2
  =  

−𝑠2

(𝑠 − 1)2
     

3.2 Example:  

 Find  𝑔 − 𝑔(𝑥2𝑠𝑖𝑛 𝑥 ) , 𝑠𝑢𝑐ℎ  𝑡ℎ𝑎𝑡 𝑝(𝑠) = s , 𝑚 = 2, 𝑛 = 1, 𝑞(𝑠) = 𝑠   

 We note    𝑘 = 2   , 𝑓(𝑥) =  𝑠𝑖𝑛𝑥    

 First we find  𝑔 − 𝑔 ( 𝑠𝑖𝑛 𝑥  )   

 that means  ,  𝑘 = 1   

𝑑

𝑑𝑠
 𝑔 − 𝑔(𝑓(𝑥)) =

(−1)1

𝑠2
 ∑ 𝐶𝑖

𝑘(−1)𝑖(𝑠2)(𝑖)  𝑔 − 𝑔(𝑥1−𝑖 𝑠𝑖𝑛𝑥)

1

𝑖=0

 

 [−𝑔 − 𝑔( 𝑥𝑠𝑖𝑛 𝑥 ) + 𝑠−1𝑔 − 𝑔(𝑠𝑖𝑛𝑥)] =
𝑑

𝑑𝑠
 (  𝑔 − 𝑔(𝑠𝑖𝑛𝑥 ))   

2

𝑠

𝑠2

𝑠2 + 1
−   𝑔 − 𝑔( 𝑥𝑠𝑖𝑛𝑥 ) =

𝑑

𝑑𝑠
(

𝑠2

𝑠2 + 1 
) =

2𝑠(𝑠2 + 1) − 2𝑠3

(𝑠2 + 1)2
 

                                     =
2𝑠3 + 2𝑠 − 2𝑠3

(𝑠2 + 1)2
=

2𝑠

(𝑠2 + 1)2
  

𝑇ℎ𝑢𝑠, 𝑔 − 𝑔( 𝑥𝑠𝑖𝑛𝑥) =
2𝑠

𝑠2 + 1 
 −  

2𝑠

(𝑠2 + 1)2
  = 2𝑠 (

𝑠2 + 1 − 1

(𝑠2 + 1)2 ) =
2𝑠3

(𝑠2 + 1)2
       

         Second  , we take    𝑘 = 2  

          𝑔 − 𝑔(𝑥2𝑠𝑖𝑛 𝑥  ) − 4𝑠−1
2𝑠3

(𝑠2 + 1)2
+ 2𝑠−2

𝑠2

𝑠2 + 1 
=

2(1 − 3𝑠2)

(𝑆2 + 1 )3
   

𝑇ℎ𝑢𝑠, 𝑔 − 𝑔 (𝑥2𝑠𝑖𝑛 𝑥 ) =
8𝑠2

(𝑠2 + 1)2
 −

2

𝑠2 + 1
 +

2(1 − 3𝑠2)

(𝑠2 + 1 )3
  

                              =  
2𝑠2(3𝑠2 − 1)

(𝑠2 + 1 )3
 =

 2𝑠2(3𝑠2 − 1)

(𝑠2 + 1)3
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4. g-g- transform of integration  

4.1 Theorem  

Let  f(x) be a piecewise function , where  𝑥 ∈ [  0 , ∞  [  and |𝑓(𝑥)| ≤ 𝑀𝑒𝑘𝑥  and g-g(f(x))=g-g(s) exists then 

𝑓(𝑥) = g − g−1  (
1

(𝑞(𝑠))
𝑛  𝑔 − 𝑔(𝑓′(𝑥))) + 𝑓(0) , 

where (′) denoted the derivative  

Proof: 

S𝑖𝑛𝑐𝑒    g − g(𝑓(𝑥)) = (𝑝(𝑠))
𝑚

∫ 𝑒−(𝑞(𝑠))
𝑛

𝑥𝑓(𝑥)𝑑𝑥
∞

0   

                                   

=   (𝑝(𝑠))
𝑚

(
−𝑓(𝑥)

(𝑞(𝑠))
𝑛  𝑒−𝑞(𝑠)𝑥|0

∞  +
1

(𝑞(𝑠))
𝑛  ∫ 𝑒−(𝑞(𝑠))

𝑛
𝑥  𝑓′(𝑥)

∞

0

𝑑𝑥)   

                     =  
(𝑝(𝑠))

𝑚

(𝑞(𝑠))
𝑛   ∫ 𝑒−(𝑞(𝑠))

𝑛
𝑥  𝑓′(𝑥)𝑑𝑥

∞

0
+

(𝑝(𝑠))
𝑚

(𝑞(𝑠))
𝑛 𝑓(0),   

         Then, 𝑓(𝑥) = g − g−1  (
(𝑝(𝑠))

𝑚

(𝑞(𝑠))
𝑛  ∫ 𝑒−(𝑞(𝑠))

𝑛
𝑥   𝑓′(𝑥)𝑑𝑥

∞

0

) + 𝑓(0) 

    =  g − g−1  (
1

(𝑞(𝑠))
𝑛  𝑔 − 𝑔(𝑓′(𝑥))) + 𝑓(0) 

 𝑔 − 𝑔−1  (
1

𝑞(𝑠)
 𝑔 − 𝑔(𝑓′(𝑥))) = 𝑓(𝑥) − 𝑓(0) 

 

4.2 Example  

Let 𝑝(𝑠) = s, m = 2𝑎𝑛𝑑 𝑞(𝑠) = s, n = 3 

     𝐹𝑖𝑛𝑑   g − g−1  (
1

𝑠(𝑠3 + 1) 
)  

Solution: 

g − g−1  (
1

𝑠(𝑠3+1) 
) = g − g−1  (

1

𝑠3 

𝑠2

(𝑠3+1) 
) , and 
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         g − g( 𝑓′(𝑥)) =
𝑠2

𝑠3+1 
                                              

 Since   g − g( 𝑒−𝑥) =
𝑠2

 𝑠3+1 
   thus   𝑓′(𝑥) = 𝑒−𝑥 

                  𝑓(𝑥) = ∫ 𝑒−𝑥 𝑑𝑥 =  −𝑒−𝑥   

𝑓(0) =  −𝑒0 = −1  , 𝐺−1  (
1

𝑠(𝑠3 + 1)
) =   −𝑒−𝑥 + 1 

4.3  Example: 

Take  𝑝(𝑠) = 𝑠, 𝑚 = 1 , 𝑞(𝑠) = s, n = 2 and 

   𝐹𝑖𝑛𝑑     g − g−1 ( 
1

𝑠(𝑠4 + 1)
 )   

Solution: 

g − g−1 ( 
1

𝑠(𝑠4 + 1)
 ) =  𝑔 − 𝑔−1 ( 

𝑠

𝑠2

1

𝑠4 + 1
 ) 

Since        g − g( 𝑠𝑖𝑛 𝑥) =
𝑠

𝑠4+1
  𝑡ℎ𝑖𝑠 𝑖𝑚𝑝𝑙𝑖𝑒𝑠 𝑡ℎ𝑎𝑡    𝑓′(𝑥) = 𝑠𝑖𝑛 𝑥     

   𝑓(𝑥) = ∫ 𝑠𝑖𝑛 𝑥 𝑑𝑥   =  −𝑐𝑜𝑠 𝑥    ,    𝑓(0) =  − cos 0  = −1   

g − g−1 ( 
1

𝑠(𝑠4 + 1)
 ) = − cos 𝑥 + 1 

5.Conclusion: 

 In this paper we find the general formula for finding the inverse of the g-g-transformation by using g-g-

tranformation for derivative of the function and then finding it by integration. Also we get g-g-transformation for 

some function as form 𝑥𝑛𝑓(𝑥) by using g-g-transformation of the terms  𝑥𝑘𝑓(𝑥)   ;    𝑘 = 0,1, … , 𝑛 − 1  . 
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